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Preface

Large-scale problems have always been a challenge for numerical computations.
An example is the treatment of fully populated n x n matrices, when n? is close
to or beyond the computer’s memory capacity. Here, the technique of hierarchical
matrices can reduce the storage and the cost of numerical operations from O(n?) to
almost O(n).

Tensors of order (or spatial dimension) d can be understood as d-dimensional
generalisations of matrices, i.e., arrays with d discrete or continuous arguments. For
large d > 3, the data size n? is far beyond any computer capacity. This book con-
cerns the development of compression techniques for such high-dimensional data
via suitable data sparse representations. Just as the hierarchical matrix technique
was based on a successful application of the low-rank strategy, in recent years, re-
lated approaches have been used to solve high-dimensional tensor-based problems
numerically. The results are quite encouraging, at least for data arising from suitably
smooth problems, and even some problems of size n? = 1000'°°° have become
computable.

The methods, which can be applied to these multilinear problems, are black box-
like. In this aspect they are similar to methods used in linear algebra. On the other
hand, most of the methods are approximate (computing suitably accurate approx-
imations to quantities of interest) and in this respect they are similar to some ap-
proaches in analysis. The crucial key step is the construction of an efficient new
tensor representation, thus overcoming the drawbacks of the traditional tensor for-
mats. In 2009 a rapid progress could be achieved by introducing the hierarchical
format as well as the TT format for the tensor representation. Under suitable con-
ditions these formats allow a stable representation and a reduction of the data size
from n? to O(dn). Another recent advancement is the so-called tensorisation tech-
nique, which may replace the size n by O(logn). Altogether, there is the hope that
problems of size h? can be reduced to size O(dlog(n)) = O(log(n?)), i.e., we
reduce the problems to logarithmical size.

It turned out that some of the raw material for the methods described in this book
was already known in the literature belonging to other (applied) fields outside of
mathematics, such as chemistry. However, the particular language used to describe
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viii Preface

this material, combined with the fact that the algorithms (although potentially of
general interest) were given names relating them only to a particular application,
prevented the dissemination of the methods to a wider audience.

One of the aims of this monograph is to introduce a more mathematically-based
treatment of this topic. Through this more abstract approach, the methods can be
better understood, independently of the physical or technical details of the applica-
tion.

The material in this monograph has been used for as the basis for a course of
lectures at the University Leipzig in the summer semester of 2010.

The author’s research at the Max-Planck Institute of Mathematics in the Sci-
ences has been supported by a growing group of researchers. In particular we would
like to mention: B. Khoromskij, M. Espig, L. Grasedyck, and H.J. Flad. The help
of H.J. Flad was indispensable for bridging the terminological gap between quan-
tum chemistry and mathematics. The research programme has also benefited from
the collaboration between the group in Leipzig and the group of E. Tyrtyshnikov in
Moscow. E. Tyrtyshnikov and I. Oseledets have delivered important contributions to
the subject. A further inspiring cooperation! involves R. Schneider (TU Berlin, for-
merly University of Kiel). The author thanks many more colleagues for stimulating
discussions.

The author also wishes to express his gratitude to the publisher Springer for their
friendly cooperation.

Leipzig, October 2011 Wolfgang Hackbusch

! The groups in Leipzig and Berlin thank the Germany Research Society (DFG) for financial
support within the priority program 1324 (Schwerpunktprogramm “Extraktion quantifizierbarer
Information aus komplexen Systemen”). The Russian partner has been supported by the Russian
Foundation for Basic Research RFBR.
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Frobenius scalar product of matrices; cf. (2.10)

cardinality of a set

weak convergence; cf. §4.1.7

restriction of a matrix to the matrix block 7 x o; cf. §1.7
orthogonal complement, cf. §4.4.1

Hermitean transpose of a matrix or vector

transpose of a matrix or vector

inverse matrix of ' or ", respectively

either complex-conjugate value of a scalar or closure of a set
Cartesian product of sets: A x B := {(a,b) : a € A,b € B}
d-fold Cartesian product of sets

j-mode product, cf. Footnote 6 on page 5; not used here
convolution; cf. §4.6.5

exterior product; cf. §3.5.1

Hadamard product; cf. (4.72a)

direct sum; cf. footnote on page 21

d-fold tensor product; cf. Notation 3.23
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v R w, ®?:1 v tensor product of two or more vectors; cf. §3.2.1

VeWw, ®?:1 V;  tensor space generated by two or more vector spaces; cf. §3.2.1
V& W, ®?:1 V;  algebraic tensor space; cf. (3.11) and §3.2.4

VW, ®?:1 V;  topological tensor space; cf. (3.12); §4.2

®#k cf. (3.21b)

C the subset relation A C B includes the case A = B

U disjoint union

~ equivalence relation; cf. §3.1.3, §4.1.1

° isomorphic spaces; cf. §3.2.5

[ ]

semi-ordering of matrices; cf. (2.14)
[ norm; cf. §4.1.1

-1 dual norm; cf. Lemma 4.18

1l Euclidean norm of vector or tensor (cf. (2.12) and Example 4.126) or
spectral norm of a matrix (cf. (2.13))

-1l Frobenius norm of matrices; cf. (2.9)

s Hilbert-Schmidt norm; cf. Definition 4.117

|llsyp,  Schatten norm; cf. (4.17)

-1l x norm of a space X

'l x ey associated matrix norm (cf. (2.11) or operator norm (cf. (4.6a))
I, S Il semi-ordering of norms; cf. §4.1.1

[laqvwy » Il projective norm; cf. §4.2.4

Iy v,wry » -]l injective norm; cf. §4.2.7

Greek Letters

« often a subset of the set D of directions (cf. (5.3a,b)) or vertex of the

tree I'p (cf. Definition 11.2)

o complement D\ q; cf. (5.3¢)

a1, Qg often sons of a vertex a € Tp; cf. §11.2.1

0ij Kronecker delta; cf. (2.1)

P tuple of TT ranks; cf. Definition 12.1

o(+) spectral radius of a matrix; cf. §4.6.6

Prya(*) tensor representation by format ‘xyz’; cf. §7.1
Pframe general tensor subspace format; cf. (8.13c)
PHOSVD HOSVD tensor subspace format; cf. (8.26)
PHTR hierarchical format; cf. (11.28)

PHTR hierarchical HOSVD format; cf. Definition 11.36
p‘;f%}ﬁ orthonormal hierarchical format; cf. (11.38)
pt}fﬁ-{ TT format for tensorised vectors; cf. (14.5a)
Phybrs P50 pPPT - hybrid formats; cf. §8.2.4

Py TT rank; cf. (12.1a) and Definition 12.1

Porth orthonormal tensor subspace format; cf. (8.8b)
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Pr-term r-term format; cf. (7.7a)

Psparse sparse format; cf. (7.5)

PTS general tensor subspace format; cf. (8.6c)

oTT TT format; cf. (12.7)

o) spectrum of a matrix; cf. §4.6.6

o; singular value of the singular value decomposition; cf. (2.19a), (4.59)

X diagonal matrix of the singular value decomposition; cf. (2.19a)

©w, P often linear mapping or functional (cf. §3.1.4)

84 often linear mapping or operator (cf. §4.1.4)

@’ dual of @; cf. Definition 4.20

P adjoint of @; cf. Definition 4.113

Latin Letters

a coefficient tensor, cf. Remark 3.29

A, B,..., A1, Ag,... often used for linear mapping (from one vector space into
another one). This includes matrices.

A B, C,... tensor products of operators or matrices

AG) mapping from L(V}, W;), j-th component in a Kronecker product

A(V) tensor algebra generated by V; cf. (3.43)

A(V) antisymmetric tensor space generated by V'; cf. Definition 3.62

Arcosh area [inverse] hyperbolic cosine: cosh(Arcosh(z)) = z

bgj), b§°‘> basis vectors; cf. (8.5a), (11.20a)
B,B;,B, basis (or frame), B; = [b), ..., b!'], cf. (8.5a-d);
in the case of tensor spaces: B, = [b§°‘>, e bg‘fj)}, cf. (11.20a)
co(1) subset of £°°(1); cf. (4.4)
E?’Z) coefficients of the matrix C(O‘ve); cf. (11.24)
field of complex numbers
C(D),C%(D) bounded, continuous functions on D; cf. Example 4.8

C, tuple (C(@9);<p<,. of C® from below; cf. (11.27)

Clet) coefficient matrix at vertex « characterising the basis vector bga); cf.
(11.24)

¢, ¢, contractions; cf. Definition 4.130

Cn(f,h),C(f,h) sinc interpolation; cf. Definition 10.31

d order of a tensor; cf. §1.1.1

D set {1,...,d} of directions; cf. (5.3b)

Ds analyticity stripe; cf. (10.38)

depth(-)  depth of a tree; cf. (11.7)

det(-) determinant of a matrix

diag{...} diagonal matrix with entries ...

dim(-) dimension of a vector space

e i-th unit vector of K’ (i € I); cf. (2.2)
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En(f,h), E(f,h) sinc interpolation error; cf. Definition 10.31

E. (") exponential sum; cf. (9.27a)

& regularity ellipse; cf. §10.4.2.2

F(W,V)  space of finite rank operators; cf. §4.2.13

G(+) Gram matrix of a set of vectors; cf. (2.16), (11.35)

H, Hi, Ho,... (pre-)Hilbert spaces

H(D;) Banach space from Definition 10.33

HY?(D)  Sobolev space; cf. Example 4.41

HS(V,W) Hilbert-Schmidt space; cf. Definition 4.117

id identity mapping

i,J, k,... index variables

i,j,k multi-indices from a product index set I etc.

1 identity matrix or index set

T, 2y interpolation operator; cf. §10.4.3

I, J,K, I, I,...,J1, Ja,... often used for index sets

I,J index sets defined by products I; x Iz X ... of index sets
J often index variable for the directions from {1, ..., d}

K underlying field of a vector space; usually R or C
K(W,V)  space of compact operators; cf. §4.2.13

L(I) vector space K’; cf. Example 3.1

Lo(I) subset of £(I); cf. (3.2)

P(T) Banach space from Example 4.5;1 < p < o

level level of a vertex of a tree, cf. (11.6)

L often depth of a tree, cf. (11.7)

L lower triangular matrix in Cholesky decomposition; cf. §2.5.1
L(T) set of leaves of the tree T'; cf. (11.9)

L(V,W)  vector space of linear mappings from V" into W; cf. §3.1.4
L(X,Y)  space of continuous linear mappings from X into Y7; cf. §4.1.4
L*(D) Banach space; cf. Example 4.7; 1 < p < o0

Mg, M;  matricisation isomorphisms; cf. Definition 5.3

n, N often dimension of a vector space V, V;

N set {1,2, ...} of natural numbers

Np setNU {0} ={0,1,2,...}

N(W,V)  space of nuclear operators; cf. §4.2.13

Nayz arithmetical cost of ‘xyz’

N storage cost of ‘zyz’; cf. (7.8a)

NLsvD cost of a left-sided singular value decomposition; cf. p. 2.21
Nqr cost of a QR decomposition; cf. Lemma 2.19

Ngvp cost of a singular value decomposition; cf. Corollary 38
o(-),O0(-)  Landau symbols; cf. (4.12)

P permutation matrix (cf. (2.18)) or projection

Py alternator, projection onto 24(V); cf. (3.45)

Ps symmetriser, projection onto & (V); cf. (3.45)

P, P;, etc. often used for projections in tensor spaces

PHOSVD, p) PIOSVD " HOSVD projections; cf. Lemma 10.1

3,HOSVD>
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P, Py, Pp  spaces of polynomials; cf. §10.4.2.1
unitary matrix of QR decomposition; cf. (2.17a)

r matrix rank or tensor rank (cf. §2.2), representation rank (cf. Definition
7.3), or bound of ranks

t rank (r4) 7, connected with hierarchical format H.; cf. §11.2.2

To components of t from above

r rank (rq,...,rq) connected with tensor subspace representation in 7y

T components of r from above

Tmin(V) tensor subspace rank; cf. Remark 8.4

range(-)  range of a matrix or operator; cf. §2.1

rank(+) rank of a matrix or tensor; cf. §2.2 and (3.24)

rank(+) border rank; cf. (9.11)

rank,(-),rank;(-)  a-rank and j-rank; cf. Definition 5.7

T'max maximal rank; cf. (2.5) and §3.2.6.4

R upper triangular matrix of QR decomposition; cf. (2.17a)

R field of real numbers

R’ set of J-tuples; cf. page 4

R set of matrices or tensors of rank < r; cf. (2.6) and (3.22)

S(a) set of sons of a tree vertex «; cf. Definition 11.2

S(V) symmetric tensor space generated by V'; cf. Definition 3.62

S(k,h)(-) see (10.36)

sinc(+) sinc function: sin(wz)/(7wz)

span{-} subspace spanned by -
supp(-) support of a mapping; cf. §3.1.2

T, subtree of T'p; cf. Definition 11.6

Tp dimension partition tree; cf. Definition 11.2

Tg ) set of tree vertices at level /; cf. (11.8)

iy linear tree used for the TT format; cf. §12

Te set of tensors of representation rank r; cf. Definition 8.1
T, set of tensors of TT representation rank p; cf. (12.4)
trace(+) trace of a matrix or operator; cf. (2.8) and (4.60)

tridiag{a,b,c} tridiagonal matrix (a: lower diagonal entries, b : diagonal, c: up-
per diagonal entries)

U vector space, often a subspace

Uuv unitary matrices of the singular value decomposition; cf. (2.19b)
U, Vs left and right singular vectors of SVD; cf. (2.21)

u,V,Ww vectors

u,v,w tensors

U tensor space, often a subspace of a tensor space

U, subspace of the tensor space V; cf. (11.10)

{Ua}aer, hierarchical subspace family; cf. Definition 11.8

U, V' W' ... algebraicdualsof U, V,W,...; cf. (3.7)

Ul(v), U (v), U/ (v),U]V(v) see Lemma 6.12
U;—nin(v), Unit(v)  minimal subspaces of a tensor v; Def. 6.3, (6.10a), and §6.4
v; either the ¢-th component of v or the i-th vector of a set of vectors
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o) vector of V; corresponding to the j-th direction of the tensor; cf. §3.2.4
vkl tensor belonging to V ; cf. (3.21d)

Viree(S) free vector space of a set S; cf. §3.1.2

Va tensor space ®j€a Vj; cf. (5.3d)

Vi) tensor space ®k7§j Vj; cf. (3.21a) and §5.2
V,W,...,X,Y,... vector spaces

VW ..., XY’ ... algebraically dual vector spaces; cf. (3.7)

V, W XY tensor spaces

X,Y often used for Banach spaces; cf. §4.1

X*,Y* ... dual spaces containing the continuous functionals; cf. §4.1.5
v bidual space; cf. §4.1.5

Abbreviations and Algorithms

ALS alternating least-squares method, cf. §9.5.2
ANOVA analysis of variance, cf. §17.4
DCQR  cf. (2.40)

DFT density functional theory, cf. §13.11

DFT discrete Fourier transform, cf. §14.4.1

DMRG density matrix renormalisation group, cf. §17.2.2
FFT fast Fourier transform, cf. §14.4.1

HOOI higher-order orthogonal iteration; cf. §10.3.1

HOSVD  higher-order singular value decomposition; cf. §8.3

HOSVD(-),HOSVD*(:), HOSVD**(-) procedures constructing the hierar-
chical HOSVD format; cf. (11.46a-c)

HOSVD-lw, HOSVD*-lw levelwise procedures; cf. (11.46a-c), (11.47a,b)

HOSVD-TrSeq sequential truncation procedure; cf. (11.63)

HOSVD,(v), HOSVD;(v) computation of HOSVD data; cf. (8.30a)

JoinBases joining two bases; cf. (2.35)

JoinONB joining two orthonormal bases; cf. (2.36)

LOBPCG locally optimal block preconditioned conjugate gradient, cf. (16.13)

LSVD left-sided reduced SVD; cf. (2.32)

MALS modified alternating least-squares method, cf. §17.2.2

MPS matrix product state, matrix product system; cf. §12

PEPS projected entangled pairs states, cf. footnote 5 on page 384
PGD proper generalised decomposition, cf. (17.1.1)

PQR pivotised QR decomposition; cf. (2.30)

QR QR decomposition; §2.5.2

REDUCE,REDUCE" truncation procedure; cf. §11.4.2
RQR reduced QR decomposition; cf. (2.29)

RSVD reduced SVD; cf. (2.31)

SVD singular value decomposition; cf. §2.5.3



Part I
Algebraic Tensors



In Chap. 1, we start with an elementary introduction into the world of tensors (the
precise definitions are in Chap. 3) and explain where large-sized tensors appear.
This is followed by a description of the Numerical Tensor Calculus. Section 1.4
contains a preview of the material of the three parts of the book. We conclude with
some historical remarks and an explanation of the notation.

The numerical tools which will be developed for tensors, make use of linear
algebra methods (e.g., QR and singular value decomposition). Therefore, these
matrix techniques are recalled in Chap. 2.

The definition of the algebraic tensor space structure is given in Chap. 3. This
includes linear mappings and their tensor product.



Chapter 1
Introduction

In view of all that ..., the many obstacles
we appear to have surmounted, what casts
the pall over our victory celebration? It is
the curse of dimensionality, a malediction that
has plagued the scientist from earliest days.
(Bellman [11, p. 94]).

1.1 What are Tensors?

For a first rough introduction into tensors, we give a preliminary definition of tensors
and the tensor product. The formal definition in the sense of multilinear algebra will
be given in Chap. 3. In fact, below we consider three types of tensors which are of
particular interest in later applications.

1.1.1 Tensor Product of Vectors

While vectors have entries v; with one index and matrices have entries M;; with
two indices, tensors will carry d indices. The natural number' d defines the order of
the tensor. The indices

jed{l,....d}

correspond to the ‘j-th direction’, ‘j-th position’, ‘j-th dimension’, ‘j-th axis’,
“j-th site’, or? ‘j-th mode’. The names ‘direction’ and ‘dimension’ originate from
functions f(x1,...,zq) (cf. §1.1.3), where the variable x; corresponds to the j-th
spatial direction.

Foreachj € {1,...,d} we fix a (finite) index set I;, e.g., I; = {1,...,n;}. The
Cartesian product of these index sets yields

I::le...xld.

The elements of I are multi-indices or d-tuples i = (i1,...,iq) with i; € I;.
A tensor v is defined by its entries

vi = Vv[i] = v[i1,...,i4) € R.

! The letter d is chosen because of its interpretation as spatial dimension.
2 The usual meaning of the term ‘mode’ is ‘eigenfunction’.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 3
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_1,
© Springer-Verlag Berlin Heidelberg 2012
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We may write v := (v[i]);; . Mathematically, we can express the set of these
tensors by RI. Note that for any index set .J, R” is the vector space

R = {v= (Vi);ey i vi € R}
of dimension #.J (the sign # denotes the cardinality of a set).

Notation 1.1. Both notations, v; with subscript i and v[i] with square brackets are
used in parallel. The notation with square brackets is preferred for multiple indices

and in the case of secondary subscripts: v[i1, ..., i4] instead of v;, ;. .

There is an obvious entrywise definition of the multiplication Av of a tensor by a
real number and of the (commutative) addition v + w of two tensors. Therefore the
set of tensors has the algebraic structure of a vector space (here over the field R). In
particular in scientific fields more remote from mathematics and algebra, a tensor
vli1,..., 4] is regarded as data structure and called ‘d-way array’.

The relation between the vector spaces R’ and R! is given by the tensor product.
For vectors v) € R% (1 < j < d) we define the tensor product®*

d
vi=oM 0@ g.. . 2@ =®v(j) eR!

. . =1
via 1ts entries /

vi= Vi1, oyid = v 0Pl forallie L (1.1)
The tensor space is written as tensor product ® RI =R @R ®...@ Rl
of the vector spaces R’ defined by the span
d

®RIJ' = span {v(l) @@ ®.. . @v@® . 0 ¢ RIJ', 1<5< d}. (1.2)

j=1
The generating products v @@ @ ... @ v are called elementary tensors.
Any element v € ® -, RYi of the tensor space is called a (general) fensor. It is
important to notice that in general, a tensor v € ® RIJ is not representable as
elementary tensor, but only as a linear combination of such products.

The definition (1.2) implies ® 1 R% < RI. Taking all linear combmatlons of

elementary tensors defined by the unit vectors, one easily proves ® Rl =RL
In particular, because of #I = H =1 #1;, the dimension of the tensor space is

dim ®le = Hdim(RIj)
j=1 j=1

3 In some publications the term ‘outer product’ is used instead of ‘tensor product’. This contradicts
another definition of the outer product or exterior product satisfying the antisymmetric property
uAv=—(vAu) (see page 82).

4 The index j indicating the ‘direction’ is written as upper index in brackets, in order to let space
for further indices placed below.

5 Also the term ‘decomposable tensors’ is used. Further names are ‘dyads’ for d = 2, ‘triads’ for
d = 3, etc. (cf. [139, p. 3]).
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Remark 1.2. Let #1; = n, i.e., dim(R%/) = n for 1 < j < d. Then the dimension
of the tensor space is n?. Unless both n and d are rather small numbers, n® is a
huge number. In such cases, n? may exceed the computer memory by far. This fact
indicates a practical problem, which must be overcome.

The set of matrices with indices in I; X I5 is denoted by R <1z,

Remark 1.3. (a) The particular case d = 2 leads to matrices RT = R11%/2_je.
matrices may be identified with tensors of order 2. To be precise, the tensor entry v;
withi = (i1,42) € I = I; x I is identified with the matrix entry M;, ;,. Using the
matrix notation, the tensor product of v € Rt and w € R!2 equals

vRw=vw'. (1.3)

(b) For d = 1 the trivial identity RT = R’ holds, i.e., vectors are tensors of order 1.

(c) For the degenerate case d = 0, the empty product is defined by the underlying
field: ®)_; RL =R.
1.1.2 Tensor Product of Matrices, Kronecker Product

Let d pairs of vector spaces V; and W, (1 < j < d) and the corresponding tensor

spaces
d d
V=V, and W=QW,
j=1 j=1
be given together with linear mappings
AD v W

The tensor product of the A(j), the so-called Kronecker product, is the linear
mapping

d
A=AV VW (1.4a)
j=1
defined by
d d d N
®U(]) evV = A<®U(])> — ® (A(])U(])) ceW (1.4b)
j=1 j=1 j=1

for® all v; € V;. Since V is spanned by elementary tensors (cf. (1.2)), equation
(1.4b) defines A uniquely on V (more details in §3.3).

% In De Lathauwer et al. [41, Def. 8] the matrix-vector multiplication Av by A : ®d AG)
is denoted by v X1 A x, AR Ly A(d) where X ; is called the j-mode product
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In the case of V; = R% and W; = R”5 | the mappings AY) are matrices from
R’i*Ji The Kronecker product ®?:1 AU) belongs to the matrix space RT*J with

I=1 x...xI; and J=J; x...x Jg.

Ford = 2letI; = {1,...,n1}, I = {1,...,m2}, J1 = {1,...,m1}, and
Jo = {1,...,ma} be ordered index sets and use the lexicographical ordering’ of
the pairs (i,7) inI = I; x Iy and J = J; x J5. Then the matrix A® B € R has
the block form

a11B e a1n2B
A®B= : : . (1.5)

n1B -+ anyn, B

1.1.3 Tensor Product of Functions

Now, we redefine I; C R as an interval and consider infinite dimensional vector
spaces of functions like V; = C(I;) or V; = L*(1;). C(I;) contains the continuous
functions on I;, while L?(I;) are the measurable and square-integrable functions
on I;. The tensor product of univariate functions f;(z;) is the d-variate function®

d d
F=Qf withf(z1,....za) =[] fila;) (v €L, 1<i<d). (1.6)
j=1

j=1
The product belongs to

d
V= ® V;, where V.C C(I) or V C L*(I), respectively.

j=1
for V; = C(I;) or V; = L?(I;) (details in §4 and §4.4).
In the infinite dimensional case, the definition (1.2) must be modified, if one

wants to obtain a complete (Banach or Hilbert) space. The span of the elementary
tensors must be closed with respect to a suitable norm (here norm of C'(I) or L*(I)):

d
®Vj:span{v1®v2®...®vd:vjeifj,lgjgd}. (1.7)
j=1
7 This is the ordering (1,1), (1,2),..., (1,n2),(2,1),...,(2,n2), ... If another ordering or

no ordering is defined, definition (1.5) is incorrect.

8 According to Notation 1.1 we might write f[x1, 2, ...,xq] instead of f(x1,z2,...,24). In
the sequel we use the usual notation of the argument list with round brackets.
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The tensor structure of functions is often termed separation of the variables. This
means that a multivariate function f can be written either as an elementary tensor
product ®?:1 f; asin (1.6) or as a sum (series) of such products.

A particular example of a multivariate function is the polynomial

P(:vl,...,xd)=Zaixi, (1.8)

where each monomial x! := H?:l (z;)% is an elementary product.

The definitions in §§1.1.1-3 may lead to the impression that there are different
tensor products. This is only partially true. The cases of §§1.1.1-2 follow the same
concept. In Chap. 3, the algebraic tensor product V = ®j:1 V; of general vector
spaces V; (1 < j < d) will be defined. Choosing V; = R’ | we obtain tensors as in
§1.1.1, while for matrix spaces V; = R’i*Ji the tensor product coincides with the
Kronecker product.

The infinite dimensional case of §1.1.3 is different, since topological tensor
spaces require a closure with respect to some norm (see Chap. 4).

1.2 Where do Tensors Appear?

At the first sight, tensors of order d > 3 do not seem to be used so often. Vectors
(the particular case d = 1) appear almost everywhere. Since matrices (case d = 2)
correspond to linear mappings, they are also omnipresent. The theory of vectors
and matrices has led to the field of linear algebra. However, there are no standard
constructions in /inear algebra which lead to tensors of order d > 3. Instead, tensors
are studied in the field of multilinear algebra.

1.2.1 Tensors as Coefficients

The first purpose of indexed quantities is a simplification of notation. For instance,
the description of the polynomial (1.8) in, say, d = 3 variables is easily readable if
coefficients a;;;, with three indices are introduced. In §1.6 we shall mention such an
approach used already by Cayley in 1845.

Certain quantities in the partial differential equations of elasticity or in Maxwell’s
equations are called tensor (e.g., stress tensor). These tensors, however, are of order
two, therefore the term ‘matrix’ would be more appropriate. Moreover, in physics
the term ‘tensor’ is often used with the meaning ‘tensor-valued function’.

In differential geometry, tensors are widely used for coordinate transformations.
Typically, one distinguishes covariant and contravariant tensors and those of mixed
type. The indices of the coefficients are placed either in lower position (covariant
case) or in upper position (contravariant). For instance, aijk is a mixed tensor with
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two covariant and one contravariant component. For coordinate systems in R", all
indices vary in {1, ..., n}. The notational advantage of the lower and upper indices
is the implicit Einstein summation rule: expressions containing a certain index in
both positions are to be summed over this index. We give an example (cf. [132]).
Let a smooth two-dimensional manifold be described by the function x(ut, u?).
First and second derivatives with respect to these coordinates are denoted by x,,x
and x,,: ,,;. Together with the normal vector n, the Gaussian formula for the second
derivatives is

Xy = Tij% X0 +aym (apply summation over k),

where Fijk are the Christoffel symbols9 of second kind (cf. Christoffel [37], 1869).

The algebraic explanation of co- and contravariant tensor is as follows. The dual
space to V' := R™ is denoted by V. Although V" is isomorphic to V/, it is considered
as a different vector space. Mixed tensors are elements of V = ®;l:l V;, where Vj
is either V' (contravariant component) or V' (covariant component). The summation
rule performs the dual form v’ (v) of v € V' and v € V.

1.2.2 Tensor Decomposition for Inverse Problems

In many fields (psychometrics, linguistics, chemometrics,'® telecommunication,
biomedical applications, information extraction,'! computer vision,'? etc.) matrix-
valued data appear. M € R™ ™ may correspond to m measurements of different
properties j, while ¢ is associated to n different input data. For instance, in problems
from chemometrics the input may be an excitation spectrum, while the output is
the emission spectrum. Assuming a linear behaviour, we obtain for one substance
a matrix ab' of rank one. In this case, the inverse problem is trivial: the data ab"
allow to recover the vectors a and b up to a constant factor. Having a mixture of r
substances, we obtain a matrix

M=Zc,, a, bY (a, € R", b, € R™),
v=1

where ¢, € R is the concentration of substance v. The componentwise version of
the latter equation is

T
Mij = E Cy Qg buj-
v=1

9 This notation is not used in Christoffel’s original paper [37].

10 See, for instance, Smile-Bro-Geladi [173] and De Lathauwer-De Moor-Vandevalle [42].
11 See, for instance, Lu-Plataniotis-Venetsanopoulos [142].

12 See, for instance, Wang-Ahuja [193].
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With A = [c1a1 caag ... ¢ra] € R and B = [by ba ... b.] € R™*", we may
write

M = ABT.

Now, the inverse problem is the task to recover the factors A and B. This, however,
is impossible since A’ = AT and B’ = T~ " B satisfy M = A’B'T for any regular
matrix 7" € R"™*",

Tensors of order three come into play, when we repeat the experiments with
varying concentrations ¢, (concentration of substance v in the k-th experiment).

The resulting data are
T

M, = E Cuk Qui byj.

v=1

By definition (1.1), we can rewrite the latter equation as'3

M=) a,®b,®c. (1.9)

v=1

Under certain conditions, it is possible to recover the vectors a,, € R", b, € R™,
¢y € R” from the data M € R™ ™*" (up to scaling factors; cf. Remark 7.4b). In
these application fields, the above ‘inverse problem’ is called ‘factor analysis’ or
‘component analysis’ (cf. [96], [42]).

These techniques have developed in the second part of the last century:
Cattell [31] (1944), Tucker [184] (1966), Harshman [96] (1970), Appellof-
Davidson [3] (1981) and many more (see review by Kolda-Bader [128]).

In this monograph, we shall nor study these inverse problems. In §7.1.3, the
difference between tensor representations and tensor decompositions will be
discussed. Our emphasis lies on the tensor representation.

We remark that the tensors considered above cannot really be large-sized as long
as all entries M, can be stored.

1.2.3 Tensor Spaces in Functional Analysis

The analysis of topological tensor spaces has been started by Schatten [167] (1950)
and Grothendieck [79]. Chapter 4 introduces parts of their concepts. However, most
of the applications in functional analysis concern tensor products X = V @ W
of rwo Banach spaces. The reason is that these tensor spaces of order two can be
related to certain linear operator spaces. The interpretation of X as tensor product
may allow to transport certain properties from the factors V" and W, which are easier
to be analysed, to the product X which may be of a more complicated nature.

13 Representations like (1.9) are used by Hitchcock [100] in 1927 (see §1.6).
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1.2.4 Large-Sized Tensors in Analysis Applications

In analysis, the approximation of functions is well-studied. Usually, the quality of
approximation is related to smoothness properties. If a function is the solution of a
partial differential equation, a lot is known about its regularity (cf. [82, §9]). Below,
we give an example how the concept of tensors may appear in the context of partial
differential equations and their discretisations.

1.2.4.1 Partial Differential Equations

Let 2 = I, x I» x Is C R3 be the product of three intervals and consider an
elliptic differential equation Lu = f on (2, e.g., with Dirichlet boundary conditions
u = 0 on the boundary I" = 0f2. A second order differential operator L is called
separable, if
L=L;+Ls+ Lygwith L; = 0 0 b 0 1.10
=Ly + Lo+ Ly with L; = a_xjaj(xj)%j + j(%‘)gj +¢j(x;). (1.10a)
Note that any differential operator with constant coefficients and without mixed
derivatives is of this kind. According to §1.1.3, we may consider the three-variate
function as a tensor of order three. Moreover, the operator L can be regarded as a
Kronecker product:

L=L1®id®id+id® Ls ®id +id ® id ® L3. (1.10b)

This tensor structure becomes more obvious, when we consider a finite difference
discretisation of Lu = f. Assume, e.g., that I} = I = I3 = [0, 1] and introduce
the uniform grid G, = {(£,2,%):0<1i,5,k <n} of grid size h = 1/n. The

discrete values of u and f at the nodes of the grid are denoted by'*
Wijk ‘= u(%u%a%)a fl]k = f(%?%u%)? (1§2737k§n_1) (1113)

Hence, u and f are tensors of size (n — 1) x (n — 1) x (n — 1). The discretisation of
the one-dimensional differential operator L ; from (1.10a) yields a tridiagonal matrix
L) e Rr=1x(n=1) " Ag in (1.10b), the matrix of the discrete system Lu = f is
the Kronecker product

L=LW@I@I+IoLPeI+IxIxL®. (1.11b)

I € R(*=1x(n=1) is the identity matrix. Note that L has size (n — 1)3x (n — 1)3.

The standard treatment of the system Lu = f views u and f as vectors from RV
with N := (n — 1)3 and tries to solve N equations with N unknowns. If n ~ 100,
a system with N ~ 10° equations can still be handled. However, for n ~ 10000 or

14 Because of the boundary condition, u;;x = 0 holds if one the indices equals O or n.
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even n ~ 10°, a system of size N ~ 10'%2 or N ~ 10'® exceeds the capacity of
standard computers.

If we regard u and f as tensors of R" ™! @ R"~* @ R"~! it might be possible to
find tensor representations with much less storage. Consider, for instance, a uniform
load f = 1. Then f = 1 ® 1 ® 1 is an elementary tensor, where 1 € R"~! is the
vector with entries 1; = 1. The matrix L is already written as Kronecker product
(1.11b). In §9.7.2.6 we shall show that at least for positive definite L a very accurate
inverse matrix B ~ L' can be constructed and that the matrix-vector multiplica-
tion 1 = Bf can be performed. The required storage for the representation of B and
i1 is bounded by O(nlog®(1/¢)), where ¢ is related to the error HL’1 - BH2 <e.
The same bound holds for the computational cost.

The following observations are important:

1) Under suitable conditions, the exponential cost n? can be reduced to O(dn) (here:
d = 3). This allows computations in cases, where the standard approach fails and
not even the storage of the data u, f can be achieved.

2) Usually, tensor computations will not be exact, but yield approximations. In
applications from analysis, there are many cases where fast convergence holds.
In the example from above the accuracy € improves exponentially with a certain
rank parameter, so that we obtain the logarithmic factor log®(1/¢). Although such a
behaviour is typical for many problems from analysis, it does not hold in general, in
particular not for random data.

3) The essential key are tensor representations with two requirements. First, low
storage cost is an obvious option. Since the represented tensors are involved into
operations (here: the matrix-vector multiplication Bf), the second option is that
such tensor operations should have a comparably low cost.

Finally, we give an example, where the tensor structure can be successfully
applied without any approximation error. Instead of the linear system Lu = f from
above, we consider the eigenvalue problem Lu = Au. First, we discuss the undis-
cretised problem

Lu = \u. (1.12)

Here, it is well-known that the separation ansatz u(x,y,z) = wui(x)uz(y)usz(2)
yields three one-dimensional boundary eigenvalue problems

Llul(x) = /\(1)’1117 LQUg(y) = /\(2)’(1,2, L3U3(2) = /\(3)U3

with zero conditions at ., y, z € {0, 1}. The product u(z, y, ) := u1(z)uz(y)us(z)
satisfies Lu = Au with A = A(Y) - A(2) - \()_ The latter product can be understood
as tensor product: © = u1 ® ug ® ug (cf. §1.1.3).

Similarly, we derive from the Kronecker product structure (1.11b) that the solu-
tions of the discrete eigenvalue problems

L(l)u1 — /\(1)111, L(2)u2 — )\(2)%, L(3)u3 — /\(3)u3
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inR?—! yield the solution u = 1 ®@uo®ug of Lu = Auwith \ = AL LA 4 AG),

In this example we have exploited that the eigensolution is exactly'> equal to an
elementary tensor. In the discrete case, this implies that an object of size (n — 1)3
can be represented by three vectors of size n — 1.

1.2.4.2 Multivariate Function Representation

The computational realisation of a special function f(x) in one variable may be
based on a rational approximation, a recursion etc. or a combination of these
tools. The computation of a multivariate function f(z1,...,xp) is even more diffi-
cult. Such functions may be defined by complicated integrals involving parameters
Z1,...,Zp in the integrand or integration domain. Consider the evaluation of f on
I=1 x...x1I, C RP with I; = [a;,b;]. We may precompute f at grid points
(xl,il RN J,'p)ip), Tji; = a5 + 1 (bj - aj)/n for 0<i; <n, followed by a suitable
interpolation at the desired x = (z1,...,z,) € I. However, we fail as the required
storage of the grid values is of size n”. Again, the hope is to find a suitable tensor
approximation with storage O(pn) and an evaluation procedure of similar cost.

To give an example, a very easy task is the approximation of the function

-1/2
|X” <Zx ) for ||x|| > a > 0.

We obtain a uniform accuracy of size O( exp(—m+/r/2)/\/a) with a storage of
size 2r and an evaluation cost O(rp). Details will follow in §9.7.2.5.2.

1.2.5 Tensors in Quantum Chemistry

The Schrodinger equation determines ‘wave functions’ f(x1, ..., 24), where each
variable z; € R? corresponds to one electron. Hence, the spatial dimension
3d increases with the size of the molecule. A first ansatz'® is f(xq,...,24) =~
D(x1,...,xq) := p1(x1)p2(z2) - ... - @a(xq), which leads to the Hartree-Fock
equation. According to (1.6), we can write ¢ := ®?:1 ; as a tensor. More accu-
rate approximations require tensors being linear combinations of such products.
The standard ansatz for the three-dimensional functions ¢, (x) are sums of Gaus-
sian functions'” @,,(x) := exp(a, |x — R, ||*) as introduced by Boys [23] in 1950.
Again, @, is the elementary tensor ), _, ex with e () := exp(a, (zx — Ryx)?).

15 This holds only for separable differential operators (cf. (1.10a)), but also in more general cases
tensor approaches apply as shown in [91] (see §16.3).

16 Tn fact, the product must be antisymmetrised yielding the Slater determinant from Lemma 3.72.
17 Possibly multiplied by polynomials.
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1.3 Tensor Calculus

The representation of tensors (in particular, with not too large storage requirements)
is one goal of the efficient numerical treatment of tensors. Another goal is the effi-
cient performance of tensor operations.

In the case of matrices, we apply matrix-vector and matrix-matrix multiplications
and matrix inversions. The same operations occur for tensors, when the matrix is
given by a Kronecker matrix and the vector by a tensor. Besides of these operations
there are entry-wise multiplications, convolutions etc.

In linear algebra, basis transformations are well-known which lead to vector
and matrix transforms. Such operations occur for tensors as well. There are matrix
decompositions like the singular value decomposition. Generalisations to tensors
will play an important rdle.

These and further operations are summarised under the term of ‘tensor cal-
culus’.'® In the same way, as a library of matrix procedures is the basis for all
algorithms in linear algebra, the tensor calculus enables computations in the world
of tensors.

Note that already in the case of large-sized matrices, special efficient matrix
representations are needed (cf. Hackbusch [86]), although the computational time
grows only polynomially (typically cubically) with the matrix size. All the more
important are efficient algorithms for tensors to avoid exponential run time.

1.4 Preview

1.4.1 Part I: Algebraic Properties

Matrices can be considered as tensors of second order. In Chap. 2 we summarise
various properties of matrices as well as techniques applicable to matrices. QR and
singular value decompositions will play an important role for later tensor operations.

In Chap. 3, tensors and tensor spaces are introduced. The definition of the tensor
space in §3.2 requires a discussion of free vectors spaces (in §3.1.2) and of quotient
spaces (in §3.1.3). Furthermore, linear and multilinear mappings and algebraic dual
spaces are discussed in §3.1.4.

In §3.2 not only the tensor product and the (algebraic) tensor space are intro-
duced, but also the (tensor) rank of a tensor is defined, which generalises the rank
of a matrix. Later, we shall introduce further vector-valued ranks of tensors.

In §3.3 we have a closer look to linear and multilinear maps. In particular, tensor
products of linear maps are discussed.

18 The Latin word ‘calculus’ is the diminutive of ‘calx’ (lime, limestone) and has the original
meaning ‘pebble’. In particular, it denotes the pieces used in the Roman abacus. Therefore the
Latin word ‘calculus’ has also the meaning of ‘calculation’ or, in modern terms, ‘computation’.
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Tensor spaces with additional algebra structure are different from tensor algebras.
Both are briefly described in §3.4.

In particular applications, symmetric or antisymmetric tensors are needed. These
are defined in §3.5. Symmetric tensors are connected to quantics (cf. §3.5.2), while
antisymmetric tensors are related to determinants (cf. §3.5.3).

1.4.2 Part II: Functional Analysis of Tensors

Normed tensor spaces are needed as soon as we want to approximate certain tensors.
Even in the finite dimensional case one observes properties of tensors which are
completely unknown from the matrix case. In particular in the infinite dimensional
case, one has Banach (or Hilbert) spaces V; endowed with a norm ||-[|; as well
as the algebraic tensor space Vy, = 4 R =1 Vi, which together with a norm ||-|
becomes a normed space. Completion yields the topological Banach space Vi, =
I ®?:1 V; . The tensor space norm ||-|| is by no means determined by the single
norms ||-|| ;- In §4.2 we study the properties of tensor space norms. It turns out that
continuity conditions on the tensor product limit the choice of ||-|| (cf. §§4.2.2-7).
There are two norms induced by {||-||; : 1 < j < d}, the projective norm (cf. §4.2.4)
and the injective norm (cf. §4.2.7), which are the strongest and weakest possible
norms. Further terms of interest are crossnorms (cf. §4.2.2), reasonable crossnorms
(cf. §4.2.9), and uniform crossnorms (cf. §4.2.12). The case d = 2 considered in
§4.2 allows to discuss nuclear and compact operators (cf. §4.2.13). The extension to
d > 3 discussed in §4.3 is almost straightforward except that we also need suitable
norms, e.g., for the tensor spaces ®je{1 LA\ {k} V; of orderd — 1.

While L? or C° norms of tensor spaces belong to the class of crossnorms, the
usual spaces C™ or H™ (m > 1) cannot be described by crossnorms, but by inter-
sections of Banach (or Hilbert) tensor spaces (cf. §4.3.6). The corresponding con-
struction by crossnorms leads to so-called mixed norms.

Hilbert spaces are discussed in §4.4. In this case, the scalar products (-, -) ; of
V; define the induced scalar product of the Hilbert tensor space (cf. §4.4.1). In
the Hilbert case, the infinite singular value decomposition can be used to define
the Hilbert-Schmidt and the Schatten norms (cf. §4.4.3). Besides the usual scalar
product the partial scalar product is of interest (cf. §4.5.4).

In §4.6 the tensor operations are enumerated which later are to be performed
numerically.

Particular subspaces of the tensor space ®?V are the symmetric and
antisymmetric tensor spaces discussed in §4.7.

Chapter 5 concerns algebraic as well as topological tensor spaces. We consider
different isomorphisms which allow to regard tensors either as vectors (vectorisation
in §5.1) or as matrices (matricisation in §5.2). In particular, the matricisation will
become an important tool. The opposite direction is the tensorisation considered in
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§5.3 and later, in more detail, in Chap. 14. Here, vectors from R" are artificially
reformulated as tensors.

Another important tool for the analysis and for concrete constructions are the
minimal subspaces studied in Chap. 6. Given some tensor v, we ask for the smallest
subspaces U; such that v & ®;l:l U;. Of particular interest is their behaviour for
sequences v,, — V.

1.4.3 Part I11: Numerical Treatment

The numerical treatment of tensors is based on a suitable tensor representation.
Chapters 7 to 10 are devoted to two well-known representations, the r-term format
(also called canonical or CP format) and the tensor subspace format (also called
Tucker format). We distinguish the exact representation from the approximation
task. Exact representations are discussed in Chap. 7 (r-term format) and Chap. 8
(tensor subspace format). If the tensor rank is moderate, the r-term format is a
very good choice, whereas the tensor subspace format is disadvantageous for larger
tensor order d because of its exponentially increasing storage requirement.

Tensor approximations are discussed separately in Chaps. 9 (r-term format) and
10 (tensor subspace format). In the first case, many properties known from the
matrix case (see §9.3) do not generalise to tensor orders d > 3. A particular draw-
back is mentioned in §9.4: the set of r-term tensors is not closed, which may cause
a numerical instability. An approximation of a tensor v by some V in the r-term for-
mat may be performed numerically using a regularisation (cf. §9.5). In some cases,
analytical methods allow to determine very accurate r-term approximations to func-
tions and operators (cf. §9.7).

In the case of tensor subspace approximations (§10), there are two different
options. The simpler approach is based on the higher order singular value de-
composition (HOSVD; cf. §10.1). This allows a projection to smaller rank sim-
ilar to the standard singular value decomposition in the matrix case. The result
is not necessarily the best one, but quasi-optimal. The second option is the best-
approximation considered in §10.2. In contrast to the r-term format, the existence
of a best-approximation is guaranteed. A standard numerical method for its compu-
tation is the alternating least-squares method (ALS, cf. §10.3). For particular cases,
analytical methods are available to approximate multivariate functions (cf. §10.4).

While the r-term format suffers from a possible numerical instability, the storage
size of the tensor subspace format increases exponentially with the tensor order
d. A format avoiding both problems is the hierarchical format described in Chap.
11. Here, the storage is strictly bounded by the product of the tensor order d, the
maximal involved rank, and the maximal dimension of the vector spaces V. Again,
HOSVD techniques can be used for a quasi-optimal truncation. Since the format is
closed, numerical instability does not occur.
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The hierarchical format is based on a dimension partition tree. A particular choice
of the tree leads to the matrix product representation or TT format described in
Chap. 12.

The essential part of the numerical tensor calculus is the performance of fensor
operations. In Chap. 13 we describe all operations, their realisation in the different
formats, and the corresponding computational cost.

The tensorisation briefly mentioned in §5.3 is revisited in Chap. 14. When ap-
plied to grid functions, tensorisation corresponds to a multiscale approach. The
tensor truncation methods allow an efficient compression of the data size. As shown
in §14.2, the approximation can be proved to be at least as good as analytical
methods like hp-methods, exponential sum approximations, or wavelet compres-
sion techniques. In §14.3 the performance of the convolution is described. The fast
Fourier transform is explained in §14.4. The method of tensorisation can also be
applied to functions instead of grid functions as detailed in §14.5.

Chapter 15 is devoted to the generalised cross approximation. The underlying
problem is the approximation of general tensors, which has several important appli-
cations.

In Chap. 16, the application of the tensor calculus to elliptic boundary value
problems (§16.2) and eigenvalue problems (§16.3) is discussed.

The final Chap. 17 collects a number of further topics. §17.1 considers general
minimisation problems. Another minimisation approach described in §17.2 applies
directly to the parameters of the tensor representation. Dynamic problems are
studied in §17.3, while the ANOVA method is mentioned in §17.4.

1.4.4 Topics Outside the Scope of the Monograph

As already mentioned in §1.2.2, we do not aim at inverse problems, where the
parameters of the representation (decomposition) have a certain external interpre-
tation (see references in Footnotes 10-12).

Also in data mining high-dimensional tensors arise (cf. Kolda-Sun [129]).
However, in contrast to mathematical applications (e.g., in partial differential equa-
tions) weaker properties hold concerning data smoothness, desired order of accu-
racy, and often availability of data.

We do not consider data completion (approximation of incomplete data; cf.
[140]), which is a typical problem for data from non-mathematical sources. Entries
v[i] of a tensor v € ®;l:l R™ may be available only fori € TofasubsetI cI:=

X?Zl{l, ...,n;}. Another example are cases where data are lost or deleted. Ap-
proximation of the remaining data by a tensor v of a certain format yields the desired
completion (cf. Footnote 9 on page 262). Instead, in Chap. 15 we are discussing
quite another kind of data completion, where an approximation v is constructed
by a small part of the data, but in contrast to the usual data completion problem,
we assume that all data are available on demand, although possibly with high
arithmetical cost.
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Another subject, which is not discussed here, is the detection and determina-
tion of principal manifolds of smaller dimension (‘manifold learning’; see, e.g.,
Feuersidnger-Griebel [59]).

The order d of the tensor considered here, is always finite. In fact, the numerical
cost of storage or arithmetical operations is at least increasing linearly in d. Infinite
dimensions (d = co) may appear theoretically (as in §15.1.2.2), but only truncations
to finite d are discussed.

There are purely algebraic approaches to tensors which try to generalise terms
from linear algebra to multilinear algebra including certain decompositions (cf.
[160, §5]). Unfortunately, constructive algorithms in this field are usually NP hard
and do not help for large-sized tensors.

1.5 Software

Free software for tensor applications is offered by the following groups:

e MATLAB Tensor Toolbox by Bader-Kolda [4]:
http://csmr.ca.sandia.gov/ "tgkolda/TensorToolbox

e Hierarchical Tucker Toolbox by Tobler-Kressner [131]:
http://www.sam.math.ethz.ch/NLAgroup/software.html
TT TOOLBOX by I. Oseledets: http://spring.inm.ras.ru/osel
TensorCalculus by H. Auer, M. Espig, S. Handschuh, and P. Wihnert:
http://gitorious.org/tensorcalculus/pages/Home

1.6 Comments about the Early History of Tensors

The word ‘tensor’ seems to be used for the first time in an article by William Rowan
Hamilton [95] from 1846. The meaning, however, was quite different. Hamilton is
well-known for his quaternions. Like complex numbers, a modulus of a quaternion
can be defined. For this non-negative real number he introduced the name ‘tensor’.
The word ‘tensor’ is used again in a book by Woldemar Voigt [192] in 1898 for
quantities which come closer to our understanding.'®

In May 1845, Arthur Cayley [32] submitted a paper, in which he described
hyperdeterminants.>® There he considers tensors of general order. For instance, he
gives an illustration of a tensor from R? ® R? ® R? (p. 11 in [192]):

19 From [192, p. 20]: Tensors are “... Zustinde, die durch eine Zahlgrosse und eine zweiseitige
Richtung charakterisiert sind. ... Wir wollen uns deshalb nur darauf stiitzen, dass Zustidnde der
geschilderten Art bei Spannungen und Dehnungen nicht starrer Korper auftreten, und sie deshalb
tensorielle, die fiir sie charakteristischen physikalischen Grossen aber Tensoren nennen.”

20 See also [44, §5.3]. The hyperdeterminant vanishes for a tensor v € R? ® R? @ R” if and only

if the associated multilinear form ¢(z,y, 2) = 3=, , 4 V[i, ], k]wiy; 25 allows nonzero vectors
x,y, z such that V¢, V@, or V¢ vanish at (x, y, z).
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Soit n =3, posons pour plus simpicité m =2, et prenons

111 =a, 112=c¢,
211 =10, 212=1b,
121 =¢, 122 =g,
221 =d, 222=h,

de maniére que la fonction & considérer est

U = ax1y121 + broyi1 21 + cx1y221 + droysz1+
+ex1y1z2 + frayize + gr1y222 + haoysze.

Next, he considers linear transformations A1), A A®) in all three directions,
e.g., A1) is described as follows.

Les équations pour la transformation sont

1, 2
xrp = )\1171 + )\1172,

1. 2.
To = )\2$1 + )\2$2,

The action of the transformations A, A A®) represents already the Kronecker
product AV @ A2 @ AG).

The paper of Hitchcock [100] from 1927 has a similar algebraic background.
The author states that ‘any covariant tensor Ail__ip can be expressed as the sum
of a finite number of which is the product of p covariant vectors’. In [100] the
ranks are defined which we introduce in Definition 5.7. Although in this paper he
uses the name ‘tensor’, in the following paper [99] of the same year he prefers the
term ‘matrix’ or ‘p-way matrix’. The tensor product of vectors a, b is denoted by ab
without any special tensor symbol.

In §1.1.2 we have named the tensor product of matrices ‘Kronecker product’.
In fact, this term is well-introduced, but historically it seems to be unfounded.
The ‘Kronecker product’ (and its determinant) was first studied by Johann Georg
Zehfuss [200] in 1858, while it is questionable whether there exists any notice of
Kronecker about this product (see [107] for historical remarks). Zehfuss’ result
about determinants can be found in Exercise 4.134.

1.7 Notations

A list of symbols, letters etc. can be found on page xix. Here, we collect the nota-
tional conventions which we use in connection with vectors, matrices, and tensors.

Index Sets. I, .J, K are typical letters used for index sets. In general, we do not
require that an index set is ordered. This allows, e.g., to define a new index set
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K :=1TI x J as the product of index sets I, J without prescribing an ordering of the
pairs (¢,j) ofi € Tand j € J.

Fields. A vector space is associated with some field, which will be denoted by
K. The standard choices?! are R and C. When we use the symbol K instead of the
special choice R, we use the complex-conjugate value ) of a scalar whenever this is
required in the case of K = C.

Vector Spaces K" and K’. Let n € N. K" is the standard notation for the vector
space of the n-tuples v = (v;);_, with v; € K. The more general notation K/
abbreviates the vector space {v = (v;),.; : v; € K}. Equivalently, one may define
K’ as the space of mappings from I into K. Note that this definition makes sense
for non-ordered index sets. If, e.g., K = I x J is the index set, a vector v € KX
has entries vy = v(; ;) for k = (i, j) € K. The notation v; ;) must be distinguished
from v; ; which indicates a matrix entry. The simple notation K" is identical to K!
for I ={1,...,n}.

Vectors will be symbolised by small letters. Vector entries are usually denoted
by v;. The alternative notation v[é] is used if the index carries a secondary index
(example: v[i1]) or if the symbol for the vector is already indexed (example: v, [i]
for v, € KI).

Typical symbols for vector spaces are V', W, U, etc. Often, U is used for sub-
spaces.

Matrices and Matrix Spaces K/*”/. Any linear mapping ¢ : K! — K’ (I,.J

index sets) can be represented by means of a matrix>?

M e K™/
with entries M;; € K and one may write M = (M;;),; ., or M = (Mij)(i,j)elx,r
The alternative notation K™*™ is used for the special index sets I = {1,...,n}
and J = {1,...,m}. Even the mixed notation K!*™ appears if J = {1,...,m},

while [ is a general index set.

Matrices will be symbolised by capital letters. Matrix entries are denoted by
M; j=M,; or by M|[i, j]. Given a matrix M € K% its i-th row or its j-th column
will be denoted by

M; o= Ml[i,o] €K’ or M, ;= M]e,j] €K' respectively.
If 7 C I and o C J are index subsets, the restriction of a matrix is written as

MlTX(T = (Mij)iE‘r,jEG' S K7,

More about matrix notations will follow in §2.1.

21 Fields of finite characteristic are of less interest, since approximations do not make sense. Never-
theless, there are applications of tensor tools for Boolean data (cf. Lichtenberg-Eichler [138]).

2 M e KI*Y is considered as matrix, whereas v € KX for K = I x J is viewed as vector.
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Tensors. Tensors are denoted by small bold type letters: v, w, ... a, b, ... Their
entries are usually indexed in square brackets: v[iy,...,74]. Only in simple cases,
subscripts are used: v;;,. The bold type notation v[i1,...,%4] is also used in the
case of a variable d which possibly takes the values d = 1 [vector case] or 2 [matrix
case].

The standard notation for a tensor space of order d is

Here, V; (1 < j < d) are vector spaces generating the tensor space V. As in this
example, tensor spaces are denoted by capital letters in bold type. U is the typical
letter for a subspace of a tensor space.

Elementary tensors from V = ®?:1Vj have the form
d
vV = ®v(j) =M. . v
j=1

The superscript in round brackets indicates the vector corresponding to the j-th

direction. The preferred letter for the direction index is j (or k, if a second index is
needed). The entries of v7) may be written as 0! or v @[] A lower subscript may
also denote the v-th vector v/ € V; asrequiredinv = >/, ®;l:1 v In this
case, the entries of v are written as v’ [].

To be precise, we have to distinguish between algebraic and topological tensor
spaces denoted by ®;l:1Vj and |y ®?:1Vj , respectively. Details can be found
in Notation 3.8.



Chapter 2
Matrix Tools

Abstract In connection with tensors, matrices are of interest for two reasons.
Firstly, they are tensors of order two and therefore a nontrivial example of a tensor.
Differently from tensors of higher order, matrices allow to apply practically
realisable decompositions. Secondly, operations with general tensors will often be
reduced to a sequence of matrix operations (realised by well-developed software).
Sections 2.1-2.3 introduce the notation and recall well-known facts about matrices.
Section 2.5 discusses the important QR decomposition and the singular value
decomposition (SVD) and their computational cost. The (optimal) approximation
by matrices of lower rank explained in Sect. 2.6 will be used later in truncation
procedures for tensors. In Part IIT we shall apply some linear algebra procedures
introduced in Sect. 2.7 based on QR and SVD.

2.1 Matrix Notations

In this subsection, the index sets I, J are assumed to be finite. As soon as complex
conjugate values appear,’ the scalar field is restricted to K € {R, C}.

We recall the notation K/ explained in §1.7. The entries of a matrix M € K</
are denoted by M;; (i € I,j € J). Vice versa, numbers o;; € K (i € I, j € J)

may be used to define M := (aij),c; e, € K7
Let j € J. The j-th column of M € KI*7 is the vector Me, j]= (Mij);er ek,
while vectors ¢\9) € K! generate a matrix M := [¢\) : j € J] € KI*/ If Jis
ordered, we may write M := [cU1), ¢2) ],
di; (1,7 € I) is the Kronecker symbol defined by
1 ifi=jel,
0 = {0 otherwise. 21

!'In the case of K = R, o = & holds for all o € K.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 21
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_2,
© Springer-Verlag Berlin Heidelberg 2012
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The unit vector ') € K' (i € I) is defined by

el = (6:) 1 - (2.2)

The symbol I = (i;), ;; is used for the identity matrix. Since matrices and
index sets do not appear at the same place, the simultaneous use of I for a matrix
and for an index set should not lead to any confusion (example: I € K/*1),

If M € KI*7 the transposed matrix M7 € K’*! is defined by M;; = (MT);;
(i € 1,5 € J). Amatrix from K'*7 is symmetric it M = M.

The Hermitean transposed matrix M" € K7 *Tis M7 i.e., My; = (MT);;, where
@ is the complex conjugate value. If K = R, MY = MT holds. This allows us to
use H for the general case of K € {R,C}. A Hermitean matrix satisfies M = M".

The range of a matrix M € K>/ is?

range(M) := {Mz : x € K’}.

The Euclidean scalar product in K! is given by

(@,y) =yl => =7,
i€l

where in the real case K = R the conjugate sign can be ignored. In the case of
K = C, the scalar product is a sesquilinear form, i.e., it is antilinear in the second
argument.’

Two vectors z,y € K! are orthogonal (symbolic notation: x | y), if (z,y)=0.
A family of vectors {:vu}ye rC K’ is orthogonal, if the vectors are pairwise ortho-
gonal, i.e., (x,,x,) = 0forall v, u € F withv # p.

Similarly, two vectors z,y € K' ora family {a:l,}u6 r C K’ is orthonormal, if,
in addition, all vectors are normalised: (x, z) = (y,y) = lor (z,,z,) =1 (v € F).

A matrix M € K%/ is called orthogonal, if the columns of M are orthonormal.
An equivalent characterisation is

MAM =T e KR/, (2.3)

Note that the (Hermitean) transpose of an orthogonal matrix is, in general, not ortho-
gonal. M € K%/ can be orthogonal only if #.J < #1.

An orthogonal square* matrix M € K*7 is called unitary (if K = R, often the
term ‘orthogonal’ is preferred). Differently from the remark above, unitary matrices
satisfy

MPM = MMY =T e KIXI,

ie., MH = M~! holds.
Assume that the index sets satisfy either I C J or J C I. Then a (rectangular)
matrix M € K is diagonal, if M;; =0 for all i # j, (i, j) € I x J. Given numbers

2 Also the notation colspan(M) exists, since range(M ) is spanned by the columns of M.
3 A mapping ¢ is called antilinear, if p(x + ay) = ¢(x) + ap(y) fora € C.

4 We may assume M € KXY with #I = #.J and different I, J. Then MHM =T € KI*!
and M M" = I € K7*7 are the precise conditions.



2.2 Matrix Rank 23
0; (i € INJ), the associated diagonal matrix M with M;; = ¢; is written as
diag{d; :i € INJ}.

If the index set I N J is ordered, an enumeration of the diagonal entries can be used:
diag{&il 5 51’27 .. }

Assume again I C J or J C I and a common ordering of / U J. A (rectangular)
matrix M € K>/ is lower triangular, if M;; =0 for all (i,5) € I x J withi > j.
Similarly, M;; =0 for all 7 < j defines the upper triangular matrix.

2.2 Matrix Rank

Remark 2.1. Let M € K'*7. The following statements are equivalent and may be
used as definition of the ‘matrix rank” r = rank(M):

(a) r = dimrange(M),

(b) r = dimrange(MT),

(c) r is the maximal number of linearly independent rows in M,

(d) r is the maximal number of linearly independent columns in M,

(e) r € Ny is minimal with the property

M =Y ab],  wherea; € K andb; € K’, (2.4)
=1

(f) r is maximal with the property that there exists a regular r x 7 submatrix> of M.
(g) r is the number of positive singular values (see (2.19a)).

In (b) and (e) we may replace o' by e". Part (e) states in particular that products
a;b] of non-vanishing vectors represent all rank-1 matrices.
The rank of M € K>/ is bounded by the maximal rank

Tmax := min {#1, #J}, (2.5)

and this bound is attained for the so-called full-rank matrices.

The definition of linear independency depends on the field K. This leads to the
following question. A real matrix M € R’*“ may also be considered as an element
of C'*7 . Hence, in principle, such an M may possess a ‘real’ rank and a ‘complex’
rank. However, the equivalent characterisations (f) and (g) are independent of the
choice K € {R, C} and prove the next remark.

Remark 2.2. For M € R!*/ ¢ C!*7 the value of rank(M) is independent of the
field K € {R,C}.

Corollary 2.3. Let r =rank(M) and define A := [ay,...,a,] and B := [by, ..., b,]
by a; and b; from (2.4). Then (2.4) is equivalent to M = ABT.

3 That means that there are I’ C I and J’ C J with #I’ = #J' = r and M|/« j regular.
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An interesting matrix family is the set of matrices of rank not exceeding 7 :
Ry = {M e K"/ :rank(M) <r}. (2.6)

Any M € R, may be written in the form (2.4).

Lemma 2.4. The sets R, C K%/ for r € Ng are closed. Any convergent sequence
R¥) € R, satisfies

lim inf rank(R™) > rank (klim R(k)). 2.7)
—00

k—o00

Proof. For s € Ny set Ny := {k € N: rank(R®)) = s} C Nand
Too = min{s € Ny : #N, = 00} = hkm inf rank(R(®).
—00

We restrict R(®) to the subsequence with k € N,__, i.e., rank(R*)) = r.,. For
full rank, i.e., roo = min{#1I,#1I>}, nothing is to be proved. Otherwise, we use
the criterion from Remark 2.1f: all (7o, + 1) X (7o + 1) submatrices R(¥) 1y 14
(#I] = #I, = rog + 1) are singular, in particular, det(R*)|f; ;) = 0. Since
the determinant is continuous, 0 = limdet(R®)|;;,7;) = det(lim(R®))[; ;)
proves that rank(lim R*)) < r.. 0

Remark 2.5. A matrix M € K%/ with random entries has maximal rank rp,,, with
probability one.

Proof. Matrices of smaller rank form a subset of measure zero. a

2.3 Matrix Norms

Before the Euclidean, spectral and Frobenius norms will be discussed, the trace of a
square matrix is introduced. For a generalisation of the trace mapping to operators
see (4.60).

Definition 2.6. The mapping trace : K/*! — K is defined by

trace(M) := Z M;;. (2.8)
il

Exercise 2.7. (a) trace(AB) = trace(BA) forany A € KI*/ and B € K/*1.

(b) trace(M ) = trace(UMU") for M € K! and any orthogonal matrix U€ K”*!
(in particular, for a unitary matrix U € K*7),

(c) Let \; (i € I) be all eigenvalues of M € K!*! according to their multiplicity.

Then trace(M) = .., \i.
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The general definition of norms and scalar products can be found in §4.1.1 and
§4.4.1. The Frobenius norm

IMllg= | > IMi;[*  forM eK™/ (2.9)
icl,jeJ
is also called Schur norm or Hilbert-Schmidt norm. This norm is generated by the
scalar product

(A,B)g == Z A; jBi; = trace(AB") = trace(B"A), (2.10)
ieljed

since (M, M) = |[M]||? . In particular, [M]|? = trace(MM") = trace(M"M) holds.

Remark 2.8. Let I x J and I’ x J’ define two matrix formats with the same number
of entries: #1I - #J = #I' - #J'. Any bijective mapping 7 : [ x J — I' x J’
generates a mapping P : M € K'*/ — P(M) = M" € KI'*7 via M'[¢',j'] =
MTi, 4] for (i',j") = m(i,j). Then, the Frobenius norm and scalar product are
invariant with respect to P, i.e.,

[P(M)|g = [[Mllg  and  (P(A), P(B))g = (A, B) -

Let ||| x and ||-||y- be vector norms on X = K’ and Y = K, respectively. Then
the associated matrix norm is

M
|Aﬂh_|AﬂXFY:_sq{L—£L&:O#yeﬁ@} for M e K7, (2.11)

lylly

If ||-|| x and ||-||y- coincide with the Euclidean vector norm
= |2 K
[l := ELaJ“' for u € KX, (2.12)

the associated matrix norm || M ||y, - is the spectral norm denoted by || M ||, .
Exercise 2.9. Let M € K’*/. (a) Another equivalent definition of ||-|,, is

yH Mz

:O#xeKﬂO#yeK?. (2.13)
yHy - 2tz

1M]l, = sup {

®) ||M]l, = |[UM|, = |MV"|2 = |[UMV"|5 holds for orthogonal matrices
UeK!™ ! and V € K/'*.

From Lemma 2.20b we shall learn that the squared spectral norm || M ||3 is the
largest eigenvalue of both MY M and M MH.

Both matrix norms ||-||, and |-/ are submultiplicative, i.e., || AB|| < ||A]| || B]].
The example of A = B = I € R™*" shows the equality in 1 = |I-I]|, <
I l|5 [|Tlly = 1, while \/n = |[I-I||¢ < ||I||g]|{]|g = n is a rather pessimistic
estimate. In fact, spectral and Frobenius norms can be mixed to get better estimates.
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Lemma 2.10. The product of A € K!*7 and B € K7*¥ is estimated by
[ABllg < [[Ally [ Blle  aswellas [ ABlg < [|All¢ || Bl -

Proof. Cle, j] denotes the j-th column of C' € K'*K_ ||C2 = Yer Cle, 512
involves the Euclidean norm of the columns. For C' := AB the columns satisfy
Cle, j]=A- Ble, j| and the estimate ||C|e, j]||, <||A[|, || Ble, ]|, . Together with
the foregoing identity, HA||§ < HAH% HB||§ follows. The second inequality can be
concluded from the first one because of || X || =|| X T||r and || X [|,=[|X"[2. O

A particular consequence is ||A||, < || A]|g (use B = I in the second inequality).

Exercise 2.11. Let U € K/ %! and V € K7 *” be orthogonal matrices and prove:
@ [ Mg = [UM[g = [MVH ] = [UMVH]e for M € KX,
(b) (A, B)p = (UAVR, UBVH)_for A, B € KI%/,

Exercise 2.12. For index sets I, J, and K let A € K/*K and B € K/*¥ with
rank(B) = #.J < #K. Show that the matrix C' € K/*7 minimising ||A — CBl||¢
is given by C' := ABH(BBH)~L.

2.4 Semidefinite Matrices

A matrix M € K'*1 is called positive semidefinite, if
M=M" and (Mz,z)>0 forallz c K.
In addition, a positive definite matrix has to satisfy (Mx,z) > 0 for 0 # x € KI,

Remark 2.13. Let M € K™ be positive [semi]definite. (a) The equation X2 = M
has a unique positive [semi]definite solution in K>/, which is denoted by M/,
(b) M has positive [non-negative] diagonal entries M;; (¢ € I).

In the set of Hermitean matrices from K’*/ a semi-ordering can be defined via
A< B < B — Apositive semidefinite. (2.14)
When we write A < B, we always tacitly assume that A and B are Hermitean.
Remark 2.14. Let A, B € K/*! be Hermitean. (a) A < B is equivalent to
(Az,z) < (Bz,z)  forallz € K’ (2.15)

(b) For any matrix 7' € K!*” the inequality A < B implies T"AT < T"BT.
(¢) A < B implies trace(A) < trace(B).
(d) A < B implies trace(THAT) < trace(T"BT) for all T

Lemma 2.15. For 0 < E < E € K% and arbitrary C; € K7*¥ (i € I), we have
v . . . H ._ aNalt JIxJ
0<X =) ByCCl<Xi=) B;CCf e K.
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Proof. Diagonalisation £ — E = Udiag{\x : k € I}UH holds with A\, > 0. Set
By =Y ,c; UaC;. Then X — X = Y oker M\ By Bf proves X < X because of
A > 0and BkBH > 0. O

Atupley := (x; : i € I) of vectors® z; € K” leads to the scalar products (z;, z;)
forall 7, 5 € I. Then the Gram matrix of ¢ is defined by

G:=G(r) = ((zj,2) )ijer- (2.16)

Exercise 2.16. (a) Gram matrices are always positive semidefinite.

(b) The Gram matrix G(r) is positive definite if and only if ¢ is a tuple of linearly
independent vectors.

(c) Any positive definite matrix G' € K/*! can be interpreted as a Gram matrix of
abasis r := (z; : i € I) of K by defining a scalar product via (v, w) := bHGa for
V=7 crairiandw =), bix;.

Lemma 2.17. The spectral norm of G(x) can be characterised by

IG@I, =max {3 &y & ewinn S _jel? =1}

Proof. Let & := (&)ier € KL |G@)|, = max {|(G§, &)| : [|€]| = 1} holds, since
G(x) is symmetric. (G€,&) = 32, ; (wj, i) §& = (Xjer &t Xier i) =

132 e &imil|, proves the assertion. O

2.5 Matrix Decompositions

Three well-known decompositions will be recalled. The numbers of arithmetical
operations’ given below are reduced to the leading term, i.e., terms of lower order
are omitted.

2.5.1 Cholesky Decomposition

Remark 2.18. Given a positive definite matrix M € K"*", there is a unique lower
triangular matrix L € K"*" with positive diagonal entries such that

M =LIL".

The computation of L costs n operations. Matrix-vector multlphcatlons La or
LHa or the solution of llnear systems Lz = a or LMz = b require n? operations.

1

For semidefinite matrices there are pivotised versions such that M is equal to
PLLRPH with a permutation matrix P and the condition L;; > 0 instead of L;; > 0.

6 Here, K can also be replaced by an infinite dimensional Hilbert space.

7 Here, we count all arithmetical operations (+, —, *, /, Vv etc.) equally. Sometimes, the combi-
nation of one multiplication and one addition is counted as one unit (‘flop’, cf. [20, p. 43]).
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2.5.2 QR Decomposition

The letter ‘R’ in ‘QR decomposition’ stands for a right (or upper) triangular matrix.
Since an upper triangular matrix I is defined by I;; = 0 for all ¢ > 7, this
requires suitably ordered index sets. The QR decomposition (or ‘QR factorisation’)
is a helpful tool for orthogonalisation (cf. [161, §3.4.3], [69, §5.2]) and can be
viewed as algebraic formulation of the Gram-Schmidt® orthogonalisation. Concern-
ing details about different variants and their numerical stability we recommend the
book of Bjorck [20].

Lemma 2.19 (QR factorisation). Letr M € K"*™. (a) Then there are a unitary
matrix Q € K"*" and an upper triangular matrix R € K"*™ with

M =QR (Q unitary, R upper triangular matrix). (2.17a)

Q can be constructed as product of Householder transforms (cf. [178, §4.7]). The
computational work is 2mn min(n, m) — % min(n, m)* for the computation of R
(while Q) is defined implicitly as a product of Householder matrices), and %n3 for
forming Q explicitly as a matrix (cf. [69, §5.2.1]).

(b) If n > m, the matrix R has the block structure [%/] , Where the submatrix R is
an upper triangular matrix of size m x m. The corresponding block decomposition

Q = [Q’ Q"] yields the reduced QR factorisation
M=QR (Q eK™m R ¢K™m). (2.17b)

The computational work is” Nqr (n, m) := 2nm? (cf. [69, Alg. 5.2.5], [161, §3.4]).
(¢) Ifr := rank(M) < min{n, m}, the sizes of Q" and R’ can be further reduced:

M=QR (Q €K"Y R eK™>m). (2.17¢)

In particular, if M does not possess full rank as in Part (c) of the lemma above,
one wants R’ from (2.17¢) to be of the form

R' =R} R)], R} €K™ upper triangular, rank(R})=r, (2.17d)

i.e., the diagonal entries of R} do not vanish. This form of R’ can be achieved if and
only if the part (M;;), -, j<r of M has also rank 7. Otherwise, one needs a suitable
permutation M +— M P of the columns of M. Then the factorisation takes the form

MP =Q'[R] R,] (P permutation matrix, Q’, R}, R from (2.17¢,d)). (2.18)

An obvious pivot strategy for a matrix M € K"*™ with r = rank(M) is the
Gram-Schmidt orthogonalisation in the following form (cf. [69, §5.4.1]).

8 A modified Gram-Schmidt algorithm was already derived by Laplace in 1816 (see reference in
[20, p. 61] together with further remarks concerning history).

° Half of the cost of Nqr(n, m) is needed for % (m?2 + m) scalar products. The rest is used for
scaling and adding column vectors.
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1) Let m; € K™ (1 < i < m) be the i-th columns of M.

2)fori:=1tordo

2a) Choose k € {i,...,m} such that ||mg| = max{||m,| : i < v < m}. If
k # i, interchange the columns m; and my.

2b) Now m; has maximal norm. Normalise: m; := m;/ ||m;||. Store m; as i-th
column of the matrix Q.

2¢) Perform my, := my — (mg, m;ym; fori +1 < k < m.

Here, ||| is the Euclidean norm and (-, -) the corresponding scalar product. The
column exchanges in Step 2a lead to the permutation matrix'? P in (2.18). The
operations in Step 2b and Step 2c define [R] R}].

The presupposition » = rank(M) guarantees that all m; appearing in Step 2b
do not vanish, while m; = 0 (r + 1 < ¢ < m) holds after the r-th iteration for the
remaining columns. In usual applications, the rank is unknown. In that case, one
may introduce a tolerance 7 > 0 and redefine Step 2b as follows:

2b°) If ||m;|| < 7 setr := i — 1 and terminate. Otherwise, proceed as in Step 2b.

The principle of the QR decomposition can be generalised to tuples V'™, where
the column vectors from K" are replaced by functions from the space V' (cf. Tre-
fethen [183]).

2.5.3 Singular Value Decomposition

2.5.3.1 Definition and Computational Cost

The singular value decomposition (abbreviation: SVD) is the generalisation of the
diagonalisation of square matrices (cf. [161, §1.9]).

Lemma 2.20 (SVD). (a) Let M € K"*™ be any matrix. Then there are unitary
matrices U € K"*" V. € K™*"™ and a diagonal rectangular matrix X € R"*™,

000 ...0 0...0
. illustration
0 oo -0 O 0
Y= 2 for the case | , (2.19a)
o T : ofn<m
0 ...0 0,0...0
with so-called singular values'!
o1L>09>...>0;=X;>...>20 (1 <i<min{n,m})
10°A permutation matrix P € K"X" (corresponding to a permutation = : {1,...,7r} —

{1,...,r}) is defined by (Pv), = v (;). Any permutation matrix P is unitary.
' For indices ¢ > min{#I, #J} we formally define o := 0.



30 2 Matrix Tools

such that 2
M=UxVT. (2.19b)

The columns of U are the left singular vectors, the columns of V are the right
singular vectors.

(b) The spectral norm of M has the value | M||, = o7.

(c) The Frobenius norm of M equals

min{n,m}
IMlle=y/> | o (2.19¢)

Proof. i) Assume without loss of generality that n <m and set A:=MM" c K™,
Diagonalise the positive semidefinite matrix: A = UDU" with U € K™ unitary,
D = diag{ds,...,d,} € R™", where the (non-negative) eigenvalues are ordered
by size: dy > dy > ... > 0. Defining o; := V/d; in (2.19a), we rewrite

D=xxT=x5H1
With W := MHU = [wy,...,w,] € K™*" we have

D =UMAU = MM MU = whw.

Hence, the columns w; of W are pairwise orthogonal and w!-" w; = d; = af.
Next, we are looking for a unitary matrix V' = [v1, . .., v] € K™*™ with
wW=vxT, ie,w, =00 (1<i<m)

(note that the complex conjugate values 7; are used'?).

Let r := max{i : 0; > 0}. For 1 < ¢ < r, the condition above leads to
v; = %wi, i.e., v; is normalised: v%"vi = 1. Since the vectors w; of W are already
pairwisé orthogonal, the vectors {7; : 1 < i < r} are orthonormal.

Forr+1 < ¢ < n, o, = 0 implies w; = 0. Hence w; = 0;7; holds for
any choice of v;. To obtain a unitary matrix V, we may choose any orthonormal
extension {7;: 7 +1<i<m} of {5; : 1 < i < r}. The relation W = VXT
(with X7 = XH) implies WH = XV'T. By Definition of W we have M = UWH =
UX VT, so that (2.19b) is proved.

ii) Exercises 2.9b and 2.11a imply that || M|, = || Y|, and [|[M|[¢ = |||
proving the parts (b) and (c). O

If n < m, the last m — n columns of V' are multiplied by the zero part of Y.
Similarly, for n > m, certain columns of U are not involved in the representation
of M. Reduction to the first min{n, m} columns yields the following result.

Corollary 2.21. (a) Let u; € K’ and v; € K’ be the (orthonormal) columns of U
and V, respectively. Then the statement M = UX V" from (2.19b) is equivalent to

12 The usual formulation uses M = UX VH (or UM X V) with the Hermitean transposed V.
Here we use VT also for K = C because of Remark 1.3a.
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min{n,m}

M= Z o u vy (2.20)
=1

The computational cost is about
Ngyp(n,m) := min {14nmN + 8NN3 6nmN + 20N3} ,

where N := min{n, m} (cf. [69, §5.4.5]).
(b) The decomposition (2.20) is not unique. Let o; = 0441 = ... = 0445—1 be a
k-fold singular value. The part Z;J::_l oju; va in (2.20) equals

T
oi [y Wig k1] [Viy ooy Vig—1]

For any unitary k£ x k matrix @, the transformed vectors

[’&i, ceey ai+k_1] = [’U,i, ceey ’uH_k_l] Q and [ﬁi, ey ﬁi-{-k—l] = [’Ui, cey 'Ui-l—k—l] Q
ith—1
j=i
value, each pair u;, v; of columns may be changed into u; := zu;, U; 1= %vi with
z € Kand |z = 1.

(c) In many applications span{u; : 1 < ¢ < r} for some < min{n,m} is of
interest. This space is uniquely determined if and only if 0, < o,41. The same
statement holds for span{v; : 1 <i < r}.

yield the same sum 0 U @JT Even in the case k£ = 1 of a simple singular

Next, we consider a convergent sequence M ) — M of matrices together with
their singular value decompositions M ) = U XYy MT and M=US VT,

Remark 2.22. (a) Let M) = U )y )T ¢ Knxm pe the singular value de-
compositions of M) — M. Then there is a subsequence {v; : i € N} C N such
that

v U, x5 n v sy, M=UsvT.

(b) Subsequences of the spaces Sﬁu) = span{ul(-u) : 1 < ¢ < r} converge to
Sy := span{u; : 1 < i < r}, where uz(-u) and u; are the columns of U®) and U

from Part (a).

Proof. Eigenvalues depend continuously on the matrix; hence, ¥(*) — X. The sub-
set {u§”> : v € N} € K! is bounded by 1, thus it is pre-compact and a subsequence

yields uy = lim; u{"") with |ju1|| = lim [|u!""|| = 1. Restrict the sequence to the
latter subsequence and proceed with uéy) in the same way. The convergence of the
subsequences to U, X, V implies M = UX VT, a

Since the factors U and V' are possibly not unique (cf. Corollary 2.21b), it may
happen that M = UXVT = UXVT are two different decompositions and the
limit of M) = U® SOV MT yields UX VT, while no subsequence converges to
UXVT. Hence, the reverse statement that, in general, any singular value decompo-
sition M = UX V7 is a limit of M) =U® 2V ®T 'is wrong.
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2.5.3.2 Reduced and One-Sided Singular Value Decompositions

If M is not of full rank, there are singular values o; = 0, so that further terms can
be omitted from the sum in (2.20). Let!® r := max{i : o; > 0} = rank(M) as in
the proof above. Then (2.20) can be rewritten as

M = Zai w; v with { {ui il 1 ’iv;} >1 Oorthonormal (2.21)

where only nonzero terms appear. The corresponding matrix formulation is

U = [uy,...,u,] € K*" orthogonal,
M =U'2"V'T with { V' =[vy,...,v,] € K™*" orthogonal, (2.22)
Y =diag{o1,...,0,} ER"™*", 0y > ... >0, > 0.

Definition 2.23 (reduced SVD). The identities (2.21) or (2.22) are called the
reduced singular value decomposition (since the matrices U, X', V' from (2.19b)
are reduced to the essential nonzero part).

There are cases—in particular, when m > n—where one is interested only in
the left singular vectors w; and the singular values o; from (2.21) or equivalently
only in U’ and X’ from (2.22). Then we say that we need the left-sided singular
value decomposition. The proof of Lemma 2.20 has already shown how to solve for
U’ and X alone:

1) Perform A := M M" € Knxn,

2) Diagonalise A = UD U" with the non-negative diagonal matrix

Dzdiag{dl,...,dn}ERnxn, dy>dy>...>0.

3)Setr :=max{i: d; > 0}, 0; := \/d;, and X/ := diag{o1,...,0,}.
4) Restrict U to the first r columns: U’ = [ug, ..., u,].

Remark 2.24. (a) Steps 1-4 from above define the matrices U’ and X’ from (2.22).
The third matrix V" is theoretically available via V/ = (X’) "' MHT". The product
MMM in Step 1 requires the computation of @ scalar products (m;, m;)
(i, € I) involving the rows m; := M[i,e] € K’ of M. The computational cost
for these scalar products will crucially depend on the underlying data structure (cf.
Remark 7.12). Steps 2-4 are independent of the size of J. Their cost is asymptoti-
cally $n® (cf. [69, §8.3.1]).

(b) The knowledge of U’ suffices to define M :=U'MM. M has orthogonal rows
m; (1 <4 <n) which are ordered by size: ||71|| = o1 > ||| =02 > ... > 0.

Proof. Let M = U'S'V'T be the reduced singular value decomposition. Since
URU" = T € K™, Part (b) defines M := UMM = X'V'T_ 1t follows that
NMNH = (V) (V') = 272, ie., (i, ) = 0 fori # j and [[rin]| = 0 . O

31f oy = 0 for all 4, set r := 0 (empty sum). This happens for the uninteresting case of M = 0.
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The analogously defined right-sided singular value decomposition of M is
identical to the left-sided singular value decomposition of the transposed matrix
MT since M =U'S'V'T <= MT =V'X'U'T.

2.5.3.3 Inequalities of Singular Values

Finally, we discuss estimates about eigenvalues and singular values of perturbed
matrices. The following lemma states the Fischer-Courant characterisation of eigen-
values. For a general matrix A € K™*" we denote the eigenvalues corresponding
to their multiplicity by Ax(A). If Ay (A) € R, we order the eigenvalues such that
Ak (A) > Agt1(A). Formally, we set A\, (A) := 0 for k& > n.

Remark 2.25. For matrices A € K" and B € K™*" the identity \;(AB) =
A(BA) is valid. If A and B are positive semidefinite, the eigenvalues A\, (AB) are
non-negative.

Proof. 1) If e # 0 is an eigenvector of AB with nonzero eigenvalue A, the vector
Be does not vanish. Then (BA)(Be) = B(AB)e = B(X\e) = A(Be) proves that
Be is an eigenvector of BA for the same A. Hence, AB and BA share the same
nonzero eigenvalues. The further ones are zero (maybe by the setting from above).

2) If B > 0, the square root B'/? is defined (cf. Remark 2.13). Part 1) shows
M(AB) = M(ABY2B'Y?) = )\, (B'Y2AB'/?). The latter matrix is positive
semidefinite proving A\, (B'/2AB'/?) > 0. 0

Lemma 2.26. Let the matrix A € K™*" be positive semidefinite. Then the eigen-
values \1(A) > ... > A\, (A) > 0 can be characterised by

A (4) = min max Az (2.23)
Y C K" subspace x € K" with
withdim(V) <k—-1 2Mzr=1landzlV

Proof. A can be diagonalised: A = UAUM with A;; = \;. Since 2" Az = yH Ay
for y = UMz, the assertion can also be stated in the form
Ak = min max {yHAy cy € K™ with yHy = 1, yJ_W}
W with dim(W)<k—1

(W =U"MVY). Fix W with dim(W) < k—1. All y € K" with ; =0 for i >k form a
k-dimensional subspace ). Since dim(W) < k — 1, there is at least one 0£y€)
with 4"y = 1, y LW. Obviously, y" Ay = Z i Ny? Z L AkY? > A The
choice W = {w € K" : w; =0: k <i < n} yields equahty. yHAy = Ag. ad

In the following we use the notation A\ (A) for the k-th eigenvalue of a positive
semidefinite matrix A, where the ordering of the eigenvalues is by size (see Lemma
2.26). Similarly, o (A) denotes the k-th singular value of a general matrix A. Note
that |- ||, is the spectral norm from (2.13).
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Lemma 2.27. (a) Let A, B € K"*"™ be two positive semidefinite matrices. Then
Me(A) < (A+ B) < M(A) + 1B, for1 <k <n. (2.24a)

In particular, 0 < A < B implies \i,(A) < \g(B) for 1 < k < n.

(b) Let the matrices A € K"*™ and B € Knxm’ satisfy AA" < BBM. Then the
singular values'* o1, (A) and oy (B) of both matrices are related by

orx(A) < or(B) for1 <k <n. (2.24b)

The same statement holds for A € K™*™ and B € K™ *" with AHA < BHB.

(c) Let M e K™*™ be any matrix, while A € K™ %™ and BeK™ ™ have to satisfy
A"A < T and B"B < I. Then'*

or(AMB) < op(M)  forkeN.

Proof. 1) \,(A) < Ap(A + B) is a consequence of Remark 2.14 and Lemma 2.26.

2) Let V4 and V44 p be the subspaces from (2.23), which yield the minimum for
A and A + B, respectively. Abbreviate the maximum in (2.23) over x € K" with
"2 = 1 and 21V by maxy, . Then

Me(A + B) = max 2" (A + B)x < maxz"(A + B)z = max [IHA{E + IHBI]
VaiB Va Va
< n\ljaxxHA:v + max aHBx = M\ (A) + ||B]l, .-
A

aHr=1

3) For Part (b) use \i(A) < A\p(A + B) with A and B replaced by AA" and
BB" — AAM in the case of AA" < BBY. Otherwise, use that the eigenvalues of
XHX and X X" coincide (cf. Remark 2.25).

4) Let M’ := AMB and use o(M")? = \.(M'"M’). Remark 2.14b im-
plies that M’ (M) = AMBBHM"AR < AMM" AR, so that A\, (M'HM') <
Ao (AM MM AM), Remark 2.25 states that A (AMMHAM) = N (MHARAM),
and from A" A <T we infer that \,,(MHAYAM) < \p (MR M) = 0,,(M)?. O

Letn =ny + ne, A € K™*™ and B € K™*™_ Then the agglomerated matrix
[g] belongs to K", In the next lemma we compare singular values of A and [g} .

Lemma 2.28. For general A€ K™ *™ and B € K"2*™, the singular values satisfy

a1 (A) < o ([4]) < \/o2(A) + || B2

The same estimate holds for o1, ([A B]), where A € K"*™ and B € K"*™2,

Proof. Use 02(A) =\, (A" A) and o2([A]) = \.([A B]"[4]) = Ae (A" A + BHB)
and apply (2.24a): o2 ([A]) < M (AP A) + || BYB||2 = 02(A) + || B 2. 0

14 See Footnote 11 on page 29.
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B =

Exercise 2.29. Prove 0 (A) < oy, ([ﬂg}> < \/0,%(14) + ||BH§ + HCH§

2.6 Low-Rank Approximation

Given a matrix M, we ask for a matrix R € R of lower rank (i.e., s < rank(M))
such that || M — R|| is minimised. The answer is given by'> Erhard Schmidt (1907)
[168, §18]. In his paper, he studies the infinite singular value decomposition for
operators (cf. Theorem 4.114). The following finite case is a particular application.

Lemma 2.30. (a) Let M, R € K"*™ with r := rank(R). The singular values of M
and M — R are denoted by o;(M) and o;(M — R), respectively. Then'®

0i(M —R) > op4i(M)  foralll <i<min{n,m}. (2.25)

(b) Let s € {0, 1,...,min{n, m}} Use the singular value decomposition M =
UX VT to define

o; fori=j <s,
0 otherwise,

R:=UXV" with (%), = { (2.26a)

)

i.e., X results from X by replacing all singular values o; = X;; for i > s by zero.
Then the approximation error is

min{n,m}
|M—R|,=0s+1 and  |M—R|g= Zi:SH o?.  (2.26b)

Inequalities (2.25) becomes o;(M — R) = 05+;(M).

Proof. 1)If r + i > min{n, m}, (2.25) holds because of o,;(M) = 0. Therefore
suppose r + ¢ < min{n, m}.

2) First, 0;(M — R) is investigated for i = 1. A,y (M M") := o2, (M) is the
(r + 1)-th eigenvalue of A := M M (see proof of Lemma 2.20). The minimisation
in (2.23) yields

JEH(M) < max {xHAa: sz e K withaHe =1, xJ_V}

for any fixed subspace V of dimension < r. Choose V := ker(R™")L. As x LV is
equivalent to = € ker(R"), we conclude that

eV Az = 2H MMz = (MHa:)H (MH:E) = ((M—R)Hx)H((M—R)H:c)
=a2" (M —R)(M - R)" z.

15 Occasionally, this result is attributed to Eckart-Young [50], who reinvented the statement later
in 1936.

16 See Footnote 11 on page 29.
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Application of (2.23) to the first eigenvalue \; = A (M — R) (M — R)") of the
matrix (M — R) (M — R)" shows

max {xHAx sz e K" with zHz =1, :CJ_V}
=max{z" (M —R) (M - R\ z:aM2 =1, 21V}
< max{z" (M — R) (M — R)" 2 : z € K! with 2"z = 1}
=M (M= R) (M= R)")

(in the case of the first eigenvalue, the requirement z L) with dim(}V) = 0 is an
empty condition). Since, again, A (M — R) (M — R)") = 03(M — R), we have
proved o2, (M) < 07(M — R), which is Part (a) for i = 1.

3) For i > 1 choose V := ker(R")+ + W, where W with dim(W) < i — 1 is
arbitrary. Analogously to Part 2), one obtains the bound

max {xH (M—R)(M—RMa: zeKwithaMe =1, uw} .

Minimisation over all W yields A;( (M — R) (M — R)") = o2(M — R).
4) The choice from (2.26a) eliminates the singular values o,...,05 so that
0i(M — R) = 0s1;(M) forall i > 1. O

Using the notation M =)""_, o;u;v} from (2.21), we write R as > ;_,o;u;v] .
A connection with projections is given next.

Remark 2.31. P{*) .= 3% w;u and P{* := 32 | v; 0! are the orthogonal
projections onto span{u; : 1 < i < s} and span{v; : 1 < i < s}, respectively.
Then R from (2.26a) can be written as R = P{"M (P\*)T = PY)M = M(P{)T,

Conclusion 2.32 (best rank-£ approximation). For M € K"*™ construct R as in
(2.26a). Then R is the solution of the following two minimisation problems:

ran{ﬁgg |M — R||, and ran{(rgg;gr |M — R|¢. (2.27)

The values of the minima are given in (2.26b). The minimising element R is unique
ifand only if o, > 0,41.

Proof. 1) Since |M — R'||, = o1(M — R')and |M — R'||f = o, 02(M — R
follows from Lemma 2.20b,c, we obtain from Lemma 2.30a that

IM — R'|ly > opsr (M), |IM — R'||f > 3" 0?(M)  for R with rank(R') <.
i>r
Since equality holds for R’ = R, this is the solution of the minimisation problems.

2) If o, = o+1, one may interchange the r-th and (r + 1)-th columns in U and
V' obtaining another singular value decomposition. Thus, another R results. a
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Next, we consider a convergent sequence M (“) and use Remark 2.22.

Lemma 2.33. Consider M) € K™ with M) — M. Then there are best
approximations R") according to (2.27) so that a subsequence of R") converges
to R, which is the best approximation to M.

Remark 2.34. The optimisation problems (2.27) can also be interpreted as the best
approximation of the range of M:

max {||PM]||g : P orthogonal projection with rank(P) =r} . (2.28a)

Proof. The best approximation R € R, to M has the representation R = PM for
P=P") (cf. Remark 2.31). By orthogonality,

|PMI[E + [[(I = P)M| = | M|}

holds. Hence, minimisation of ||(I — P)M|| = ||M — R|| is equivalent to
maximisation of HPMH,Q: . O

In the following, not only the range of one matrix but of a family of matrices
M; e K™ (1 < i < p)is to be optimised:

P

max ille + 7 orthogonal projection with ran =7r,. .

{Z|PM||§ P orthogonal projection with rank(P) } (2.28b)
i=1

Problem (2.28b) can be reduced to (2.28a) by agglomerating M; into

M = [My My - M,). (2.28¢)

The optimal projection P = Pl(r) from Remark 2.31 is obtained from the left
singular vectors of M. If the left singular value decompositions of M; are known,
the corresponding decomposition of M can be simplified.

Lemma 2.35. The data of the left singular value decompositions of M; = U; 3;V,"
consist of U; and X;. The corresponding data U, Y of M = UX VT from (2.28¢)
can also be obtained from the left singular value decomposition of

M =02 Uy - UpyXy. (2.28d)

Proof. Since MM" =3P M;MP =" U; X2UH coincides with the product
M'M™M =3P U;X2UM, the diagonalisation U 22U is identical. O
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2.7 Linear Algebra Procedures

For later use, we formulate procedures based on the previous techniques.

The reduced QR decomposition is characterised by the dimensions n and m, the
input matrix M € K"*™, the rank r, and resulting factors ) and R. The correspond-
ing procedure is denoted by

procedure RQR(n, m,r, M, Q, R); {reduced QR decomposition }
input: M € K™
output: r = rank(M), @) € K™*" orthogonal,

R € K" upper triangular.

(2.29)

and requires Nqg (n, m) operations (cf. Lemma 2.19).
The modified QR decomposition from (2.18) produces a further permutation
matrix P and the decomposition of R into [Ry Ra]:

procedure PQR(n, m,r, M, P,Q, Ry, R2); {pivotised QR decomposition }

input: M e K"*™; (2.30)

output: () € K"*" orthogonal, P € K"*" permutation matrix, ’
Ry € K" upper triangular with 7 = rank(M), Ry € K"*(m=7),

A modified version of PQR will be presented in (2.40).
The (two-sided) reduced singular value decomposition from Definition 2.23
leads to

procedure RSVD (n, m,r, M, U, X, V); {reduced SVD}

input: M € Km*™;

output: U € K™*7 V' € K™*" orthogonal with r = rank(M),
Y =diag{o1,...,0.} ER"™*" withoy > ... >0, > 0.

2.31)

Here the integers n, m may also be replaced by index sets I and J. Concerning the
cost Ngyp(n, m) see Corollary 2.21a.

The left-sided reduced singular value decomposition (cf. Remark 2.24) is de-
noted by

procedure LSVD (n, m,r, M, U, X); {left-sided reduced SVD}
input: M € K> (2.32)
output: U, r, Y asin (2.31).

Its cost is

1 8
Nisvp(n,m) = K (n+1) N, + §n3,

where N, is the cost of the scalar product of rows of M. In general, N,,, =2m —1
holds, but it may be less for structured matrices (cf. Remark 7.12).

In the procedures above, M is a general matrix from K™ . Matrices M € R,
(cf. (2.6)) may be given in the form
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Rty o v [(a, €K™ A=[ajas---]€K™*",
M_Zl Zl copanbli=ACB <b,, C K™ Be[byby- | K™ ) (2.33)
v=1 pu=
Then the following approach has a cost proportional to n + m if r < n,m (cf.
[86, Alg. 2.5.3]), but also for > n, m it is cheaper than the direct cornputation17
of the product M = A C'B" followed by a singular value decomposition.

Remark 2.36. For M = ACB" from (2.33) compute the reduced QR decomposi-
tions'®

B B . Qa e K"*ra 1y :=rank(A),
A=QasRsand B=QpRp with {QB € K™% rpy = rank(B),
followed by the singular value decomposition R4CRY = UXVH. Then the singu-
lar value decomposition of M is given by USVH with U = QU and V = QV.
The cost of this calculation is

Nqr(n,7) + Nqr(m,r) + Nusvp(ra,rg) + 2rarpr + 27r? + 2 (rin + r%m)

with 7 := min{ra,rg} < min{n, m,r}. In the symmetric case of A = B and
n = m with 7 := rank(A), the cost reduces to

Nqr(n,r) + 2/ + 72 (r + 2n+ 37) .

Let B' = [b;,...,b.] € K™ and B” = [b,...,b/,] € K™ contain two
systems of vectors. Often, B’ and B” correspond to bases of subspaces U' C V
and U” C V. A basic task is the construction of a basis!® B = [by,...,b,] of

U := U’ + U". Furthermore, the matrices 7" € K"*" and T" € K"*"" with

B' =BT and B" = BT", ie. b, = Z T/bs, b = Z /b, (2.34)
=1 i=1

are of interest. The corresponding procedure is

procedure JoinBases(B’, B”,r, B,T',T"); {joined bases}
input: B’ € Kn*"' B ¢ Knx""

output: r = rank[B’ B”]; B basis of range([B’ B"]), (2.35)
T e KT and T" € K™= with (2.34).
A possible realisation starts from B=[b],...,b.,,bY,... b/, ] € K< ("+") and per-

forms the reduced QR factorisation B=QR by RQR(n,r'+ " r,B,P,Q,R1,R2).
Then the columns of PTQ form the basis B, while [T",T"] = R := [R1, R2).

17 For instance, the direct computation is cheaper if n =m =r =ra =rp.
18 Possibly, permutations according to (2.30) are necessary.
19 We call B = [by, ..., b,] abasis, meaning that the set {b1, ..., b, } is the basis.
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If B’ is a basis, if may be advantageous to let the basis vectors b; = b, from B’
unchanged, whereas for i > 7/, b; is the i-th column of Q. Then 7" = [é} holds,
while 7" is as before.

If all bases B’, B”, B are orthonormal, the second variant from above completes
the system B’ to an orthonormal basis B:

procedure JoinONB(b’, 6", r, b, T, T");  {joined orthonormal basis}
input: B’ € K< B"” € K"*" orthonormal bases, (2.36)
output: B orthonormal basis of range([B" B”]); v, T’,T" as in (2.35).

The cost of both procedures is Nqr (n, 7" + ).

2.8 Deflation Techniques

2.8.1 Dominant Columns

We consider again the minimisation problem (2.27): min,ani ()< ||M — M'|| for

M e K" and ||-|| = ||||5 or ||-|| = ||-||¢. Without loss of generality, we assume

that the minimising matrix M, satisfies rank(M},) = k; otherwise, replace k by

k' :=rank(M}) and note that min |[M —M'||= min |[|M - M’|.
rank(M’)<k rank(M’)<k’

The minimising matrix M} € Ry is of the form
M, = AB", where A € K"** and B € K"™**

and range( M}, ) =range(A). The singular value decomposition M =UXV yields
the matrices A = U’Y’" and B = V', where the matrices U’, X/, V' consist of the
first k columns of U, X, V. Since A = U’'X’ = MV'T, the columns of A are linear
combinations of all columns of M. The latter fact is a disadvantage is some cases.
For a concrete numerical approach, we have to represent A. If the columns m; of M
are represented as full vectors from K", a linear combination is of the same kind and
leads to no difficulty. This can be different, if other representations are involved. To
give an example for an extreme case, replace K"*™ = (K")™ by X", where X is a
subspace of, say, L?([0, 1]). Let the columns be functions like z* or exp(az). Such
functions can be simply coded together with procedures for pointwise evaluation
and mutual scalar products. However, linear combinations cannot be simplified. For
instance, scalar products of linear combinations must be written as double sums of
elementary scalar products. As a result, the singular value decomposition reduces
the rank of M to k, but the related computational cost may be larger than before.

This leads to a new question. Can we find ABT € Ry, approximating M such that
A = [cj, - ¢c;,] consists of k (different) columns of M ? In this case, ABT involves
only k columns of M instead of all. For this purpose we define

Ri(M) = {ABT € Ry : A= [M[-,j1],--- , M[-, ji]] with 1<j. <m}, (2.37)
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using the notations from above. The minimisation (2.27) is now replaced by

find My, € Ri(M) with  ||M — M| = \plin M= M|. (238
k

Since there are (’,:‘) different combinations of columns, we do not try to solve this
combinatorial problem exactly. Instead, we are looking for an approximate solution.

By procedure PQR from (2.30), we obtain the QR decomposition M P = QR
with R=[R; Rs]. First we discuss the case r :=rank(M )=m, which is equivalent
to M possessing full rank. Then Ry does not exist (m — r = 0 columns) and
R := R; is a square upper triangular matrix with non-vanishing diagonal entries.
Thanks to the pivoting strategy, the columns of R are of decreasing Euclidean norm.
Let £ € {1,...,m — 1} be the desired rank from problem (2.38). We split the
matrices into the following blocks:

0 [R
Q= with Q' e K™, Q" e Kn(m=h),

Then Q' R’ corresponds to the first k columns of MP. As P is a permutation matrix,
these columns form the matrix A as required in (2.37). The approximating matrix
is defined by MR := Q' [R’ S], where [R’ S] € KF*™ i.e., the matrix B from
(237)isB=[R' S]".

R'|S ) R € Kkxk R’ ¢ R(m=k)x(m=k) ypper triangular,
R= - with {S € KFxm—), PP g

Proposition 2.37. The matrix M kp QR .— Q'[R' S| constructed above belongs to
R (M) and satisfies the following estimates:

IM = MPR|la < |R"]ly, M = MR < ||R”||g, (2.39)

ou(MFO) < or(M) < \JoF (MEW®) + || B2, (2.39b)

Proof. 1) By construction, M — MkPQR =Q [8 B% holds and leads to (2.39a).

2) (2.39b) follows from Lemma 2.28. O

Now, we investigate the case » < m. Then the full QR decomposition would lead
to QR with R = [lg} with zeros in the rows r+ 1 to m. These zero rows are omitted
by the reduced QR decomposition. The remaining part R’ (again denoted by R) is
of the shape R = [Ry R2], where R; has upper triangular form. As rank(M) = r,
the approximation rank % from (2.38) should vary in 1 < k£ < r. Again the columns
of R; are decreasing, but the choice of the first £ columns may not be the optimal
one. This is illustrated by the following example.

Let M = [2 L1 1] with 7 = 2 < m = 4. Since the first column has largest norm,

0111
procedure PQR produces P = I (no permutations) and

10 21 11
o=[or] me[on] e i)



42 2 Matrix Tools

Let £ = 1. Choosing the first column of ) and first row of R, we obtain Ml[l] =
[(2) (1) (1) (ﬂ The approximation error is €1 := | M — M1[1]|| = || [8 ? ? ﬂ | = V3.
Note that we cannot choose the second column [(1)] of @ and the second row of R
instead, since [2] is not a column of M, i.e., the resulting approximation does not
belong to R1(M). A remedy is to change the pivot strategy in Step 2a from page
29. We choose the second column of M as first column of (). For this purpose let P
be the permutation matrix corresponding to 1 <+ 2. The QR decomposition applied

to MP = []21]] yields

1011
1 (1 1 11 11
-t 2] mealp . eyl

The first column of @ and the first row of R result in M1[2]P with the smaller
approximation error

1000
£ 1= ||M—Ml[2]|:H[_looo]HZ\/§<\/§.

The reason for €2 < €7 is obvious: although [ﬂ is of smaller norm than [(2)], it

has a higher weight because it appears in three columns of M. To take this weight
into consideration, we need another pivot strategy.

Let M = [c1---¢m] € K"*™. Each column ¢; # 0 is associated with the
orthogonal projection P; := ||cj||_2cjc;T| onto span{c;}. We call ¢; a dominant
column, if ||P;M|| = maxi<;<m || P;M]||. Equivalently, | M — P; M || is minimal
for j = i. Let P be the permutation matrix corresponding to the exchange 1 « 1.
Then M P = QR leads to @ with ¢;/ ||¢;|| as first column. The first row of R is
rH = ||e;| " MM P. Hence, the choice of the dominant column ensures that the
approximation (2.38) with k = 1 is given by ||¢;|| ;P PH = P, M.

The calculation of a dominant column is discussed in the next lemma.

Lemma 2.38. For M = [c1 - - - ¢y set
Z = (CGik)r<jhem  With Gr = (ck, ¢;) /I -

Then the index imax € {1,...,m} with ||G,....ell = Mmaxi<j<m ||Cj.ell charac-
terises the dominant column.

Proof. Because of
-2 H '
PiM = ||| (Cj Cj Ck)1§k§m = <|cj| Cj>1<k< ’
- m

its normis | P M || = /> 1 [Gkl? = [|Gell - O

The concept of the dominant column leads to the following variant of PQR:



2.8 Deflation Techniques 43

procedure DCQR(n, m,r, M, P,Q, R1, R2); {pivot by dominant column}
input: M € K>
output: ) € K™*" orthogonal, P € K™*™ permutation matrix,

Ry € K"*" upper triangular with » = rank(M), Ry € K™*(m=7),
for j :=1tordo
begin determine i € {j, ..., m} such that ¢; := M]e, ] (2.40)

is the dominant column of Me, j : m];

permute j <> ¢ (change of P)

Q[]u .] =Gy M[.v z] = M[.aj];

Mle,j+1:m]:= (I —P)Me,j+1:m] (P := || eict)
end; {determination of Ry, Ry as usual; here omitted }

Corollary 2.39. In practical applications, it suffices to determine iy,,x instead of
imax, where ||Ci.. el is sufficiently close to ||(;,....ell- For this purpose,
order the columns by decreasing norm: MP =: [c; - - - ¢, With ||¢;]| > |lcjpa]| -
Choose mo € {1,...,m — 1} with &* := Y7} . |le||* sufficiently small
and reduce the maximisation to the first mg columns: i« 1S the maximiser of
maxi<;j<moy/ 2 pey|Cjx|?- Then the two maxima are related by

2
[Comaso | < im0l <A/ Gimao ™ + 2.

To estimate the cost, we start with the determination of the matrix Z from Lemma
2.38. The %m(m + 1) scalar products are to be computed only once. After one
elimination step (c; +— Pjc) they can be updated®® without new scalar products
(cost: 2(m —1)m). Also the application of P; to M does not require scalar products,
since they are precomputed. The cost of the original procedure DCQR is

Npcqr = 4(mr - %rz)n +m?n + 2rm(m — )

plus lower order terms. If m is immediately reduced to mg, the cost is reduced
correspondingly.

Remark 2.40. Assume that n = np with 7,p € N. A further reduction of cost is
possible, if the scalar product (a,b) = Y7 | a;b; is approximated by

<a7 b>p =p Zi:l aZb_’L

(-, ->p is not a scalar product in K", but if a,b € K" is a smooth grid function,
(a, b), approximates (a,b) . With this modification in DCQR, n in Npcqr can
be reduced to 7. Note that the computed @ is not strictly orthogonal.

Following the ideas from [120], one may start with . = O(1) to select 7 columns,
where < # = O(r). Then the final call of DCQR (with exact scalar product)
is applied to the reduced matrix M € K"*". Note that this procedure yields the
same result as DCQR. applied to the original matrix M, if the finally chosen r
columns are among the 7 columns selected by the first heuristic step. The total work
is O(mr + m3r + r?n + r*) with mg from Corollary 2.39.

20 To be precise, only (cx, c;) and |(;x|? need to be updated.
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2.8.2 Reduction of a Basis

A related, but more general problem is discussed next. Let B € K< be a matrix
containing #.J basis vectors

b, = B[-,v] e K! (veld). (2.41a)
Furthermore, p vectors z,, € range(B) C K are given, gathered in the matrix
XeK™, @, =X[u (1<p<p). (2.41b)
Because of z,, € range(B) = span{b, : v € J}, there are coefficients a,,, such that
T, = ZUGJ avuby (1<pu<p), (2.41¢)
which is equivalent to the matrix formulation

X =BA  with A = (a,,) e K/*P, (2.41d)

veJ,1<u<p

Now, we want to approximate X by a reduced basis. Similarly as in §2.8.1,
the smaller basis must consist of a subset of the vectors b, from (2.41a). Split J
into J = J'UJ"”, where J' is the remaining index set, while basis vectors b, with
w € J' are to be omitted. The simultaneous approximation of all z,, is expressed
by minimising the Frobenius norm:

given J', find A7 € K’ ¥ such that (2.42a)
e(J) =X -BA”|g= min | X - BA|, (2.42b)
A’€KI' xp

where B’ is the restriction B|7, ;€ K/*/". The best choice of J’ C .J under the
constraint #J' = q € {1,...,#J} is given by

J’ minimiser of ¢, := min{e(J’) : J' C J with #J' = ¢}. (2.42¢)

The problem from §2.8.1 corresponds to the particular case of B=M and X=M.
The minimisation in (2.42a,b) is a least-squares problem. For its solution we
define the Gram matrix

G = (gl’:“')l/”uEJ Wlth gl/,u. = <b,u.7 bl,> .

The disjoint partition J = J' U J” leads to the block decomposition

> Gﬂ] with {G/ - (gl/lt)l/,,ue]’ ) G = (gl’#)u,uGJ” ’

G = [(Gﬁ)H o = ( (2.43)

Jvu)ve g pegr
The decomposition defines the Schur complement

S :=G" — (GHHG'1GE. (2.44)
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Lemma 2.41. Let X = BA. The solution A”' of (2.42a,b) is given by

/ I GGt
J
A7 = [O 0 } A. (2.45a)
Splitting A € K?*? into [A“] with A’ € K7'*P and A" € K7 %P, we rewrite the

latter equation as

AT = A+ GG A (2.45b)
The minimum £(J') from (2.42b) equals

e(J') = \/Zu ) (S—tal,ay), where a, := (auy),c ;0 € K7, (2.45c)

Proof. First, we may assume p = 1, i.e., X and A are vectors. Define the subspaces
U’ := span{b, : p € J'} and U” := span{b, : p € J"}. Then, range(B) is
the direct sum?! U’ @ U". The best approximation in U’ is given by the orthogonal
projection P’ onto U’, i.e., P’X € U’ is the desired solution B’A”". It remains
to determine the coefficients of A”". Split X into X = BA = X' + X" with
X' =B'A €U and X" = B"A” € U” (for A’, A”, B’, and B"” see the lines
after (2.42b) and (2.45a)). Let P be the mapping X = BA — B’A’ with A7
from (2.45b). We have to show that P = P’. Obviously, P is a mapping into U’.
Furthermore, X € U’ implies X = B’A’ and A” = 0 and, therefore, PX = X.
This proves that P is a projection. Next, one verifies that (I — P) X,b,) = 0 for
v e J ie.,range(I — P) C U'*. Hence, P is the orthogonal projection P’.

X = X' + X" leads to the error (I — P) X = X" — PX" with the squared

Frobenius norm
2
_ -G'afl |, [-G'qY) |,
= <G [ 7 } A", I A

For p > 1, we have to sum over all columns aj; of A”. O

1
— <S_1AH,AH>.

, _(v—1
|X—B’A"||2:HB[ ¢ G}A”

The calculation of ¢, from (2.42c) can be quite costly, since there may be very
many subsets J' C J with #J' = g¢. For each J' one has to evaluate ¢(J')
involving the Schur complement S = S " Here, it is helpful that all inverse Schur
complements can be computed simultaneously.

Lemma 2.42. Compute the inverse G~*. Then, for any ) # J' C J, the inverse
Schur complement (S7 )~ € K7 *7" corresponding to .J' is the restriction of
G~ tothepart J' < J":

(SJ/)71 = G71|J//><J//.

20U == U’ @®U" is called a direct sum, if every u € U has a unique decomposition u = u’ +u"/
withw' € U’ andu'’ € U”.
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Proof. Note the identity

o G-l 4 G-1GEs—! (Gﬁ)H G-l _o-lgtg-t

—571 (Gﬁ)HG/71 Sfl
(only for depicting the matrix, we order .J such that v € J’ are taken first and
v € J" second). O

We make use of Lemma 2.42 for ¢ := #J — 1, 1i.e., for #J" = 1. Let J” = {¢}
for . € J. In this case, (S7")~! is the 1 x 1 matrix (G~'),,. The approximation
error £(J'") = e(J\{¢}) from (2.45c) becomes

P
e(v) == (G1),, Z |at!, ° (Leld), (2.46a)
p=1

involving the diagonal entries (G~1),, of G~!. Minimisation over all . € .J yields
egg—1 :=min{e(t) : 1 € J}. (2.46b)

This leads to the following algorithm.
Algorithm 2.43. (a) Let X = BA with B € K/*7. Compute the Gram matrix and

its inverse G~ € K7*/. Determine ¢+ € .J with minimal value £(¢) (cf. (2.46a)).
Then the reduction of J to J' := J\{:} yields the best approximation of X by
X' € span{b, : J'} among all J" with #J' = #J — 1.

(b) If one wants to omit more than one basis vector, the procedure from Part (a) can
be iterated. The computation of the reduced Gram matrix G’ := G|/« and its
inverse need not be repeated. Decompose (i and its inverse into??

! /
G= [QGH gg,,} and G~ = H{H ]ff,] with G, H e K" %7 g h e K7,

Then the inverse of G’ is given by

. 1 y

Corollary 2.44. The general assumption of this section is that the columns of B
form a basis. If this is not the case, i.e., r := rank(B) < #.J, the Gram matrix
is singular and the algorithm from above cannot be applied. Instead, one can apply
the procedure PQR from (2.30) to determine r linearly independent columns of
B. Let their indices form the subset J’ C J. The reduction from J to J’ does not
introduce any error: (.J') = 0. A further reduction can be performed by Algorithm
2.43, since the Gram matrix corresponding to J' is regular.

22 The index set J is ordered such that ¢ is the last index.



Chapter 3
Algebraic Foundations of Tensor Spaces

Abstract Since tensor spaces are in particular vector spaces, we start in Sect.
3.1 with vector spaces. Here, we introduce the free vector space (§3.1.2) and the
quotient vector space (§3.1.3) which are needed later. Furthermore, the spaces
of linear mappings and dual mappings are discussed in §3.1.4. The core of this
chapter is Sect. 3.2 containing the definition of the tensor space. Section 3.3 is
devoted to linear and multilinear mappings as well as to tensor spaces of linear
mappings. Algebra structures are discussed in Sect. 3.4. Finally, symmetric and
antisymmetric tensors are defined in Sect. 3.5.

3.1 Vector Spaces
3.1.1 Basic Facts

We recall that V' is a vector space (also named ‘linear space’) over the field K,
if V' # () is a commutative group (where the group operation is written as addition)
and if a multiplication

S KxV =V

is defined with the following properties:

(af) - v=a-(B-v) fora,f e K,v eV,
(a+B)-v=a-v+[-v fora,f e K,v eV,
a-(vtw)=a-v+a-w fora € K, v,w €V, (3.1)

l-v=w forv eV,
0-v=0 forv eV,

where on the left-hand side 1 and O are the respective multiplicative and additive
unit elements of the field K, while on the right-hand side 0 is the zero element of
the group V.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 47
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_3,
© Springer-Verlag Berlin Heidelberg 2012
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The sign ‘- for the multiplication - : K x V' — V is usually omitted, i.e., av is
written instead of « - v. Only when « (v + w) may be misunderstood as a function
« evaluated at v + w, we prefer the original notation « - (v + w).

Any vector space V has a basis {v; : i € B} C V with the property that it is
linearly independent and spans V' = span{v; : i € B}. In the infinite case of
#B = oo, linear independence means that all finite sums . a;v; vanish if and
only if a; = 0. Analogously, span{v; : ¢ € B} consists of all finite sums ), a;v;.
Here ‘finite sum’ means a sum with finitely many terms or equivalently a sum, where
only finitely many terms do not vanish.

The cardinality #B is independent of the choice of the basis and called
dimension, denoted by dim(V"). Note that there are many infinite cardinalities.
Equality dim(V') = dim(W) holds if and only if there is a bijection By <« Bw
between the corresponding index sets of the bases. Vector spaces of identical
dimension are isomorphic. For finite dimension n € Ny the model vector space
is K™. The isomorphism between a general vector space V' with basis {v1,...,v,}
and K" is given by v = > a, v, — (a1, ..., ap) € K™

Example 3.1. Let I be an infinite, but countable index set, i.e., #1 = Ny := #N.
Then ¢(I) = K’ denotes the set of all sequences (a;),. ;. The set /(1) may be also
be viewed as the set of all mappings I — K. A subset of £(1) is

Lo(I) :=={a € (I):a; =0foralmostall i € I}. (3.2)

The unit vectors {e(?) : i € I'} from (2.2) form a basis of £y (), so that the dimension

equals dim (¢ (1)) = #I = Ny. However, the vector space £(I) has a much larger
basis: dim(¢(1)) > Rg = dim(¢y(1)).

3.1.2 Free Vector Space over a Set

The aim of the following construction is a vector space of all linear combinations of
elements of a set .S such that S is a basis.

Let S be any non-empty set and K a field. Consider a mapping ¢ : S — K.
Its support is defined by

supp(p) 1= {s € S: p(s) # 0} C S,

where 0 is the zero element in K. Requiring # supp(¢) < oo means that ¢ = 0
holds for almost all s € S. This property defines the set

Vi={p:S5 = K:#supp(p) < oo}.

We introduce an addition in V. For ¢, ¢ € V, the sum o := ¢ + 1) is the mapping
o : S — Kdefined by their images o' (s) := ¢(s) +(s) forall s € S. Note that the
support of o is contained in supp(y) U supp(¢), which again has finite cardinality,
sothat o € V. Since ¢(s) 4 9(s) is the addition in K, the operation is commutative:
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@ + 1 = 1 + ¢. Obviously, the zero function Oy € V with Oy (s) = 0 € K for
all s € S satisfies ¢ + 0y = Oy + ¢ = . Furthermore, ¢~ : § — K defined
by ¢ (s) = —p(s) is the inverse of ¢, i.e., o~ + ¢ = p + ¢~ = Oy. Altogether,
(V,+) is a commutative group.

The scalar multiplication - : K x V — V maps o € K and ¢ € V into the
mapping ¢ := ap defined by ¥ (s) = ap(s) forall s € S.

Thereby, all axioms in (3.1) are satisfied, so that V' represents a vector space over
the field K.

The characteristic functions x, are of particular interest for an element s € S:
(1) = 1 ift=ses,
X\ =90 ift e S\{s}.
Every ¢ € V may be written as a linear combination of such x:

p=> @ls)xs =Y ols)xs

sesupp(yp) ses

Here, two different notations are used: the first sum is finite, while the second one
is infinite, but contains only finitely many nonzero terms.

Note that any finite subset of {xs : s € S} is linearly independent. Assuming
ZSGSO asxs = 0y for some Sy C S with #5y < oo and as € K, the evaluation at

t € Sy yields
ap = (ZSESO asXs) (t) = OV(t) =0

proving linear independence. Vice versa, any finite linear combination

> axs  withay €K, Sy C S, #8) < 0o (3.3)
seSo
belongsto V.

Let @, : x5 — s be the one-to-one correspondence between the sets {xs:s€ S5}
and S. We can extend @,, to @y defined on V such that v = 25650 asXs from (3.3)
is mapped onto the formal linear combination  ___ 5, (s of elements of .S.

The image Viree(S) := @y (V) is called the free vector space over the set S.

3.1.3 Quotient Vector Space

Let V be a vector space and V; C V' a subspace. 1} defines an equivalence relation
onV:
v~ w ifandonlyif v —w € Vj.

Any v € V can be associated with an equivalence class

ey ={weV:iw~uv}. 3.4
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Here, v is called a representative of the class c,, which is also written as v + V4.
Because of the definition of an equivalence relation, the classes are either equal or
disjoint. Their union equals V. The set {c, : v € V'} of all equivalence classes is
denoted by the quotient

VvV / V.

One may define ¢/ +¢” := {v/+v":v €', v €} for two classes ¢/, " € V/Vy
and can check that the resulting set is again an equivalence class, i.e., an element
in V/V;. Similarly, one defines A - ¢ € V/V} for ¢ € V/V;. Using the notation ¢,
for the classes generated by v € V| one finds the relations ¢, + ¢,y = Cy4q and
A ¢, = Cyy. In particular, ¢ is the zero element. Altogether, VV/V} is again a vector
space over the same field, called the quotient vector space.

Exercise 3.2. Prove the identity dim(V") = dim (V/Vp) dim(V}) and the particular
cases V/V = {0} and V/ {0} = V.

A mapping ¢ : V/Vy — X (X any set) may possibly be induced by a mapping
b:V — Xvia
o(ey) = P(v) (¢, from (3.4)). (3.5)

Whether (3.5) is a well-defined formulation, hinges upon the following consistency
condition.

Lemma 3.3. (a) Let ® : V — X be a general mapping. Then (3.5) for allv € V
defines a mapping ¢ : V/Vo — X if and only if @ is constant on each equivalence
class, i.e., v ~ w implies P(v) = P(w).

(b)If D : 'V — X (X a vector space) is a linear mapping, the necessary and
sufficient condition reads (v) = 0 for all v € V.

3.1.4 Linear and Multilinear Mappings, Algebraic Dual

Let X,Y be two vector spaces. ¢ : X — Y is a linear mapping, if p(A\a’ +
") = do(x") + p(a”) for all A€ K, 2/, 2" € X. The set of linear mappings ¢ is
denoted by

L(X,Y):={¢: X — Y is linear} . (3.6)
Let X, (1 <j <d)andY be vector spaces. A mapping ¢ : X?Zl X; = Yis
called multilinear (or d-linear), if ¢ is linear in all d arguments:

!/ 1"
(/7(561,.. '7xj*17'rj +)\'rjaxj+17' ..,CCd)

— / 1
=p(T1, o1, T Ty, Ta) FAQ(TL T 1, T T, Ta)

forall z; € X;, o/, 2 € X;, 1 <j<d AeK.

In the case of d = 2, the term ‘bilinear mapping’ is used.
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Definition 3.4. # € L(X, X) is called a projection, if #*> = &. It is called a
projection onto Y, if Y = range(®).

Note that no topology is defined and therefore no continuity is required.

Remark 3.5. Let {x; : i € B} be a basis of X. ¢ € L(X,Y) is uniquely deter-
mined by the values p(z;), i € B.

In the particular case of Y = K, linear mappings ¢ : X — K are called linear
forms. They are elements of the vector space

X' := L(X,K), 3.7
which is called the algebraic dual of X.

Definition 3.6. Let S := {z; : i € B} C X be a system of linearly independent
vectors. A dual system {g; : i € B} C X' is defined by ¢;(z;) = d;; fori,j € B
(cf. (2.1)).If {x; : i € B} is abasis, {; : i € B} is called dual basis.

Remark 3.7. The dual basis allows us to determine the coefficients «; in the basis
representation
szai:vieX by a; = pi(z).
i€B
A multilinear [bilinear] map into Y = K is called ‘multilinear form’ [‘bilinear
form’].

3.2 Tensor Product

3.2.1 Formal Definition

There are various ways to define the tensor product of two vector spaces. We follow
the quotient space formulation (cf. [195]). Other constructions yield isomorphic
objects (see comment after Proposition 3.22).

Given two vector spaces V' and W over some field K, we start with the free
vector space Viee(S) over the pair set S := V' x W as introduced in §3.1.2. Note
that Viee (V' x W) does not make use of the vector space properties of V' or . We
recall that elements of Vi (V' X W) are linear combinations of pairs from V' x W:

m

- Ny vi,w;)) E KXV x W,
2)\1 (viy w;) for any {m € No. (3.8)

A particular subspace of Vieo(V x W) is

i zn: o, B35 (Uz‘,wg‘) - (f:laivu f:l ﬂjwj)
i= j=

N = Span i=1j=1
form,neN, o;,58, €K, v, €V, w; €W

(3.9)
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The algebraic tensor space is defined by the quotient vector space
VQ®¢ W :i=Vieo VX W) /N (3.10)

(cf. §3.1.3). The equivalence class c(,,.,) € V ®, W generated by a pair (v, w) €
V x W is denoted by

VR w.

Note that the tensor symbol ® is used for two different purposes:'

(i) In the tensor space notation, the symbol ® connects vector spaces and may carry
the suffix ‘a’ (meaning ‘algebraic’) or a norm symbol in the later case of Banach
tensor spaces (cf. (3.12) and §4).

(i1) In v ® w, the quantities v, w, v ® w are vectors, i.e., elements of the respective
vector spaces V, W, V ®, W.

AS Vioo(V x W) is the set of linear combinations of (v;, w;) , the quotient space
Viree(V X W) /N consists of the linear combinations of v; ® w;:

Ve,W=span{vw: veV, we W}. 3.11)

If a norm topology is given, the completion with respect to the given norm |||
yields the topological tensor space

Veuuw:=Ve,W. (3.12)

In §4 we discuss the properties of the tensor product for Banach spaces. This
includes the Hilbert spaces, which are considered in §4.4.

Notation 3.8. (a) For finite dimensional vector spaces V' and W, the algebraic tensor
space V ®, W is already complete with respect to any norm and therefore coincides
with the topological tensor space V' @, W. In this case, we omit the suffices and
simply write V @ W.

(b) Furthermore, the notation V ® W is used, when both choices V ®, W and
V@)W are possible or if the distinction between ®, and ®). is irrelevant.

(c) The suffices of ®, and ®).;; will be moved to the left side, when indices appear
at the right side as in , ®?:1 Vj and | ®?:1 V.

Definition 3.9 (tensor space, tensor). (a) V @, W (or V @ W) is again a vector
space, which is now called ‘tensor space’.

(b) The explicit term ‘algebraic tensor space’ emphasises that V' ®, W, and not
V ®. W, is meant.

(c) Elements of V @, W or V @, W are called tensors, in particular, x € V @, W
is an algebraic tensor, while x € V- ®).| W is a topological tensor.

(d) Any productv @ w (v € V, w € W) is called ‘elementary tensor’.

! Similarly, the sum v + w of vectors and the sum V 4+ W := span{v+w : v € V,w € W} of
vector spaces use the same symbol.
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3.2.2 Characteristic Properties

Lemma 3.10. The characteristic algebraic properties of the tensor space V @, W
is the bilinearity:

MWRw=v@(M)=A(vew) forxeK veV,weW,
W+ Qw=vw+v" @w forv' v eV, weWw,
1w +w")=vew +vew” forveV, w,w’" eW,
Iw=v®0=0 forveV, weW.

(3.13)

Proof. The first equality in (3.13) follows from A (v,w) — (Av,w) € N, ie.,
A (v®w) — A ® w = 0 in the quotient space. The other identities are derived
similarly. O

Here, the standard notational convention holds: the multiplication ® has priority
over the addition +, i.e., a ® b+ ¢® d means (a ® b) 4+ (¢ ® d). The multiplication
by a scalar needs no bracket, since the interpretation of Av ® w by (\v) ® w or
A - (v ® w) does not change the result (see first identity in (3.13)). In the last line?
of (3.13), the three zeros belong to the different spaces V, W, and V ®, W.

The following statements also hold for infinite dimensional spaces. Note that in
this case the dimensions have to be understood as set theoretical cardinal numbers.

Lemma 3.11. (a) Let {v; : i € By} be a basis of V and {w; : j € Bw } a basis of
W. Then
B:={v,Q®w;: i€ By, j € Bw} (3.14)

is a basis of V@4 W.

(b) dim (V @, W) = dim(V) - dim(W).

Proof. Assume ), ; a;;v; ®w; = 0.For the linear independence of all v; ®w; € B
we have to show a” = 0. The properties (3.13) show

Zvi @uw,=0  forw, := Z aijw;. (3.15)

i€l jeJ

Let ; € V' (cf. §3.1.4) be the linear form on V' with ¢; (v;) = d;; (cf. (2.1)). Define
@i V@, W = Wby @, (v®w) = ¢;(v)w. Application of &; to (3.15) yields
w; = 0. Since {w; : j € By } is a basis, a;; = 0 follows for all j. As i is chosen
arbltrarlly, we have shown a;; = 0 for all coefficients in Z j@ijvi @ wy = 0.
Hence, ‘B is a system of linearly independent vectors.
By definition, a general tensor x € V @, W has the formx = )~ v®) @ w),

Each v(*) can be expressed by the basis vectors: v(*) = > a( )vz, and similarly,
w®) = Z [3 w; . Note that all sums have finitely many terms. The resulting sum

=Y (Sa) e (S aw) = 3 (Tals Juew,
v i J - i,J v

2 The last line can be derived from the first one by setting A = 0.
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is again finite and shows that span{B} =V ®, W, i.e., B is a basis.
Since #B = # By - # By, we obtain the dimension identity of Part (b). a

The last two statements characterise the tensor space structure.

Proposition 3.12. Let V, W, and T be vector spaces over the field K. A product
®:V x W — T is a tensor product and T’ a tensor space, i.e., it is isomorphic to
V ®4 W, if the following properties hold:
@) span property: T =span{v @ w:v € V,w € W};
(i)  bilinearity (3.13);
(iii)  linearly independent vectors {v; : i € By} C Vand{w;: j € By} CW
lead to independent vectors {v; @ w; : i € By,j € By} inT.

Proof. Properties (i)-(iii) imply that B from (3.14) is again a basis. O

Lemma 3.13. For any tensor x € V ®, W there is an r € Ny and a representation

T

x:Zvi@)wi (3.16)

i=1
with linearly independent vectors {v;: 1 < i <r} CVand{w;: 1 <i<r} CW.
Proof. Take any representation x = >, v; ® w;. If, e.g., the system of vectors

{v; : 1 < i < n} is not linearly independent, one v; can be expressed by the others.
Without loss of generality assume

n—1
Up = Z ;5 .
i=1
Then
n—1 n—1
Uy ® Wy, = <Z ozm—) ® wy, = Zvi ® (awy)

=1 i=1

shows that x possesses a representation with only n—1 terms:

n—1 n—1
X = g V; Qw; | + v, @ w, = g vi®w; with wz/- = wW; + oWy,
i=1 i=1

Since each reduction step decreases the number of terms by one, this process termi-
nates at a certain number r of terms, i.e., we obtain a representation with r linearly
independent v; and w;. O

The number r appearing in Lemma 3.13 will be called the rank of the tensor x
(cf. §3.2.6.2). This is in accordance with the usual matrix rank as seen in §3.2.3.
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3.2.3 Isomorphism to Matrices for d = 2

In the following, the index sets I and J are assumed to be finite. In the same way
as K’ is the model vector space for vector spaces of dimension #1, we obtain the
model tensor space K! @ K7/ = KI/*/,

Proposition 3.14. Let {v; : i € I} be a basis of V and {w; : j € J} a basis of W,
where dim(V') < oo and dim(W) < co. Let & : K — V and ¥ : K7 — W de-
note the isomorphisms @ : (i);c; = > ey aviand W2 (By) ;o ;= Do e 5 Bjw;.
(a) Then the corresponding canonical isomorphism of the tensor spaces is given by
= K! ® K >V ® W with (ai)iel & (ﬁj)jeJ — ZZazﬂjvi & wy.
icl jeJ
(b) Together with the identification of K! @ K with the matrix space K'*” (see
Remark 1.3), we obtain an isomorphism between matrices from K7 and tensors
fromV @ W:
E:KIXJ—>V®W with (ai-j)ief,jEJszaijvi@)wj'
i€l jeJ

Although the isomorphism looks identical to the usual isomorphism between
matrices from K/* 7 and linear mappings W — V/, there is a small difference which
will be discussed in Proposition 3.57.

Remark 3.15 (basis transformation). If we change the bases {v; : ¢ € I} and
{w; : j € J} from Proposition 3.14 by transformations S and T":

v, = E Snl’lA}n and w; = E ij’lf}m,

nel meJ
then PN .
YD i @wi =YY dnmin @ im
i€l jeJ nel meJ

shows that A = (a;;) and A = (a;;) are related by
A=SATT.
On the side of the tensors, this transformation takes the form

(S®T)(a®b) with a := (a;);c; and b= (8;),c;

where S ® T is the Kronecker product.
Corollary 3.16. If V = K/ and W = K, the isomorphism of the tensor space

K’ ® K” and the matrix space K/*“ is even more direct, since it does not need a
choice of bases.

Remark 3.17. Suppose dim(V) = 1. Then the vector space V may be identified
with the field K. V ®, W is isomorphic to K ®, W and to . In the latter case,
one identifies A ® w (A € K, w € W) with Aw.
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Lemma 3.18 (reduced singular value decomposition). Ler K € {R,C}, and
suppose dim(V') < oo and dim(W) < oco. Then for any x € V @ W there is a
number v < min{#I,#J} and two families (x;),_, . and (yi);—; , of
linearly independent vectors such that o o

T
X = E 0; Ty QY5
i=1

with singular values o1 > ... > o, > 0.

Proof. The isomorphism = : K/*/ — V ® W defines the matrix A := Z~!x,
for which the reduced singular value decomposition A = Y, o; a;b] can be
determined (cf. (2.21)). Note that = (a;b]) = a; ®b; (cf. (1.3)). Backtransformation
yieldsx = ZA =31, 0; Z(a; ® b;)) = >.._, 07 D(a;) ® ¥(b;). The statement
follows by setting x; := ®(a;) and y; := ¥(b;). Note that linearly independent a;
yield linearly independent &(a; ). O

We remark that the vectors z; (as well as y;) are not orthonormal, since such
properties are not (yet) defined for V' (and ). Lemma 3.18 yields a second proof
of Lemma 3.13, but restricted to K € {R, C}.

Remark 3.19. The tensor spaces V ®, W and W ®, V are isomorphic vector spaces
via the (bijective) transposition

T: Va,W—=W®,V,
X:v®wl—>xT:w®v.

If x € V ® W is related to a matrix M = =~!(x) (cf. Proposition 3.14b), then
x' € W ® V is related to the transposed matrix M.

3.2.4 Tensors of Order d > 3

In principle, one can extend the construction from §3.2.1 to the case of more than
two factors. However, this is not necessary as the next lemma shows.

Lemma 3.20. (a) The tensor product is associative:
U@ (VEa W)= (U, V). W,

i.e., they are isomorphic vector spaces as detailed in the proof. We identify both
notations and use the neutral notation U ®, V ®, W instead.

(b) If U, V, W are finite dimensional with diim(U) = ny, dim(V) = no, and
dim(W) = ng, the isomorphic model tensor space is K" @ K" @ K"3.

Proof. Letw; (i € By),v; (j € Bv), wg (k € Bw) be bases of U, V, W. As seen
in Lemma 3.11, V' ®, W has the basis v; ® wy ((j, k) € By x BW), while



3.2 Tensor Product 57

U®q(V ®q W) has the basis u; ® (v; ® wy) with (i, (j, k)) € By x (By x Bw) .
Similarly, (U ®, V') ®, W has the basis

(ui ®vj) @ wg with ((Zvj)ak) € (BU X BV) X BW

By the obvious bijection between By X (By x Bw) and (By x By) x By, the
isomorphism U ®, (V ®, W) = (U ®, V) ®, W follows. This proves Part (a).
For Part (b) see Remark 3.29. O

Repeating the product construction (d — 1)-times, we get the generalisation of
the previous results to the algebraic tensor product ®?:1 V; (cf. Notation 3.8).

Proposition 3.21. Let V; (1 < j < d, d > 2) be vector spaces over K.

(a) The algebraic tensor space’

is independent of the order in which the pairwise construction (3.10) is performed
(more precisely, the resulting spaces are isomorphic and can be identified).

(b) T is the algebraic tensor space V if the following properties hold:
@) span property: T = span {@?21 o) 9l € Vies
(i)  multilinearity, i.e., forall A € K, v\9) w0 e Vi,andj € {1,...,d}:
W 0P ®..@ 10 @.0v@ + 1) @1v? ®.0w? .0 v
(i)  linearly independent vectors {vgj) cie€ By CVy (1<j<d) lead to
linearly independent vectors {®‘;:1 ’UZ(]J ) ij € B} inT.

(c) The dimension is given by
d
dim(V) = [ dim(V;). (3.17)
j=1

If{vgj) 14 € Bj}are bases of V; (1 < j < d), then {v; : i € B} is a basis of V,
where

vi=Q®uv?  fori={(i1,...,ia) €B:=Bix...x By

An alternative definition of ®?:1 V; follows the construction from §3.2.1 with
pairs (v, w) replaced by d-tuples and an appropriately defined subspace N. The
following expression of the multilinear mapping ¢ by the linear mapping @ is also
called ‘linearisation’ of (.

3 The product ®j=1 Vj is to be formed in the order of the indices j, ie., V1 ® Vo ® ... If we
write ®j c i Vj for an ordered index set K, the ordering of K determines the order of the factors.
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Proposition 3.22 (universality of the tensor product). Let V; (1 < j < d) and U
be vector spaces over K. Then, for any multilinear mapping ¢ : V1 x ... x Vg = U,
ie.,

oMo 4@ (D)
:A(p(v(l),...,v(j),...,v(d))—I—(p(v(l),...,w(j),...,v(d)) (3.18a)
forall v wWD e V;, Ne K, 1<j<d,

there is a unique linear mapping @ : , ®?:1 V; — U such that
(W, 0@ D) =3V @@ ® ... @v@) (3.18b)
forall v € Vi, 1<5<d.

Proof. Let {vgj) 11 € B;} be a basis of V; for 1 < j <d. As stated in Proposition
3.21¢, {vi:i€B} is a basis of V:=,®?_,V;. Define #(v;) := p(v},...,v{").

This determines ¢: V — U uniquely (cf. Remark 3.5). Analogously, the multilinear

mapping ¢ is uniquely determined by cp(vfll), cee vgj)). The multilinear nature of

@ and V yields (v, 0@ v@) = (oM @ ... @ o) forallv¥) € V;. O

The statement of Proposition 3.22 may also be

. .. d Vix...xVy — U
used as an equivalent definition of , ) =1 Vi (cf. ®

Greub [76, Chap. 1, §2]). The content of Proposition ®l o/
. . . . . d

3'.2}? is visualised by the commutative diagram to the o ®j:1 V;

right.

Notation 3.23. If all V; = V are identical vector spaces, the notation ®?:1 V; is

simplified by V. For a vector v € V, we set @%v := ®;l:1 .

To avoid trivial situations, we introduce the notation of non-degenerate tensor
spaces.

Definition 3.24. A tensor space V=, ®?:1‘/} is called non-degenerate, if d > 0
and dim(V;) > 2 forall 1 < j < d. Otherwise, V is called degenerate.

This definition is justified by the following remarks. If dim(V;) = 0 for one 7,
also V = {0} is the trivial vector space. If d = 0, the empty product is defined by
V = K, which is also a trivial case. In the case of dim(V;) = 1 for some j, the
formulation by ®;l:l V; can be reduced (see next remark).

Remark 3.25. (a) If dim(V},) = 1 for some k, the isomorphism V = ®?:1 V; =
a ®je{1 d}\{k}Vj allows us to omit the factor V. ‘

(b) After eliminating all factors V; with dim(V;) = 1 and renaming the remaining
vector spaces, we obtain V=V, q=, ®?:i‘ V;  If still dreq >0, the representation
is non-degenerate. Otherwise the tensor space is degenerate because of dyeq = 0.
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As an illustration we may consider a matrix space (i.e., a tensor space of order
d =2). If dim(V4) = 1, the matrices consist of only one column. Hence, they may
be considered as vectors (tensor space with d=1). If even dim(V;)=dim(V2)=1,
the 1 x 1-matrices may be identified with scalars from the field K.

Finally, we mention an isomorphism between the space of tuples of tensors and
an extended tensor space.

Lemma 3.26. Let V = ®?:1 V; be a tensor space over the field K and m € N.
The vector space of m-tuples (v1, ..., V) with v; € V is denoted by V™. Then
the following vector space isomorphism is valid:

d+1
Ve QV; =VaVar  with Vapy = K™ (3.19)
J=1

Proof. (vi,...,Vy,) € V™ corresponds to Y .0 v; @ e, where eV € K™
is the ¢-th unit vector. The opposite direction of the isomorphism is described by
v ot = (z1v, zov, ..., 2, v) with 200D = (2,),_, €K™ O

.....

3.2.5 Different Types of Isomorphisms

For algebraic objects it is common to identify isomorphic ones. All characteristic
properties of an algebraic structure should be invariant under an isomorphism. The
question is what algebraic structures are meant. All previous isomorphisms were
vector space isomorphisms. As it is well-known, two vector spaces are isomorphic
if and only if the dimensions coincide (note that in the infinite dimensional case the
cardinalities of the bases are decisive).

Any tensor space is a vector space, but not any vector space isomorphism pre-
serves the tensor structure. A part of the tensor structure is the d-tuple of vector
spaces (V4,...,Vy) together with the dimensions of V; (cf. Proposition 3.22).
In fact, each space V; can be regained from V :=, ® j—1 Vj as the range of the
mapping @ = ®k 1 ¢k (cf. (1.4a)) with ¢; =id, while 0 # ¢, € Vk for k # j.
Therefore, a tensor space isomorphism must satisfy that V. =, ® Vi =W
implies that W = ® 1 W; holds with isomorphic vector spaces W; = V; for
alll < j <d In partlcular the order d of the tensor spaces must 001n01de Th1s
requirement is equivalent to the following definition.

Definition 3.27 (tensor space isomorphism). A tensor space isomorphism

d d
$:Vi=,QV, > W=,QW,
j=1 j=1

is any bijection of the form @ = ®;l:l @; (cf. (3.34b)), where ¢; : V; — W; for
1 < j < d are vector space isomorphisms.
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For instance, K? @ K8, K* ® K4, and K2 @ K? @ K* are isomorphic vector
spaces (since all have dimension 16), but their tensor structures are not identical.
For the definition of U ®, V ®, W we use in Lemma 3.20 that U ®@, (V ®, W) =
(U ®, V) ®, W. Note that these three spaces are isomorphic only in the sense of
vector spaces, whereas their tensor structures are different. In particular, the latter
spaces are tensor spaces of order two, while U ®, V ®, W is of order three. We see
the difference, when we consider the elementary tensors as in the next example.

Example 3.28. Let both {v;,v2} C V and {wy, w2} C W be linearly independent.
Then u ® (v1 ® w1 + v2 ® we) is an elementary tensor in U ®, (V ®, W) (since
u € Uandv @ w; +vy @ws €V ®, W), but it is not an elementary tensor of
UR,VR,W.

Remark 3.29. In the finite dimensional case of n; :=dim(V}) < oo, the isomorphic
model tensor space is W := ®?:1K"i. Choose some bases {bl(,J) :1<wv<n;}of
Vi.Anyv eV = ®‘;:1Vj has a unique representation of the form

v=Y ab @.. .00 (3.20)

i1
i1ig
The coefficients a; define the ‘coefficient tensor’ a € W. The mapping @: V —- W
by &(v)=a is a tensor space isomorphism.

The isomorphism sign =2 is an equivalence relation in the set of the respective
structure. Let =2, denote the vector space isomorphism, while =, is the tensor
space isomorphism. Then =2, is the finer equivalence relation, since V =, W
implies V =, W but not vice versa. There are further equivalence relations ==,
which are between =, and =, i.6., V=Zen W= VEW =V =, W. We
give three examples.

1) We may not insist upon a strict ordering of the vector spaces V;. Let
m:{1,....d} = {1,...,d} be a permutation. Then V:=1V; @ Vo ® ... ® V; and
VT =V @ Vi) @ ... Vrq) are considered as isomorphic. In a second step,
each V; may be replaced by an isomorphic vector space W;.

2) In Remark 3.25 we have omitted vector spaces V; = K of dimension one. This
leads to an isomorphism V7 ® K = V; or K ® V5 = V5, where V; may be further
replaced by an isomorphic vector space 1. Note that the order of the tensor spaces
is changed, but the nontrivial vector spaces are still pairwise isomorphic.

3) The third example will be of broader importance. Fix some k& € {1,...,d}.
Using the isomorphism from Item 1, we may state that

Vi®..0k®...0V, 2 VidVi®..0 Vici Vi1 ®...0 Vy

using the permutation 1 <+ k. Next, we make use of the argument of Lemma 3.20:
associativity allows the vector space isomorphism

VidVi®.. V1@V 1 ®..0V; 2 Ve® |:V1®...®Vk,1®vk+1®...®vd .
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The tensor space in parentheses will be abbreviated by

Vi = a®vj , (3.21a)
i#k
where
® means ® . (3.21b)
J#k JE{1,....d}\{k}

Altogether, we have the vector space isomorphism

d
V=, ®‘/J 2V ® V[k] 3.21¢)

j=1

We notice that V is a tensor space of order d, whereas Vj, @ V ;) has order 2. Never-
theless, a part of the tensor structure (the space V%) is preserved. The importance of
the isomorphism (3.21c¢) is already obvious from Lemma 3.20, since this allows a
reduction to tensor spaces of order two. We shall employ (3.21c¢) to introduce the
matricisation in §5.2.

In order to simplify the notation, we shall often replace the == sign by equality:
V = Vi ® V|i. This allows to write v € V as well as v € Vi, ® VY, whereas
the more exact notationis v € V and v = &(v) € Vi ® V|, with the vector space
isomorphism® : V — V ® V[k]. In fact, we shall see in Remark 3.33 that v and v
have different properties. For elementary tensors of V we write

v = ®v(j) =v® @vlFl where vI* .= ®v(j) € Vi (3.21d)
j=1 £k
For a general (algebraic) tensor, the corresponding notation is

d
v = Z ®v§j) = ZUZ@ ® ng] with ng] = ®v§j) € V-

i =1 i j#k

3.2.6 R, and Tensor Rank

3.2.6.1 The set R,

Let V; (1<j<d) be vector spaces generating V := , ®?:1Vj . All linear combi-
nations of r elementary tensors are contained in

Ry =R, (V) := {Zv§1> ®...0vd: W) e Vj} (r e No). (3.22)

v=1

Deliberately, we use the same symbol R, as in (2.6) as justified by Remark 3.35a.



62 3 Algebraic Foundations of Tensor Spaces

Remark 3.30. V = ‘R holds for the algebraic tensor space V.

reNg

Proof. By definition (3.11), v € V is a finite linear combination of elementary
tensors, i.e., v = Zi:l ae, for some s € Ny and suitable elementary tensors e,,.
The factor v, can be absorbed by the elementary tensor: o, e, =: v,(,l) R...Q v,(,d).

Hence,ve Rs C | R, proves V C | R, CV. O

rENg reNg

Remark 3.31. The sets R,., which in general are not subspaces, are nested:
{0} =RyCcR1C...CR,-1CR,C...CV forallr € N, (3.23a)
and satisfy the additive property

Ry + Rs = Rygs. (3.23b)

Proof. Note that Rg = {0} (empty sum convention). Since we may choose vﬁj) =0

in ZZ:I vl(,l) ®...Q vl(,d), all sums of » — 1 terms are included in R,,.. O

3.2.6.2 Tensor Rank

A non-vanishing elementary tensor vl(,l) ®R...® vl(,d) in (3.22) becomes a rank-1
matrix in the case of d = 2 (cf. §2.2). Remark 2.1 states that the rank r is the
smallest integer such that a representation M = 22:1 vl(,l) ® vl(,Q) is valid (cf.
(1.3)). This leads to the following generalisation.

Definition 3.32 (tensor rank). The tensor rank of v € ®?:1 V; is defined by
rank(v) ;= min{r: v e R,} € Np. (3.24)

The definition makes sense since subsets of Ny have always a minimum. As in
(2.6), we can characterise the set R, by

R, ={v eV rank(v) <r}.

We shall use the shorter ‘rank’ instead of ‘tensor rank’. Note that there is an
ambiguity if v is a matrix as well as a Kronecker tensor (see Remark 3.35b). If
necessary, we use the explicit terms ‘matrix rank’ and ‘tensor rank’.

Another ambiguity is caused by isomorphisms discussed in §3.2.5.

Remark 3.33. Consider the isomorphic vector spaces U @,V ®, W and U ®, X
with X :=V ®, W from Example 3.28. Let® : U ®, V @, W — U ®, X be the
vector space isomorphism. Then rank(v) and rank(®(v)) are in general different.
If we identify v and ®(v), the tensor structure should be explicitly mentioned,
e.g., by writing rankygyvgw (v) or rankygx (v). The same statement holds for

Vi=,®%,V; and Vi ®, Vy from (3.21a).
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The latter remark shows that the rank depends on the tensor structure (U ®, X
versus U ®,V ®,W). However, Lemma 3.36 will prove invariance with respect to
tensor space isomorphisms.

Practically, it may be hard to determine the rank. It is not only that the rank is a
discontinuous function so that any numerical rounding error may change the rank
(as for the matrix rank), even with exact arithmetic the computation of the rank is,
in general, not feasible for large-size tensors because of the next statement.

Proposition 3.34 (Hastad [97]). In general, the determination of the tensor rank is
an NP-hard problem.

IfVv; = KL *7i are matrix spaces, the tensor rank is also called Kronecker rank.

Remark 3.35. (a) For d = 2, the rank of v € V] ®, V5 is given by r from (3.16)
and can be constructed as in the proof of Lemma 3.13. If, in addition, the spaces
V; are finite dimensional, Proposition 3.14 yields an isomorphism between V1 ®, V>
and matrices of size dim(V}) x dim(V3). Independently of the choice of bases in
Proposition 3.14, the matrix rank of the associated matrix coincides with the tensor
rank.

(b) For V; = K’i*7i the (Kronecker) tensors A € V := ®j:1 V; are matrices.
In this case, the matrix rank of A is completely unrelated to the tensor rank of A.
For instance, the identity matrix I € V has (full) matrix rank H =1 #1;, whereas
the tensor rank of the elementary tensor I = ® 1L —zd € KIJXIJ) equals 1.

0 for v=0
(c) For tensors of order d € {0, 1}, the rank is tr1V1a1 rank(v 1 otherwise S -

So far, we have considered only algebralc tensor spaces Vg := 4 ® =1 Vi- A
Banach tensor space Vo, 1= || ® 1 V5 (cf. (3.12)) is the closure (completion)
of U, en, Rr (cf. Remark 3.30). We can extend the definition of the tensor rank by*

d d
rank(v) :=00  if ve | QVi\Q)V; . (3.25)
j=1 j=1

Lemma 3.36 (rank invariance). Ler V = ®j:1Vj and W = ®?:1Wj be either
algebraic or topological tensor spaces.

(a) Assume that V and W are isomorphic tensor spaces, i.e., the vector spaces
V; =2 W; are isomorphic (cf. Definition 3.27). Let ¢ = ®j:1 oY)V = W be

an isomorphism. Then the tensor rank of v € V is invariant under ®:
rank(v) = rank(®(v))  forallve V.
(b) Let A = ®7_, AU : V — W with AD € L(V;, W;). Then,

rank(Av) <rank(v)  forallve'V.

4 This does not mean, in general, that v can be written as an infinite sum (but see §4.2.6 and
Theorem 4.110).
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Proof. For Part (b) consider v ="_ X i=1b ). Since the number of terms in
Av = ZZ:1®?:1( ADpY is unchanged, rank( ) > rank(Av) follows. For

Part (a) we use this inequality twice for & and & ': rank(v) > rank(®v) >
rank(®~'Pv) = rank(v). O

Corollary 3.37. Remark 3.29 states a tensor space isomorphism ¢ between a finite
dimensional tensor space V= ® =1V with n; := dim(V}) and its coefficient
tensor space W := ® j—1 K" Let a be the coefficient tensor of v. Then rank(v)=
rank(a). As a consequence & is a bijection between R..(V) and R,.(W).

By definition of the rank of algebraic tensors, there is a representation

T d

v = Z ® o) with r := rank(v) < occ. (3.26)

v=1 j=1

The following lemma offers a necessary condition for (3.26). The proof is known
from Lemma 3.13.

Lemma 3.38. Assume r = rank(v). Using v(J) from (3.26), define the elementary

tensors
vl[,j] = ® vl(,k) € a® Vi

ke{l,....d}\{j} kef{l,....d}\{7}

(cf. (3.21d)). Then (3.26) implies that the tensors {v : 1 < v < r} are linearly
independent for all 1 < j < d, while vV ;é 0 forall v and j.

Proof. Let 7 = 1. Assume that the elementary tensors {vy} :1<wv<r} are linearly
dependent. Without loss of generahty, suppose that v[ ] may be expressed by the

other tensors: vi! = S iﬂl, (U Then
r r—1
v — Zvl(ll) vl = Z (vl(/l) 4 ﬂyvgl)) © vl
v=1 v=1
r—1
=3 (P +80M) 2uP .. @l
v=1

implies rank(v) < r. Similarly, if v(J ) = =0, the j-th term can be omitted implying
again the contradiction rank(v) < r. Analogously, j > 1 is treated. O

Remark 3.39. Note that Lemma 3.38 states linear independence only for the tensors
Vl[,l], 1 < v < r. The vectors vl(,l) are nonzero, but may be linearly depen-
dent. An example is the tensor from (3.28), which has rank 3, while all subspaces
U; = span{vl(,j) : 1 < v < 3} have only dimension 2.
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Finally, we mention two extensions of the term ‘rank’. Bergman [13] defines a
rank of a subspace U C ®;l:1 V; by

rank(U) := min{rank(x) : 0 # x € U}.

For symmetric tensors s € &4(V) (cf. §3.5), a specific symmetric rank can be
introduced:

i=1

rankgym (s) := min {7’ €Ng:s= Z@dvi with v; € V} fors € G4(V).

Note that each term @%v; = v; ® ... ® v; is already symmetric.

3.2.6.3 Dependence on the Field

So far, the statements hold for any fixed choice of the field K. Note that the ‘real’
tensor space Vg = ® 1 R™ can be embedded into the ‘complex’ tensor space
® i1 C"i. On the other hand V¢ := Vg + iV may be considered as a vector
space over R with dimension 2 dim(Vg). Concerning the tensor rank, the following
problem arises. Let v.€ Vg be a ‘real’ tensor. The tensor rank is the minimal

number r = rg of terms in (3.26) with v,(, 7 € R™i. We may also ask for the minimal

number r = r¢ of terms in (3.26) under the condition that v,(/ ) € C"i. Since
R% C C%, the inequality 7c < 7 is obvious, which already proves statement (a)

below.

Proposmon 3.40. Let Vi = ® 1V be a tensor space over the field R. Define
Ve = ®J Vic as the correspondlng complex version over C. Let rg(v) be the
(real) tensor rank within Vg, while r¢(v) is the (complex) tensor rank within V¢ .
(a) For any v € Vg, the inequality rc(v) < rr(v) holds.

(b) (vector and matrix case) If 0 < d < 2, r¢(v) = rr(v) holds for all v € V.

(c) (proper tensor case) If d > 3 and Vr = ®;l:l V; is a non-degenerate tensor
space (cf. Definition 3.24), there are v € Vg with strict inequality rc(v) < rr(v).

Proof. a) Part (a) is already proved above.

b) If d = 1, Remark 3.35c shows r¢ = rr. If d = 2, v € VR may be interpreted
as areal-valued matrix M € R71*/2, By Remark 2.2, the matrix rank is independent
of the field: r¢(v) = rr(v).

c¢) Example 3.44 below presents a counterexample for which r¢(v) < rg(v) in
the case of d=3. It may be easily embedded into tensor spaces with larger d by
setting v:=v® a4 Qa5 ® ... Q aq with arbitrary 0 # a; € V; 4 <j <d). O

Another dependence on the field will be mentioned in §3.2.6.4.
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3.2.6.4 Maximal Rank and Typical Ranks

The sequence Ry CR1C...C V: a® j—1V; from (3.23a) is properly increasing
for infinite dimensional tensor spaces. On the other hand, for finite dimensional
tensor spaces there must be a smallest 7,5 so that R, = R for all » > rpax.
As a consequence,

Tmax

V=R while R 1S V. (3.27)

Tmax ) Tmax—1 £

This 7.y is called the maximal rank in 'V (cf. (2.5) for the matrix case).

Lemma 3.41. Let n; := dim(V;) < oo for 1 < j < d. Then

Tmax < H n; | / max n, = min H n;
1<i<d 1<i<d

el di\{i}

describes an upper bound of the maximal rank. For equal dimensions n; = n, this
isr < nd-t
max = N

Proof. After a permutation of the factors we may assume that ng = maxi<j<q 1.
Consider the full representation (3.20) of any v € V:

v= Y afi,...ig b ®... @b

B1yensbd—1,0d

= Y et Ve (Za[il,...,id] b§.j>> .

U1 yeeeybd—1 id

The sum in the last line is taken over 7 := H‘;;ll n; elementary tensors. Hence,
R7 = V proves rpax < T. O

The true value 7y,ax may be clearly smaller than the bound from above. For
instance, Kruskal [134] proves

M} for V=R"@R™® R,

Tmax:5 fOI'V:R3®R3®R3.

Tmax = mMin{ny, na} + min{nl, na,

Concerning the maximal rank, there is a remarkable difference to the matrix case.
Random matrices and their rank are described in Remark 2.5. Random tensors may
attain more than one rank with positive probability. Such ranks are called typical
ranks. Kruskal [134] proves that {2, 3} are the typical ranks of V = R? @ R? @ R?,
while 3 is the maximal rank. Note that such results also depend on the field. For
algebraically closed fields like C there is only one typical rank (cf. Strassen [180],
Comon-Golub-Lim-Mourrain [39]). More details are given by Comon et al. [38].
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3.2.6.5 Examples

As illustration we consider the tensor v € V' ® V defined by
v=a®Ra+bRa+a®b+bRa,

where a, b€V are linearly independent. The given representation proves v € R4 and
rank(v) < 4. The fact that all four terms are linearly independent is no indication
for rank(v) = 4. In fact, another representation is

v=(a+b)®(a+b)

proving rank(v) = 1, since v # 0 excludes rank(v) = 0.
For later use we exercise the determination of the rank for a special tensor.

Lemma 3.42. Let V; (1 < j < 3) be vector spaces of dimension > 2 and consider
the tensor space V := V) ® Vo® Va. For linearly independent vectors v, w; € V;
define

V=0 ® Uy ®@w3z + v ®ws @ V3 + wi; ® vy ® v3. (3.28)

Then rank(v) = 3 holds, i.e., the given representation is already the shortest one.

Proof. Forr = 0,1, 2 we show below that rank(v) = r cannot be valid. Then the
given representation proves rank(v) = 3.

1) rank(v) = 0 implies v = 0. But the terms on the right-hand side of (3.28) are
linearly independent and therefore their sum cannot vanish.

2) Assume rank(v) = 1, i.e.,, v = u ® v ® w with non-vanishing v, v,w € V.
There is a linear functional ¢ € V; with ¢(v;) = 1. Applying ¢ ® id ® id :
Vi® Ve ® Vs — Vo ® Vs to both representations of v, we obtain

P(u)v @ w = V2 ® w3 + wa @ v3 + (w1 )vy ® v3.

The matrix on the left-hand side has rank < 1, while the matrix on the right-hand
side has rank 2. Hence rank(v) = 1 cannot hold.

2) Assume rank(v) = 2,ie, v=u®@v@w+u ® v @ w'. If u and u’ are
linearly dependent, there is a functional ¢ with ¢(u) = @(u’) = 0, while either
©w(v1) # 0or p(wy) # 0. Then

0= (p®id®id) (v) = p(v1) (v2 ® wg + w2 ® v3) + P(w1)v2 ® V3.

Since v ® w3 +wq ®v3 and vy ®vs are linearly independent, this is a contradiction.
Hence v and v’ are linearly independent and one of the vectors u or u’ must be
linearly independent of vy, say «’ and v; are linearly independent. Choose ¢ € VY
with p(v1) = 1 and ¢(u’) = 0. Then

v @w = (p®id®id) (v) = (v2 ® w3 + w2 @ v3) + V(W )ve & vs.

The matrix on the left-hand side has rank < 1, while the matrix on the right-hand
side has rank 2. This contradiction completes the proof. O
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Exercise 3.43. Consider v = ®?:1 vj + ®?:1 w; with non-vanishing vectors v;
and w;. Show that rank(v) <1 holds if and only if v; and w; are linearly dependent
for at least d — 1 indices j € {1,...,d}. Otherwise, rank(v) = 2.

Concerning the distinction of rankg and rankc we give the following example.

Example 3.44. Let a,b,c,a’,b',¢ € R™ with n > 2 such that (a,a’), (b,V'),
(¢, ") are pairs of linearly independent vectors. The real part of the complex tensor
(a+ia") @ (b4 i) @ (c+ic’) € C" @ C™ ® C™ has a representation

v=1(a+id)@b+ib)@(c+id)+ 3 (a—id)®(b—ib)®(c—ic) € Ry

in C" ® C™ ® C". Exercise 3.43 proves that rankc(v) = 2 in C" @ C" @ C".
Multilinearity yields the representation

v=0abRc—d @V @c—ad b —axb o
within R"” ® R™ ® R". One verifies that also
v=(a—d)@b+V)@c+d @b@(c—c)—axb @(c+) (3.29)

holds. A further reduction is not possible so that rankg(v) = 3 > 2 = rankc(v) is
valid.

Proof. Assume that v=A®Q BC+ A’® B’®@C". Applying suitable functionals to
the first two components, one sees that C, C’ € span{c, ¢’}. If C' and C” are linearly
dependent, this leads to a quick contradiction. So assume that they are linearly in-
dependent and choose functionals v € (R")" with v(C) = 1 and v(C’) = 0.
Note that at least two of the numbers v(c), v(c — ¢), y(c + ¢’) are nonzero. Hence
application of id ® id@ytov=A® B C+ A’ ® B’ ® (' yields A ® B with
matrix rank equal to 1, while the result for v from (3.29) is a linear combination of
(a—d)@(b+1V),d @b, a®l/, where at least two terms are present. One verifies
that the matrix rank is 2. This contradiction excludes rankg (v) = 2. Itis even easier
to exclude the smaller ranks 1 and 0. a

The next example of different n-term representations over the real or complex
field, which is of practical interest, is taken from Mohlenkamp-Monzén [151] and
Beylkin-Mohlenkamp [15].

Example 3.45. Consider the function f(z1,...,z4) = sin( Z;l:l:vj) € @V for
V = C(R). If C(R) is regarded as vector space over K = C, rank(f) = 2 holds
and is realised by

d 1 d 1 a 1 d 1 d
. B D © DI - RS ) Dl B iz, —iz;
sm<j5_11?]> = 2ie =1 21e i=1%i = 2i§e i 2i§e J

If C(R) is considered as vector space over K = R, the following representation
needs d terms:
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d d [v—1 d
sin(Z@-) = Z (®m+j;")> ®sin(z,) ® < ® %)
j=1 Jj=1

v=1 Jj=v+1
with arbitrary a; € R satisfying sin(a; — cv,) # 0 for all j # v.

In the case of d = 2, the representation (3.26) corresponds to a matrix M =
S, ab] € KI*7 with vectors a; € K and b; € K’. Here, the minimal (tensor
and matrix) rank r is attained if the vectors a; and the vectors b; are linearly in-
dependent. Moreover, the singular value decomposition yields the particular form
M = 22:1 aiaibiT with o; > 0 and orthonormal a; and b;. Generalisations of these
properties to d > 3 are not valid.

Remark 3.46. (a) A true generalisation of the singular value decomposition to d
dimensions wouldbe v=>y""_, 0, ® 1vu eVi= ® 1K™ with r =rank(v),
orthonormal vectors {v(J )1 <v<r}forall 1<j<d, and o, > 0. Unfortunately,
such tensors form only a small subset of V| i.e., in general, v € V does not possess
such a representation.

(b) Even the requirement that the vectors {vy
dent cannot be satisfied in general.

@1 < v < r} are linearly indepen-

Proof. The tensors a ® a ® a + a ® b ® b cannot be reduced to rank < 1, although
the first factors are equal. This proves Part (b), while (b) implies (a). a

3.2.6.6 Application: Strassen’s Algorithm

The standard matrix-matrix multiplication of two n X n matrices costs 2n> opera-
tions. A reduction to 4.7n°82 7 =4.7n2-8974 proposed by Strassen [179] is based on
the fact that two 2 x 2 block matrices can be multiplied as follows:

@1 az | | by by O , a;, bi, ¢; submatrices with (3.30)
as a4 b3 by C3 C4

€1 = M1+myg—ms+my, C2=mMa+My, C3=M3+Ms5, C4 =MmM1+M3—Mma+Mmg,
my = (a1+aq)(bi+bs), mo=(ag+as)br, mz=ai(ba—bs), ma=as(bz—by),
ms = (a1 + az)bs, mg = (ag — a1)(br + b2), m7 = (a2 — aa)(bs + bs),

where only 7 multiplications of block matrices are needed.
The entries of a tensor v € K**4*4 are involved in

cy = Z Vi agby (1< v<4). (3.31a)
A A=1

For instance for v = 1, the identity ¢c; = a1b; 4 agbs shows that vi1; = viesz =1
and v, = 0, otherwise. Assume a representation of v by r terms:
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v = Z;l ®j:1 v, (3.31b)

Insertion into (3.31a) yields

T 4
=3 oo P [\ a, ba

i=1 pA=1
s 4 4

=3 o) <Z v [ au> <Z o3 [A] bk> : (3.31c¢)
i=1 p=1 A=1

i.e., only r multiplications are needed. Algorithm (3.30) corresponds to a represen-
tation (3.31b) with r = 7.

3.3 Linear and Multilinear Mappings

Now, we consider linear mappings defined on V' ®, W or, more generally, on
a ®j:1 V;. The image space might be the field K—then the linear mappings are
called linear forms or functionals—or another tensor space.

In §3.3.1 we justify that it suffices to define a mapping by its values for elemen-
tary tensors. Often a linear mapping ¢y : Vi, — W), for a fixed £ is extended to
a linear mapping defined on V := ®?:1 V; . This leads to an embedding ex-

plained in §3.3.2. Functionals are a special kind of linear maps. Nevertheless, there
are special properties which are addressed in §3.3.2.2.

3.3.1 Definition on the Set of Tuples

If a linear mapping ¢ is to be defined on a vector space V' spanned by a basis {v;},
it suffices to describe the images ¢(v;) (cf. Remark 3.5).
In the case of a linear mapping

d
¢:V::a®Vj - X
j=1

we know that V is spanned by elementary tensors ®?:1 v, Hence, it is sufficient
to know the image ¢(®j:1 vl )). In fact, such values are often given by means of
amapping®: V; x ... x V; = X:

d
) ®v(j) =D, .. 0Dy forallv) e V. (3.32)
j=1
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Since the elementary tensors are not linearly independent, it is not obvious whether
these values are not contradictory.

The answer follows from the ‘universality of the tensor product’ formulated in
Proposition 3.22: If

bV x...xVyg— U 1is multilinear,
(3.32) defines a unique linear mapping. Multilinearity of @ is equivalent to
d(n) =0 foralln € N,

where N is the analogue of (3.9) for general d.
The next lemma shows a particular case.

Lemma 3.47. Let p: V — U be a linear mapping. Then the definition
dpvw):=pW)@w forallveV,weW
defines a unique linear mapping from' V Q. W into U @, W.

Proof. This is the case of X = U®,W and ®(v(), v?)) = p(vM))@0v?). Linearity
of ¢ shows multilinearity of @. O

Of course, the same statement holds for a linear mapping ¢ : W — U. Then
¢ (v®w) :=v®1y(w) defines a unique linear mapping from V®,W to V®,U.

Also the generalisation to tensor spaces of order d is obvious. Let V; (1 <j<d)
and TV be vector spaces and fix an index k € {1,...,d}. Given a linear mapping
¢ : Viy = W, define

d
o ®v(j) o e @t @ pe®) vt . ou@.  (3.33)
j=1

Then, there is a unique extension to

d k—1 d
el RV, (@Vj)@W@( X Vj>
j=1 j=1 j=k+1

Another generalisation concerns bilinear mappings.

Remark 3.48. Let p; : V; x W; =K (1 <i< d) be bilinear [sesquilinear] forms (cf.
§3.1.4). Then

d d
¢<®v(j),®w(j)> H% WD) (D eV, wd ew,)
j=1 j=1 =

defines a unique bilinear [sesquilinear] form ¢ : (® i1 Vi) X (®?:1 W;) = K.
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3.3.2 Embeddings

3.3.2.1 Embedding of Spaces of Linear Maps

In the following, we consider two d-tuples (V4,...,Vy) and (W7,...,Wy) of vector
spaces and the corresponding tensor spaces V := a®‘;:1Vj and W := a®?:1Wj .
Since L(V;, W;) for 1 < j < d are again vector spaces, we can build the tensor

space
d

L:= . L(V;,W,). (3.34a)
j=1

Elementary tensors from L are of the form & = ®;l:1<p(j ) with o) € L(V;,W;).

In §1.1.2, we have called & the Kronecker product® of the mappings ¢/). They have
a natural interpretation as mappings of L(V, W) via (1.4b):

d

d d
d5<®v(j)) =RV ) eW  forany Qv e V. (334b)
j=1 j=1

j=1

Note that (3.34b) defines & for all elementary tensors of V. By the considerations
from §3.3.1, & can be uniquely extended to ¢ € L(V,W). Linear combinations
of such elementary tensors @ are again elements of L(V,W). This leads to the
embedding described below.

Proposition 3.49. Let V;, W;, V, and W as above. We identify a®?:1 L(V;,W;)
with a subspace of L(V, W) via (3.34b):

d
L=, L(V;,W;) CL(V,W). (3.34¢)

J=1

In general, L is a proper subspace. If, however, the vector spaces V; are finite
dimensional, the spaces coincide:

d
o Q) L(V;, W;) = L(V,W). (3.34d)
j=1

Proof. a) Definition (3.34b) yields a linear mapping 7 : L — L(V,W). It
describes an embedding if and only if 7" is injective. For this purpose, we use
induction over d and start with d = 2. We have to disprove 7°(A) = 0 for
0 # A e€ L = L(W,W) ®, L(V1,IW;). If T(A) = 0, the interpretation
(3.34b) of A produces the zero mapping 7°(A) in L(V, W). By Lemma 3.13, there

3 At least, this term is used for matrix spaces L(V;, W;) with V; = K™ and W; = K™s. As
mentioned in §1.6, the attribution to Kronecker is questionable.
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1s a representation A = Y’ _, gp,(,) ® go( ) with linearly independent %(/2) and®
' £ 0. Application to any v := v(V) @ v(® yields

Z‘P e ®<P()( (2))€W:W1®GW2.

Fix v(*) such that (p(l)( (1)) £ 0. Then there is some functional y € W] with
x(p (1)( ))) # 0. Application of y ® id to A(v) yields

0=(x®id) (A(v Za PP (W?) e Wy
v=1

(cf. Remark 3.54) with a, = x (' (v1))). The choice of v(l) and X ensures

that oy # 0. Linear independence of <p,(,2) implies > 1al,<p,, # 0. Hence,

there exists some v € V5 with 37, o, o$P(v(?)) # 0 in contradiction to
0= (x ®id) (A(v)(vM) @ v?)). This proves injectivity of " for d = 2.

Let the assertion be valid for d — 1. Represent A in the form
A= Z oM @ with 7 = ranky, gv;,, (A)

(cf Remark 3.33). As stated in Lemma 3.38, {gpL]} is linearly 1ndependent while
) # 0. By induction, ¢} € L(V{3,Wy;) holds with Vij := o @7,V and

W[l] =4 ® j—2Wj. Now, all arguments from the 1nduct1ve start d = 2 can be
repeated.

b) The equality in (3.34d) holds, if 7" is surjective. For any & € L(V, W),
we shall construct ¢ € a®?:1 L(V;,W;) with T(qb) = &, provided V; are
finite dimensional. Again, considerations for d = 2 are sufficient. Since V is
finite dimensional, also the image (V) C W is finite dimensional. In fact,
P(V) C W1 @, Wa C W holds with finite dimensional subspaces W =
U m‘“(di(V)) C W; introduced later in §6.2.3 (see also Exercise 6. 14b) Let

{b 01 <i < dim(V;)} be a basis of V}, and {b(J) 1 <i < dim(W;)} a basis
of WJ. The dual basis {y\" : 1 <i < dim(V;)} of V] satisfies X(J)(b( DY =6
(cf. Definition 3.6). Each image w;; := @(bﬁ} ® bﬁ?) € Wi @, Wa has a repre-
sentation wi; = >°, aijﬂ,ub(l) ® b(2) Set

{ P (W) = X M) bl

¢ Z Qij, V#<Pz v ® @(2); where 2 2 2
" ) =X 0®) bl

iU

Since 7°(¢p) and @ coincide on all basis vectors b( ) @b T (¢) = @ holds.

3y
¢) A counterexample for infinite dimensional VJ will follow in Example 3.53. O

6 In fact, gof, ) are linearly independent, but only <p ;é 0 is needed.
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In Lemma 3.47 we use the mapping v ® w — ¢(v) ® w, which is generalised to
$: Qv s W@, @D ep(u®) ekt . @ v@ in (3.33).
The latter mapping can be formulated as

@)=, Wy:=W forj=k

(7) 12 =@, J - orj )
&= ®<p with { D i W=V, Torj £k (3.352)
=1
or® =id®...RidRpRIIY...®id. Since such a notation is rather cumbersome,

we identify’ ¢ and & as stated below.

Notation 3.50. (a) A mapping ¢ € L(V}, W) for some k € {1,...,d} is synony-
mously interpreted as @ from (3.35a). This defines the embedding

L(Vi, W) C L(V, W) (3.35b)

whereV—a®_1VJ and W = a®7 L W; with W; =V for j # k.
(b) Let « C {1,...,d} be a non-empty subset. Then the embedding

a ® L(Vk, Wy) C L(V, W) (3.35¢)
kca
is defined analogously by inserting identity maps for all j € {1,...,d}\«.

Finally, we repeat the composition rule for Kronecker products from §4.6.3,
where they are formulated for Kronecker matrices.

Remark 3.51. (2) Let ¥ = ®7_ ¢ € L(U,V) and & = Q7_, o)) € L(V,W)
be elementary tensors. Then the composmon of the mappings satlsﬁes

oW — ® ((p(j) o 1/;(1)) € L(U,W).
j=1

(b) Let ¢ € L(Vi, Wy) and ¢ € L(Vy, W) with k # £. Then ¢ o ¢ = 1 o ¢ holds.
Moreover, ¢ o ¢ = ¢ ® 1 is valid, where the embedding (3.35b) is used on the
left-hand side, while (3.35¢) with & = {k, £} is used on the right-hand side.

(c) Let U) € L(V;, W;) forall 1 < j < d. Then p(M) 0 0@ o.. .0 ¢(@ interpreted
by (3.35b) equals @¢_, /).

3.3.2.2 Embedding of Linear Functionals
The previous linear mappings become functionals, if the image space W; is the

trivial vector space K. However, the difference is seen from the following example.
Consider the mapping ¢ : V — U from Lemma 3.47 and the induced mapping

7 The identifications (3.35a-c) are standard in other fields. If we use the multi-index notation
O™ f = 010,207+ f for the partial derivative, the identities are expressed by 9,2 = 97¢ = id

if, e.g., n2 = ng = 0. However, more often 3 f (z,y, z) is written omitting the identities in
0/0zr ® id ® id.
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P:vwr ) @w € U, W.For U = K, the mapping is a functional and
the image belongs to K ®, W. As K ®, W is isomorphic® to W, it is standard to
simplify U ®, W to W (cf. Remark 3.25a). This means that ¢(v) € K is considered
as scalar factor: ¢(v) @ w = p(v) -w € W.

When we want to reproduce the notations from §3.3.2.1, we have to modify W

by omitting all factors W; = K. 4

The counterpart of Proposition 3.49 is the statement below. Here, W = & K
degenerates to K, i.e., L(V, W) = V', j=1

Proposition 3.52. Ler V; (1 <j<d) be vector spaces generating V := , ® i1V
Elementary tensors of , ® \Vj are &= ® o) ) e V. Their application
to tensors from V is defined via

d d
@(@M) =[] ¢ ) eK. (3.36a)
j=1

j=1

This defines the embedding

Vi cV', and (3.36b)

<.
Il
-

Vi =V, if dim(V;) < ocoforl <j <d. (3.36¢)

a J

®-

Il
—

J

The next example shows that, in general, (3.36b) holds with proper inclusion.

Example 3.53. Choose V :={; ®, £y with £y from (3.2) and consider the functional
@ € V' with ¢(v ® w) := ), vyw;. Note that this infinite sum is well-defined,
since v;w; =0 for almost all ¢ € Z. Since ® does not belong to £, ®, £, the latter
space is a proper subspace of ({y @, (o)’ .

Proof. For an indirect proof assume that & = S°%_ o, ® ty € £y @q £y for some
0y, P, € £, and k € N. Choose any integer m > k. Let e ¢ ¢y be the i-th unit
vector. The assumed identity & = 25:1 0, Q1 tested for all () @el) € (4,4
with 1 < i, j < m yields m? equations

k
Sjr = D) @) = Z 0, (D) -1, () (1<i,j<m). (337

v=1

Define matrices A, B € K™*F by A;, := wy(e(i)) and Bj, = 1/11,( ) Then
equation (3.37) becomes I = ABT. Since rank(A) < min{m, k} = k, also the
rank of the product ABT is bounded by k, contradicting rank(/) = m > k. O

8 Concerning isomorphisms compare the last paragraph in §3.2.5.
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A very important case is the counterpart of (3.35b) from Notation 3.50a. In the
following, we use the notations X) ik and Vi from (3.21a,b).

Remark 3.54. (a) Let V; (1 <j<d) be vector spaces generating V := ®j:1‘/} .
For a fixed index k € {1,...,d} let o*¥) € V/ be a linear functional. Then (¥
induces the definition of & € L(V, V) by

d
¢<®v<a‘>> — o) (v(k)) (R, (3.382)

j=1 i#k

(b) According to (3.35b), we identify @ = id ® ... ® ¢®) @ ... ® id and p*) and

write (%) ( ®?:1 ) =" (v . % v, This leads to the embedding
j

Vi C LV, V). (3.38b)

Another extreme case occurs for ka]. Here, the elementary tensors are <p[k] =

& ©9). In this case, the image space is K@ ... 0 K@V,  K® ... K= V.
i#k

Remark 3.55. Let V; (1 < j < d) be vector spaces generating V := , ®;l:1 V;.
For a fixed index k& € {1,...,d} define V|3 by (3.21a). Then elementary tensors
plFl = ®j¢k W) € V[’k] (pW) € V) are considered as mappings from L(V,V}) via

d
olH] <®W>> — <H spm(vm)) ) (3.39)
j=1

J#k
This justifies the embedding
ka] C L(V, V). (3.39b)

The generalisation of the above case is as follows. Let o C {1,...,d} be any non-
empty subset and define the complement «¢:={1,...,d}\«. Then the embedding

V,CL(V,V,)  with Vo=, XV, (3.39¢)

JEa
is defined via
<®¢(J’)> <®v(j)> — <H w(i)@(i))) . ® o) (3.39d)
JEa 7j=1 JE« JEQC

Functionals from V) or ka] are often used in proofs. As a demonstration we
prove a statement about linear independence of the vectors representing the tensor.
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Lemma 3.56. Let V = a®d Vi andv :=>_ 1®J 1 1 ) If, for some index

k € {1,...,d}, the vectors {v( Ji1<i< r} C Vi are linearly independent,
v=0 implles

ka] =0 forallv ®v (1<i<r).

J7#k

Vice versa, for linearly dependent vectors {v(k) 1 <i < r}, there are ng] IS V[k],
not all vanishing, withv = Y_\_, v [k] ® v(k)

Proof. 1) We give two proofs. The first one makes use of V. For hnearly indepen-
dent v( ) there is a dual system of functionals ¢, € V) with ¢, (v, (k) ) = 0y (cf.

Definition 3.6). Using the embedding V;/ C L(V,V[k ) from (3.38b), we derive from
v = 0 that

O—<PV Z‘PV k v, = Lklv

proving the first statement. Linearly dependent {vi (k)1 <i<r} allow a nontrivial
linear combination Z:Zlcivgk): 0. Choose any 0 # v[* € V(i Then vz[-k]
are not vanishing for all 1 <¢<r, butv= Z;":lv?] ®v§k) =vl¥ ®Z:Zlciv§k) =0.

(%]

= civ[k]

2) The second proof uses a functional ¥ € V['k Assume thatnot all v, vanish,

say, v1 ;é 0. Then there is some !*l € V[ k) With pl#! ( ) #0. Using the embed-
ding Vf3; C L(V, Vi), we obtain 0= " (v) =37, civ o) with ¢; 1= @l (vIF),
Since ¢ #0, the vfk) cannot be linearly independent. a

3.3.2.3 Further Embeddings
Proposition 3.57. (a) The algebraic tensor space V ®4, W' can be embedded into
L(W,V) via
weW = (vew)(w) =w'(w) veV. (3.40a)
(b) Similarly, V @, W can be embedded into L(W', V') via
weW = (vew)(w):=w(w) veWw. (3.40b)
(c) The embeddings from above show that

Ve, W CLW,V) and V&, W C LW, V). (3.40c)

Corollary 3.58. If dim(W) < 00, V@, W 2 V®,W’' = L(W, V) are isomorphic.
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Proof. dim(W) < oo implies W’ = W and therefore also V@, W =V ®, W'.
Thanks to (3.40¢), V ®, W’ is isomorphic to a subspace of L(W, V). In order to
prove V®,W = L(W,V), we have to demonstrate that any ¢ € L(W,V') can be
realised by some x € V®,W’. Let {w; } be a basis of W and {w; } a dual basis with
wi(wj) = §i;. Set x := Y. p(w;) ® w;. One easily verifies that x(w;) = p(w;) in
the sense of the embedding (3.40b). O

Remark 3.59. Let M(Vy,..., V) = {¢ : X?Zl V; — K multilinear} denote
the set of multilinear mappings from ijl V; to K . If the spaces V; are finite
dimensional, the following inclusions become equalities.

(a) The inclusion a®j:1 V; ¢ M(V{,..., V) is interpreted by
d d
(@1@-) (V] .. 0h) = H v (v;) € K.
j=1 j=1

(b) The inclusion a®j:1 Vi< M(V,...,Vy) is interpreted by

3.4 Tensor Spaces with Algebra Structure

Throughout this section, all tensor spaces are algebraic tensor spaces. Therefore,
we omit the index ‘a’ in ®,,.

So far, we have considered tensor products of vector spaces A; (1 <j <d). Now,
we suppose that A; possesses a further operation’

OZAjXAj—>Aj,

which we call multiplication (to be quite precise, we should introduce individual
symbols o; for each A;). We require that

(a+b)oc=aoc+boc forall a,b,c € Aj,
ao(b+c¢)=aob+aocc forall a,b,c € Aj, (341
(Aa)ob=ao(Ab) =A-(aocb) forall\ € Kandalla,be Aj, '
loa=aol=a forsome 1 € Vj andalla € A;.

These rules define a (non-commutative) algebra with unit element 1. Ignoring the
algebra structure, we define the tensor space A := ®;l:1 A; as before and establish
an operation o : A x A — A by means of

i AjxAj; — Aj defined by (a,b) — a o b is called the structure map of the algebra A;.
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d d d d
<®%‘>O<®ba‘>=®(ajobj), =1

j=1 j=1

for elementary tensors. The first two axioms in (3.41) are used to define the multi-
plication for tensors of ®?:1 Aj.

Example 3.60. (a) Consider the matrix spaces A; := KL*1 (1 ;- finite index sets).
Here, o is the matrix-matrix multiplication in KL *Li  The unit element 1 is the
identity matrix I. Then A := ®;l:l A; =KX (I = I x ... x I) is the space
containing the Kronecker matrices.

(b) The vector spaces A; and A from Part (a) yield another algebra, if o is defined
by the Hadamard product (entry-wise product, cf. (4.72a)): (a0 b), = a; - b; for
i€l;x1I;and a,b € A;. The unit element 1 is the matrix with all entries being one.

(c) Let A; := C(I;) be the set of continuous functions on the interval I; C R.
A; becomes an algebra with o being the pointwise multiplication. The unit element
is the function with constant value 1 € K. Then A := ®?:1 A; C C(I) contains
multivariate functions on the product domain I = I; x ... x Ij.

(d) Let A; := £o(Z) (cf. (3.2)). The multiplication o in A; may be defined by
the convolution x from (4.73a). The unit element 1 is the sequence with 1; = J;9

for all ide Z (0;0 from (2.1)). This defines the d-dimensional convolution % in
A = ®j:1 Aj = éo(Zd)

The term ‘tensor algebra’ is used for another algebraic construction. Let V' be a
vector space and consider the tensor spaces

d
RV = ®V (3.42)
j=1

(cf. Notation 3.23) and define the direct sum of @4V for all d € Ny:
AWV) =Y etV (3.43)
deNy

Elements of the tensor algebra are finite sums >,y va With vg € ®4V. The
multiplicative structure is given by o = ®:

vn €RV, U €@V 5 v, QUpm € QMY

(cf. [76, Chap. I11]). The algebra A(V) has the unitelement 1 € K = @°V C A(V).
The algebra A(¢y) will be used in §14.3.3.

If we replace Ny in (3.43) by N,

AV) ="'V

deN

is an algebra without unit element.
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3.5 Symmetric and Antisymmetric Tensor Spaces

3.5.1 Basic Definitions

In the following, all vector spaces V; coincide and are denoted by V':
V=Vi=W=...=V,.

The d-fold tensor product is now denoted by V. = ®?V, where d > 2 is required.
Here we refer to the algebraic tensor space, i.e., V.= ®4V. The completion to a
Banach or Hilbert tensor space will be considered in §4.7.2.

A bijection 7w : D — D of the set D :={1,...,d} is called permutation. Let

P :={xm: D — D bijective}
be the set of all permutations. Note that its cardinality
#P =d!

increases fast with increasing d. (P, o) is a group, where o is defined by composi-
tion: (7 o) (j) = 7 (m(5)). The inverse of 7 is denoted by 7~ 1. As known from
the description of determinants, sign: P — {—1,+1} can be defined such that
transpositions (pairwise permutations) have the sign —1, while the function sign is
multiplicative: sign(7 o w) = sign(r) - sign(7).

A permutation m € P gives rise to a mapping V — V denoted again by 7:

d d
7 Qo ®v<”’l<ﬂ'>>. (3.44)
j=1 j=1

Exercise 3.61. For v e @K" show that (m(v)); =V forall i€ {1,..,n}?, where

T (i1, yid) = (in(1)s - s in(a))

is the action of 7 € P onto a tuple from {1,... n}<.

Definition 3.62. (a) v € V = ®< V is symmetric, if 7(v) = v forall'> 7 € P.
(b) The symmetric tensor space is defined by
— — — b — . ;
6 :=6(V):=64(V) =g,V ={v €V :vsymmetric} .
(c) Atensor v € V = @V is antisymmetric (synonymously: ‘skew symmetric’),
if m(v) = sign(w)v forall 7 € P.

(d) The antisymmetric tensor space is defined by

10 Replacing all 7 € P by a subgroup of permutations (e.g., only permutations of certain positions)
one can define tensor spaces with partial symmetry.
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A:=AV) :=Ay(V) := @,V := {v € V : v antisymmetric} .

An equivalent definition of a symmetric [antisymmetric] tensor v is v = 7(v)
[v = —7(v)] for all pair interchanges

(g d) e (L iy d),

since all permutations from P are products of pairwise permutations.

For d=2 and V =K", tensors from & and 2l correspond to symmetric matrices
(M;; = Mj;) and antisymmetric matrices (M;; = —Mj;), respectively.
Proposition 3.63. (a) & and A are subspaces of V.= % V.

(b) The projections Ps and Py from V onto G and 2, respectively, are given by

Ps(v) := % Z 7(v), Py(v) := % Z sign(m)m(v). (3.45)

TEP TeP

Ps is called symmetriser, Py alternator.

Remark 3.64. (a) Exercise 3.61 shows that (Ps(v)); = 4> .pVri and
(Pa(v)); = 51 Yonep sign(m) vy forv e @K™ and all i € {1,...,n}%

(b)Let V =K" I, :={1,...,n}" and

I = {iel,:1<i <iy<...<ig<n}. (3.46a)

Then, v € ®§lymK" is completely determined by the entries v; for i € I}Y™. All

other entries v; coincide with v ;), where m € P is chosen such that 7 (i) € T;y™.
(c) With V and I,, from Part (b) let

I = iel,:1<i; <ip<...<ig<n}. (3.46b)

Then v € ®% K" is completely determined by the entries v; with i € T2t

For i € I,\I2"™™ two cases have to be distinguished. If i contains two equal
elements, i.e., i; = i for some j # k, then vi = 0. Otherwise, there is some
7 € P with 7(i) € I3 and v; = sign(m) v ).

Conclusion 3.65. (a) A4(K") = {0} for d > n, since 1" = (),

(b) For n = d, Ag(K?) = span{Pgl(®?:1 eUN)} is one-dimensional (eV): unit
vectors, cf. (2.2)), since #I2t = 1.

Proposition 3.66. For dim(V) = n < oo and d > 2 the dimensions of & and U
satisfy

dim(2g(V)) = (3) < n'/d! < dim(&a(V)) = ("F57).

Bounds are dim(Aq(V)) < (n — %)d/d! and dim(S4(V)) < (n + %)d/d! .
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Proof. G is isomorphic to &(K"™). Remark 3.64c shows dim(&) = #I¥™. By
induction one shows that #IY™ = (Z) The proof for 2 is analogous. O

As Proposition 3.66 shows, (V') has a smaller dimension than &(V'), but the
other side of the coin is that V' must be higher dimensional to form 2(;(V') of a
certain dimension. As long as n = dim(V) < d, A4(V) = {0} is zero-dimensional.

Let Ny =ker(Py), Ns =ker(Pg) be the kernels and note that 2 = range(Py)
and & = range(Pg) are the images. Then the tensor space V = ®d V' admits the
direct decomposition

V=Nyg®UA=Ng®GS,

i.e., any v €T has a unique decomposition into v=vy +vx with either vy € Ny,
vy € Aorvy € Ng, vx € G. Consequently, & and 2 are isomorphic to the
quotient spaces (cf. §3.1.3):

& 2 V/Ng, A =2V /Ny. (3.47)

V /No = A%V is called the d-th exterior power of V, and v™) A v A ... A v(®D is
the isomorphic image of Py (v @ v @ ... ® v(®). The operation A is called the
exterior product. Analogously, V/Ng = VeV is called the d-th symmetric power of
V,and v Vo v, Vo is the isomorphic image of Ps (v @0 @. .. .@uv(®).
In the context of (anti)symmetric tensor spaces, a mapping A € L(V,V) is
called symmetric, if A commutes with all 7 € P, i.e., Am = wA. This property
implies that APs = Ps A and A Py = Py A, and proves the following result.

Remark 3.67.If A € L(V,V) is symmetric, & and 2 are invariant under A,
i.e., the restrictions of A to & and 2 belong to L(S, &) and L(2, 2), respectively.

The Hadamard product ® will be explained in (4.72a). In the case of functions,
it is the usual pointwise product.

Exercise 3.68. Lets, s’ € G anda,a’ € 2. Show thats ®s’,a ® a’ € &, whereas
sOa,a®s el

3.5.2 Quantics

The term ‘quantics’ introduced by Arthur Cayley [33] in 1854 is used for homoge-
neous polynomials in multiple variables, i.e., polynomials in the variables x; (i € B)
which are a finite sum of terms a,x” = a,, [ [, p;" with multi-indices v of length
lv|:=>",cp vi=d € Ny and a,, € K. Such quantics have the property

p(Ax) = Ap(x).

Proposition 3.69. Ler V' be a vector space with the (algebraic) basis {b; : i € B}.
Then the algebraic symmetric tensor space Sq(V) is isomorphic to the set of
quantics in the variables {x; : i € B}.



3.5 Symmetric and Antisymmetric Tensor Spaces 83

This statement holds also for dim(V') = #B = co. Note that the infinite product
x” = [[,cp ;" makes sense, since at most d exponents v; are different from zero.

For the proof of Proposition 3.69 consider a general tensor v € ®Z V. Using the
basis {b; : i € B}, we may write v .= ) ;g aj ®;l:1bi]. (almost all a; vanish).
Therefore, any symmetric tensor can be written as Psv = >, ga P (a3 ®?:1 bi,).
The isomorphism into the quantics of degree d is given by

d d
& Ps (ai®bij> — ainij.
j=1 j=1
Note that

d
[z, =]y withvi:=#{je{1,....d}:i; =i} forallic B.
j=1 i€B

The symmetry of Psv corresponds to the fact that all factors x; commute.
Above we have used the range of Pg to define G4(V). In the case of d = 2, e.g.,
v:= Ps(a®b) =a® b+ b® arepresents a symmetric tensor. Instead, one may

use v =1 ®%*(a+0b) — 1 ®*(a—b). In the latter representation, each term itself
is symmetric. In general, G4(V) can be generated by d-fold tensor products @%v:

S(V) = span{@%v:v € V}.

In the language of quantics this means that the polynomial is written as sum of
d o1 .
d-th powers (Z?:l aixi) of linear forms. The decomposition of a homogeneous

polynomial into this special form is addressed by Brachat- Comon - Mourrain -
Tsigaridas [24] (see rankgy,, on page 65).

3.5.3 Determinants

Since tensor products are related to multilinear forms (cf. Proposition 3.22) and
the determinant is a special antisymmetric multilinear form, it is not surprising to
find relations between antisymmetric tensors and determinants. We recall that the
determinant det(A) of a matrix A € K%*4 equals

d
det(A) =Y sign(m) [ [ ajx()- (3.48)
meP j=1

The building block of usual tensors are the elementary tensors ®?:1 u'9). For

antisymmetric tensors we have to use their antisymmetrisation Pm(@?zl u(j)).
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Lemma 3.70. An antisymmetrised elementary tensor v := Pg((@?zl v(j)) with
v € V := K" has the entries

Uz(ll) U;?) Uz(ld)

R S KRR
v[zl,...,zd]zadet ) D i

’Uz(i) US) vz(;i)

Proof. Sete := ®j:1 v\). By definition (3.48), the right-hand side equals

1

d
1 . j . ) .
o> sient) [[ o) = 2 3 signmen = (Pale)); = vi = vir, ..idl,
TeP J=1 TeP
proving the assertion. a

For V = K9 the antisymmetric space 24 (IK?) is one-dimensional (cf. Conclusion
3.65b). Therefore, any transformation by A = ®?A is identical to a multiple of the
identity.

Remark 3.71. Let V =K. For any A € K¢ and v = Py(®7_,v7) € A4(K)
one has

A(v) = Pa (@j_l Av(j)) — det(A) Py (@j_l M) .

Proof. By Conclusion 3.65, tensors u from 2A(K?) are determined by u[l, ..., d).
Lemma 3.70 shows that v[1,...,d] = & det(M), where M = [v™) ... v(D] € K¥*?,
and that A(v)1,...q = 3 det(AM) = det(A) - & det(M) = det(A) - v[1,...,d]. O

.....

For function spaces V (e.g., V = L%(R), V = C|0, 1], etc.) there is an analogue
of Lemma 3.70.

Lemma 3.72. For functions fi,..., fa € V the antisymmetrisation of the elementary

tensor
d

d
F=®fj, i.e., F(l‘l,...,l'd):Hfj(,Tj),
j=1

Jj=1

yields G := Py (F) with

G(z1,...,2q) = — det

fi(xa) fo(wa) -+ fa(wa)

G is also called the Slater determinant of f1,. .., fa.



Part 11
Functional Analysis of Tensor Spaces



Algebraic tensor spaces yield a suitable fundament for the finite dimensional case.
But even in the finite dimensional case we want to formulate approximation
problems, which require the introduction of a topology. Topological tensor spaces
are a subject of functional analysis.

Standard examples of infinite dimensional tensor spaces are function spaces,
since multivariate functions can be regarded as tensor products of univariate ones.
To obtain a Banach tensor space, we need the completion with respect to a norm,
which is not fixed by the normed spaces generating the tensor space. The scale of
norms is a particular topic of the discussion of Banach tensor spaces in Chap. 4.
A particular, but important case are Hilbert tensor spaces.

Chapter 5 has a stronger connection to algebraic tensor spaces than to topological
ones. But, in particular, the technique of matricisation is a prerequisite required in
Chap. 6.

In Chap. 6 we discuss the so-called minimal subspaces which are important for
the analysis of the later tensor representations in Part III.



Chapter 4
Banach Tensor Spaces

Abstract The discussion of topological tensor spaces has been started by Schatten
[167] and Grothendieck [79, 80]. In Sect. 4.2 we discuss the question how the norms
of V and W are related to the norm of V& W.

From the viewpoint of functional analysis, tensor spaces of order 2 are of particular
interest, since they are related to certain operator spaces (cf. §4.2.13). However, for
our applications we are more interested in tensor spaces of order > 3. These spaces
are considered in Sect. 4.3.

As preparation for the aforementioned sections and later ones, we need more or less
well-known results from Banach space theory, which we provide in Sect. 4.1.
Section 4.4 discusses the case of Hilbert spaces. This is important, since many
applications are of this kind. Many of the numerical methods require scalar products.
The reason is that, unfortunately, the solution of approximation problems with re-
spect to general Banach norms is much more involved than those with respect to a
scalar product.

4.1 Banach Spaces
4.1.1 Norms

In the following we consider vector spaces X over one of the fields K € {R,C}.
The topological structure will be generated by norms. We recall the axioms of a
normon X:

-] - X = 10,00),
|z =0 if and only if z = 0, @1
Azl = |A|||z]] forall A € Kand z € X, ’
lz +yll < [zl + [yl forall z,y € X (triangle inequality).
The map ||-|| : X — [0, 00) is continuous because of the inverse triangle inequality
W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 87

in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_4,
© Springer-Verlag Berlin Heidelberg 2012
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[zl =llyll | < llz =yl forallz,y e X. 4.2)

Combining a vector space X with a norm defined on X, we obtain a normed
vector space denoted by the pair (X, ||-||). If there is no doubt about the choice of
norm, the notation (X, ||-||) is shortened by X.

A vector space X may be equipped with two different norms, i.e., (X, ||-||;) and
(X, ||-]l;) may be two different normed spaces although the set X is the same in
both cases. For the set of all norms on X we can define a semi-ordering. A norm
||-||; is called weaker (or not stronger) than ||-||,, in symbolic notation

(RIFSE 1P

(equivalently: ||-||, stronger than [|-||; , or |||, 2 ||-||;). if there is a constant C' such
that
llz|l, < Cz|], forallz € X.

Two norms |[|-||, and ||-||, on X are equivalent, in symbolic notation

[RIFRa 1P

if ||, S [Ille < |I-ll;, or equivalently, if there are C, Cs € (0, 00) with

1
& lall < llal, < Cafall,  forallz € .

4.1.2 Basic Facts about Banach Spaces

A sequence x; € X in a normed vector space (X, ||-||) is called a Cauchy sequence
(with respect to ||-]]) if

SUp; j>p |78 — 24| — 0 asn — oo.

A normed vector space (X, ||-||) is called a Banach space if it is also complete (with
respect to ||-||). Completeness means that any Cauchy sequence x; € X has a limit
x:=lim; 00 2; € X (e, ||z — ;]| — 0).

A subset Xy C X of a Banach space (X, ||-||) is dense, if for any x € X there
is a sequence z; € X with ||z — z;]| — 0. An equivalent criterion is that for any
e > 0and any z € X there is some z. € X with ||z — 2.|| < €. A dense subset
may be, in particular, a dense subspace. An important property of dense subsets is
noted in the next remark.

Remark 4.1. Let & : Xy — Y be a continuous mapping, where X is dense in the
Banach space (X, ||-||) and (Y, ||-||-) is some Banach space. Then there is a unique

continuous extension @ : X — Y with &(z) = ¢(x) forall z € X.

_If a normed vector space (X, [|-||) is not complete, it has a unique completion
(X, || - |||)—up to isomorphisms—such that X is a dense subspace of the Banach
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space X and ||| - ||| is the continuous extension of ||-|| (note that & := ||| : X — R
is a particular continuous function into the Banach space (Y, ||-||y-) = (R, |-|) with
the extension @ =||| - ||| being again a norm, cf. Remark 4.1). In the following, we
shall use the same symbol ||-|| for the norm on the closure X (instead of ||| - ||]).
Furthermore, we write again @ instead of &.

Remark 4.2. Let (X, ||-||;) and (X, ||-||,) be normed vector spaces with identical
sets X, but different norms. Then we have to distinguish between the comple-
tions (X1, ||-||;) and (X2, ||-||5) with respect to the corresponding norms. Identity
X1=X>5 holds if and only if [|-||; ~ |-|l,. I [-l; < |Ill5, then! X1 D X5 D X.

Definition 4.3. A Banach space is separable, if there is a countable dense subset.

Definition 4.4. A closed subspace U of a Banach space X is called direct or com-
plemented, if there is a subspace W such that X = U @& W is a direct sum (cf. [108,
p. 4]). The Grassmannian® G(X) is the set of all direct subspaces of X (cf. [110]).

Closedness of U in X = U & W implies that also W is closed.

4.1.3 Examples

Let I be a (possibly infinite) index set with #I < #N (i.e., I finite or countable).
Examples for [ are I = {1,...,n}, I = Nor I = Z or products of these sets. The
vector spaces £(I) = K!" and £y(I) C ¢(I) are already explained in Example 3.1.

Example 4.5. ¢P(I) consists of all « € £(I) with bounded norm

1/p
lallnry = lall, = (Sier lail”) forpe[Lo)or

lallgoe 1y := llallog = sup{lai| : i € I} for p = co.
(¢P(I), |I|l,,) is a Banach space forall 1 < p < oo.

Remark 4.6. (a) For p < oo, £y(I) is a dense subspace of ¢P(I).
(b) For an infinite set I, the completion of /o(I) under the norm ||-|| _ yields the
proper subset (co(1), ||| ) & €°°(1) of zero sequences:

co(I) = fa € £(I): lim a;, = 0}, (4.4)

where 7, describes any enumeration of the countable set /.

Proof. 1) For finite I, {y(I) = ¢(I) holds and nothing is to be proved. In the fol-
lowing, I is assumed to be infinite and countable. One may choose any enumeration
I = {i, : v € N}, but for simplicity we write v instead of i,,.

! More precisely, the completion X'; can be constructed such that X1 D Xo.
2 The correct spelling of the name is GraBmann, Hermann Giinther.
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2) Case p€[1,00). Since Y2 |a,|” < oo, for any € > 0, there is a v, such that
> |au|” <eP, which proves |la — a'||, <e for a’ = (a;),; With a;, :=a,, for the
finitely many 1 <v <y, and with a, :=0 otherwise. Since a’ € £o(I), £o(I) is dense
in ¢P(I).

3a) Case p = o0o. Assume £o(I) > a(™ — a € £°°(I) with respect to ||-|| . For
any n € N there is a v,, such that al(,n) = 0 for v > v,. For any € > 0, there is an n.
such that [|a(™ —a||» < eforn > n..Hence, |a,|=|ay"*’ —a,| < ||a(™) —a|| o <&
for v > v,_ proves lim, a, =0, i.e., a€co(I). This proves £o(I) C co(I).

3b) Assume a € co(I). For any n € N, there is a v, such that |a,| < 1/n

for v > v,. Define a(™ € (y(I) by a = a, for1 < v < v, and a” = 0
otherwise. Then [a(™) — a| o < 1/n hold, i.e., a™ — a and the reverse inclusion
CQ(I) C ZQ(I) holds. O

Example 4.7. Let D C R™ be a domain. (a) Assume 1 < p < oco. Then?

LP(D) := {f : D — K measurable and /D |f(z)|" dx < oo}

. 1/
defines a Banach space with the norm | f{|,,py = [If[l, = (fp 1 f(@)|P dz) ™"
(b) For p = oo, L>(D) := {f : D — K measurable and || f||, < oo} equipped
with the norm || f||  := esssup |f(z)] is a Banach space.

zeD

Example 4.8. Let D C R™ be a domain. The following sets of continuous functions
and n-times continuously differentiable functions are Banach spaces.
(@) C(D) =C°D) :={f: D — Kwith ||f||c(D) < oo} with

1£lepy = sup{lf(@)] : @ € D}

(b) Let n € N and define C"(D) := {f : I — K with || f||cn(p) < oo} with
the norm || f||cn(py = maxp|<n 10" fll(p). where the maximum is taken over
all multi-indices v = (11, ...,vy,) € NJ* with [v| := Y | v;. The mixed partial
derivatives are abbreviated by

m O \Vi
o = (—) . 45
Hi:l 8$Z ( )
0¥f denotes the weak derivative (considered as a distribution).

Example 4.9. Let D C R™ be a domain. The Sobolev space
HY2(D) := {f . D — K with [|f]|12(p) < oo}

is a Banach space, where

2

0
B:Cf

%

oy = | D N0% Fl7am) = | I ey + D
=1

lv|<1 L(D)

3 To be precise, we have to form the quotient space {...} /N with N := {f : f = 0 on D\S for
all S with measure p(S) = 0}.
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4.1.4 Operators

We recall the definition (3.6) of the set L(X,Y") of linear mappings. The following
remark states basic facts about continuous linear mappings, which are also called
operators. The set of operators will be denoted by L(X,Y).

Remark 4.10. Let (X, ||-|| ) and (Y, [|-||y/) be normed spaces, and @ € L(X,Y).
(a) The following conditions (i) and (ii) are equivalent:

(i) @ is continuous;

(ii) @ is bounded, i.e., sup {||®(z)[|y : € X with ||z]|y <1} < oo.

(b) The supremum from (ii) defines the operator norm*

[12lly . x = sup {{|@(@)[ly - & € X with [lz] x <1}. (4.62)
A simple consequence is
|2@)]ly < @]y x 2] forallze X, (4.6b)

Another notation for the boundedness of @ reads as follows: there is a constant
C' < oo such that

|2(x)|ly < C x| x forallz € X. (4.6¢)

Then the minimal possible C' in (4.6¢) coincides with ||®||,.,  (cf. (4.6b)).

(¢) Let X and Y be the completions of X, Y so that (X, ||| y) and (Y, |-|ly) are
Banach spaces. Then the continuation @ : X — Y discussed in Remark 4.1 has an
identical operator norm: ||®||y, = |||y, y - Because of this equality, we shall
not distinguish between [|-||y, v and |||y, y -

(d) The set of continuous linear mappings (operators) from X into Y is denoted by
L(X,Y). Together with (4.6a),

forms a normed space. If (Y, ||-||y/) is a Banach space, also (L(X,Y), |||ly . x) is
a Banach space.

Proof. 1) If the boundedness (ii) holds, the definition of ||®||,, , makes sense and
(4.6b) follows by linearity of @.
2) (boundedness = continuity) For any € > 0 set ¢ := ¢/ ||®||y-,_ . Whenever

|z —2"| < J, we conclude that

[P(2) — (")ly = 2" =2")lly < [Plly x 2 =2"lx < |2ly _x 0=k,

i.e., @ is continuous.

# In (4.6a) one may replace ||z||,, < 1by ||z|| = 1, as long as the vector space is not the trivial
space X = {0} containing no = with ||z|| ,, = 1. Since this trivial case is of minor interest, we
will often use ||| y = 1 instead.
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3) The direction ‘continuity = boundedness’ is proved indirectly. Assume that
(i) is not valid. Then there are z; with H%”X <1and o; := ||§Z5(:vz)||y — 0.
The scaled vectors x} 1= 17— -x; satisfy xj — 0, whereas [|@(z})[y = 175 = 1#

=10]ly =|®(0 )||Y Hence & is not continuous. Steps 2) and 3) prove Part (a).

4) For the last part of (d) let #; € L(X,Y) be a Cauchy sequence, i.e.,

sup [|@; — Pjlly. x — 0 as n — oo.

i,j>n
For any x € X, also the images y; := @;(z) form a Cauchy sequence, as seen
from [ly; — yjlly < [[9: — @iy x [lzllx — 0. By the Banach space property,
y:=limy; €Y exists uniquely giving rise to a mapping ¢(x) :=y. One verifies that
¢: X =Y is linear and bounded with ||®; — @[y, y— 0,ie., P € L(X,Y). O

In the following, ‘operator’ is used as a shorter name for ‘continuous linear map’.
In later proofs we shall use the following property of the supremum in (4.6a).

Remark 4.11. For all operators & € £(X,Y) and all € > 0, there is an z. € X
with ||z.|| y < 1 such that

12llyx < (L+e)[[@(ze)lly and [[D(ze)]y = (1 —&) [Plly, x -

A subset K of a normed space is called compact, if any sequence z, € K
possesses a convergent subsequence with limit in K.

Definition 4.12. An operator ® € £(X,Y') is called compact, if the unit ball B :=
{x € X :||z||x <1} is mapped onto ¢(B):={P(x):x€ B} CY and the closure
@(B) is a compact subset of Y. K(X,Y") denotes the set of compact operators.

The approximation property of a Banach space, which will be explained in
Definition 4.81, is also related to compactness.

Finally, we add results about projections (cf. Definition 3.4). The next statement
follows from Banach’s closed map theorem.

Lemma 4.13. If X = U @ W is the direct sum of closed subspaces, the decomposi-
tionx =u+w (weU, weW) of any x € X defines projections Py, P, € L(X, X)
onto these subspaces by Pyx = u and Pox = w.

Theorem 4.14. Let Y C X be a subspace of a Banach space X with diim(Y) < n.
Then there exists a projection ® € L(X, X) onto Y such that

19l x e x < v/n.

The proof can be found in DeVore-Lorentz [46, Chap. 9, §7] or [145, Proposition
12.14]. The bound is sharp for general Banach spaces, but can be improved to

& <nl3=3l forx = LP. (4.7)
XX
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4.1.5 Dual Spaces

A trivial example of a Banach space (Y, ||-||y-) is the field K € {R,C} with the
absolute value |-| as norm. The operators X — K are called continuous functionals
or continuous forms. The Banach space £(X, K) is called the (continuous) dual of
X and denoted by>

X" = L(X,K).

The norm ||| . of X* follows from the general definition (4.6a):

el x = sup {lp(z)] : 2 € X with [|z[|x <1} (4.8)
=sup {|p(@)]/ [lz]x : 0 # = € X}.

Instead of ||-|| . , we also use the notation ||-|| (meaning the dual norm corre-
sponding to ||-|| y ).

The next statement is one of the many versions of the Hahn-Banach Theorem
(cf. Yosida [198, §IV.6]).

Theorem 4.15. Let (X, ||-|| ) be a normed linear space and U C X a subspace.
If a linear form is bounded on U, it can be extended to a continuous functional on
X with the same bound. In particular, for vy € X there is some ¢ € X* such that

p(xo) = llzollx  and  |lpllx- = 1. 4.9)

This implies that we recover the norm ||-|| y from the dual norm ||-|| . via the
following maximum (no supremum is needed!):

|p(@)]
lell x-

ol = max lo(o)] s o]y = 1} =max { {200 2 g e} (a10)
Corollary 4.16. Let {z, € X : 1 < v < n} be linearly independent. Then there are
functionals ¢, € X* such that ¢, (z,) = 6, (cf. (2.1)). The functionals (¢,),_,
are called dual to (z,,)]_, .

Proof. Let U := span{xz, : 1 <v <n}, and define the dual system {¢,} as in
Definition 3.6. Since U is finite dimensional, the functionals ¢, are bounded on U.
By Theorem 4.15 there exists an extension of all ¢, to X* with the same bound. O

The following Lemma of Auerbach is proved, e.g., in [145, Lemma 10.5].

Lemma 4.17. For any n-dimensional subspace of a Banach space X, there exists
abasis {z, : 1 < v < n}and a corresponding dual system {¢, : 1 < v < n} such
that |1z, ]| = llpuI” =1 (1 < v < n).

Lemma 4.18. (a) Let (X, ||-||;) and (X, |-||5) be two normed vector spaces with
-1, < C|-|ly- By Remark 4.2, completion yields Banach spaces (X1, ||-||,) and

3 Note that X * is a subset of X’ the space of the algebraic duals.
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(Xa, |||l,) with Xo C Xi. The corresponding duals (X7,-||) and (X3, |-I3)
satisfy X C X3. The dual norms fulfil ||| < C|l¢||] for all ¢ € X with the
same constant C. If ||-||, and ||-||, are equivalent, X; = X3 holds.

(b)If (X, ||-|]}) and (X*,||-||3) are identical sets with equivalent dual norms ||-||}
and ||-||5 generated by normed vector spaces (X, |-||,) and (X,|||,), then also
|-l, and ||-||, are equivalent.

Proof. 1) Let o€ X7. Since Xy C X1, p(x2) is well-defined for any x5 € X5 with
|z, = 1 and we estimate |@(22)] < [l |z2ll; < Cllell] [z2ll, = Clell; -
Taking the supremum over all zo € X5 with |22, = 1, we get |l¢[l; < C [|lol]] -
Again, by Remark 4.2, X; C X follows.

2) For equivalent norms both inclusions X{ C X5 C X7 prove the assertion.

3) The identity ||z(|; = max { |o(z)| : [|oll} =1} = max,z0 { [¢(2)] / llell7 }
follows from (4.10). By equivalence, ||¢||; < C ||¢||; follows, so that

max {o()|/ Iell}} 2 & mae {lo(@) /llelz} = &

and vice versa, proving Part (b). a

The Banach space (X *, |||| . ) has again a dual (X**,||-|| ..) called the bidual
of X. The embedding X C X™* is to be understood as identification of z € X
with the bidual mapping x, € X** defined by x. (¢) := ¢(z) for all p € X*.
If X = X**, the Banach space X is called reflexive.

Lemma 4.19. Let o € X*. Then
|o(@)] [2(0)]
lellx- = sup = :
X 7 x-.

= max
owvex ||T|lx  0FPEX*
@|| ¢+ = maxoxeex |o(x)| /|||  holds (max instead of sup).

If X is reflexive,

Proof. The left equality holds by definition of ||-|| .. . The right equality is the iden-
tity (4.10) with z, X, ¢ replaced by ¢, X*, @. In the reflexive case, ?(p) = p(zs)
holds for some x4 € X and proves the second part. O

Definition 4.20. If & € £(X,Y), the dual operator * € L(Y*, X*) is defined via
&* i &= Py with £(z) := n(Px) forall x € X.

Lemma 4.21. | " ., . = [Py, x -

4.1.6 Examples

In §4.1.3, examples of Banach spaces are given. Some of the corresponding dual
spaces are easy to describe.

Example 4.22. (a) The dual of ¢7(I) for 1 < p < oo is (isomorphic to) £9(I), where

the conjugate ¢ is defined by = + % = 1 and the embedding ¢9(I) < (¢P(I))" is
defined by

1
P
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= Zaﬂpi ek fora = (a;);c; € (P(I)and @ = (i), € £9(1).
iel

The subspace co(I) C £°°(I) (cf. (4.4)) has the dual £*(I). If #I < oo, equality
(0>(I))" = £*(I) holds; otherwise, (¢>°(1))" 2 ¢*(I).

(b) Similarly, (LP(D))* = Lq(D) is valid for 1 < p < co with the embedding
geLI(D) = [, f(x)g(x)dz forall f € LP(D).

(c)LetI = [a, b] C R be an interval. Any functional Y€ (C (I ))" corresponds to
a function g of bounded variation such that ¢(f) = [, f( 7 ) exists as Stieljes
integral for all f € C(I). The latter integral w1th g chosen as the step function

gs(x) := (fﬁﬁiféi} leads to the Dirac functional §, with the property

0s(f) = f(s) forall f € C(I)and s € I. 4.11)

4.1.7 Weak Convergence

Let (X, [|-[|) be a Banach space. We say that (x,),, .y converges weakly to x € X,
if limp(z,) = ¢(x) for all ¢ € X*. In this case, we write x,, — z. Standard
(strong) convergence x,, — = implies x,, — x.

Lemma 4.23. If z,, — x, then ||z|| < liminf ||a,|| .
n—00

Proof. Choose ¢ € X* with ||¢||* = 1 and |p(z)| = ||z|| (cf. (4.9)) and note that
2]l = le(zn)] < [lznll- 0

Lemma 4.24. Let N € N. Assume that the sequences (xSf))nGN forl < ¢ < N
converge weakly to linearly independent limits 2V € X (ie, xSf) — 2®)). Then
there is an ng such that for all n > ng the N-tuples (:vgf) : 1 <i < N) are linearly

independent.

Proof. There are functionals ¢\/) € X* (1 < j < N) with p0)(2®) = §;; (cf.
Corollary 4.16). Set

Ay = det (( @) (2 ))”_1) .

2 — 2@ implies o) (z{”) — @ (z(®). Continuity of the determinant proves
Ay = Ay = det((5”)ivj 1) = 1. Hence, there is an no such that A,, > 0 for all
n > ng, but A,, > 0 proves linear independence of {:1: :1<i< N} m|

For a proof of the local sequential weak compactness, stated next, we refer to
Yosida [198, Chap. V.2].

Lemma 4.25. If X is a reflexive Banach space, any bounded sequence x.,, € X has
a subsequence x,,, converging weakly to some x € X.
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Corollary 4.26. Let X be a reflexive Banach space, z,, € X a bounded sequence
with 2, = >0 &niv Enyi € X, and ||€,,4]] < C' ||z, || . Then there are &; € X and
a subsequence such that &,,, ; — &; and, in particular, z,,, — x := 2221 &

Proof. By Lemma 4.25, weak convergence z,, — x holds for n € N© ¢ N,
where N() is an infinite subset of N. Because of ||&,,.1|| < C ||z, ||, also &, 1 is a
bounded sequence for n € N(©). A second infinite subset N(*)  N(©) exists with
the property {,,1 — &1 (n € N(l)) for some §; € X. Next, §,2 — & € X can
be shown for n € N ¢ N etc. Finally, for N 5 n — oo all sequences &, ;
converge weakly to &; and summation over ¢ yields z,, — x := 22:1 &;. a

Definition 4.27. A subset M C X is called weakly closed, if x,, € M and x,, — x
imply z € M.

Note the implication ‘M weakly closed = M closed’, i.e., ‘weakly closed’ is
stronger than ‘closed’.

Theorem 4.28. Let (X, ||-||) be a reflexive Banach space with a weakly closed
subset ) #= M C X. Then the following minimisation problem has a solution:
Forany x € X findv € M with

|z — o] = inf{||lx —w| : we M}.

Proof. Choose any sequence wy, € M with ||z — w, || N\, inf{||z — w|| : w € M}.
Since (wy,),,cy is a bounded sequence in X, Lemma 4.25 ensures the existence of a
weakly convergent subsequence w,, — v € X. v belongs to M because w,, € M
and M is weakly closed. Since also x — w,, — = — v is valid, Lemma 4.23 shows
|z —v|| < liminf ||z — wy, || < inf{]|z —w| : we M}. O

Since the assumption of reflexivity excludes important spaces, we add some
remarks on this subject. The existence of a minimiser or ‘nearest point’ v in a
certain set A C X to some v € V\A is a well-studied subject. A set A is called
‘proximinal’ if for all z € X\A the best approximation problem ||z — v| =
infea ||z — w|| has at least one solution v € A. Without the assumption of
reflexivity, there are statements ensuring under certain conditions that the set of
points € X\ A possessing nearest points in A are dense (e.g., Edelstein [51]).
However, in order to conclude from the weak closedness® of the minimal subspaces
that they are proximinal, requires reflexivity as the following statement elucidates.

Theorem 4.29 ([64, p. 61]). For a Banach space X the following is equivalent:
(a) X is reflexive,

(b) All closed subspaces are proximinal.

(c) All weakly closed non-empty subsets are proximinal.

6 On the other hand, if X coincides with the dual Y'* of another Banach space Y, every weak*
closed set in X is proximinal (cf. Holmes [101, p. 123]). However, the later proofs of weak closed-
ness of U]‘.uin (v) in §6 do not allow to conclude also weak™ closedness.
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4.1.8 Continuous Multilinear Mappings

Multilinearity is defined in (3.18a). The equivalence of continuity and boundedness
shown in Remark 4.10a also holds for bilinear, or generally, for multilinear map-
pings. The proof follows by the same arguments.

Lemma 4.30. (a) A bilinear mapping B : (V. [|-|\,) x (W, ||-|lw) = (X, []-]]) is
continuous if and only if there is some C € R such that

| B(v,w)|| < C o]y |lw]ly forallveVandw e W.

(b) A multilinear mapping A : X?Zl(Vj, 111, ) = (X, |]) is continuous if and
only if there is some C' € R such that ‘

d , .
[AWD, ..o @) < CH_j:l |v@;  forallv9) € V;.

4.2 Topological Tensor Spaces

4.2.1 Notations

The algebraic tensor product V ®, W has been defined in (3.11) by the span of all
elementary tensors v ® w for v € V and w € W. In pure algebraic constructions
such a span is always a finite linear combination. Infinite sums as well as limits of
sequences cannot be defined without topology. In the finite dimensional case, the
algebraic tensor product V ®, W is already complete. Corollary 4.61 below will
even show a similar case with one factor being infinite dimensional.

As already announced in (3.12), the completion X := X of Xg:= V@, W
with respect to some norm ||-|| yields a Banach space (X, ||-||) , which is denoted by

Ve W=V e W=V, i

and now called Banach tensor space. Note that the result of the completion depends
on the norm ||-| as already discussed in §4.1.2. A tensor x € V @, W is defined as
limit x = lim,,_, X, of some x,, € V ®, W from the algebraic tensor space, e.g.,
X,, is the sum of say n elementary tensors. In general, such a limit of a sequence
cannot be written as an infinite sum (but see §4.2.6). Furthermore, the convergence
X, — x may be arbitrarily slow. In practical applications, however, one is interested
in fast convergence, in order to approximate x by x,, with reasonable n (if n is the
number of involved elementary tensors, the storage will be related to n). In that case,
the statement x,, — x should be replaced by a quantified error estimate:

Ixn — x| < O(p(n)) with p(n) — 0as n — oo, s
or Iy x| < o)) with sup () < o0 e
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ie., ||x, — x|| < Cp(n) for some constant C' or ||x,, — x|| /¢)(n) — 0 as n — oc.

The notation ®).;| becomes a bit cumbersome if the norm sign ||-|| carries further
suffices, e.g., |[[|cn(p)- To shorten the notation, we often copy the (shortened)
suffix” of the norm to the tensor sign, e.g., the association p < ||| ¢o(z) OF
A |l Ay 1s used in

VoW =V&,W, VoW =VasW, etc.
p A

The neutral notation Veow

is used only if

(i) there is not doubt about the choice of norm of the Banach tensor space or

(i1) a statement holds both for the algebraic tensor product and the topological one.
In the finite dimensional case, where no completion is necessary, we shall use V& W
for the algebraic product space (without any norm) as well as for any normed tensor
space V @ W.

4.2.2 Continuity of the Tensor Product and Crossnorms

We start from Banach spaces (V, ||-||,,) and (W, ||-||y;, ). The question arises whether
the norms ||-||;, and ||-||;;, define anorm ||-|| on V'@V in a canonical way. A suitable
choice seems to be the definition

lv@w| = lvlly [lwlly forallv € Vandw e W (4.13)

for the norm of elementary tensors. However, differently from linear maps, the def-
inition of a norm on the set of elementary tensors does not determine ||-|| on the
whole of V' ®, W. Hence, in contrast to algebraic tensor spaces, the topological
tensor space (V' ® W, [|-||) is not uniquely determined by the components (V [|-||,)
and (W, ||y )-

Definition 4.31. Any norm ||-|| on V ®, W satisfying (4.13) is called a crossnorm.

A necessary condition for ||-|| is the continuity of the tensor product, i.e., the
mapping (v,w) € VX W = v ®@w € V @ W must be continuous. Since ® is
bilinear (cf. Lemma 3.10), we may apply Lemma 4.30a.

Remark 4.32. Continuity of the tensor product @ : (V,|-[|;,) x (W, |||l) —
(V @ W, ||-||) is equivalent to the existence of some C' < oo such that

lv@w| < Cllv|ly [|lwlly forallv € Vand w € W. (4.14)

Here, (V®@W, ||-||) may be the algebraic (possibly incomplete) tensor space V ®@, W
equipped with norm ||-|| or the Banach tensor space (V @ W, ||-||). Inequality
(4.14) is, in particular, satisfied by a crossnorm.

7 The letter @ must be avoided, since this denotes the algebraic product ®,.
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Continuity of & is necessary, since otherwise there are pairs v € V and w € W
such that v ® w € V ®, W has no finite norm ||[v ® w|| . Hence, ||-|| cannot be
defined on all of V ®, W and (V ®, W, ||-||) is not a normed vector space. For a
proof we use the following lemma (cf. [45, 1.1.2]).

Lemma 4.33. Let V' be a Banach space (W may be not complete). Assume separate
continuity: ||[v @ w|| < Cy ||v]|}, and ||v ® w|| < Cy ||w||y, hold for allv € V and
w e W with Cy, [C\,] depending on v [w]. Then (4.14) follows for some C' < co.

Assuming that (4.14) is not true, we conclude from Lemma 4.33 that there is
some w € W such that supo;mev”v ®@wl| / ||v]|,, = oo. Since for fixed w a norm
[l ]| := ||v ® w|| is defined which is strictly stronger than ||-||,, , there is vg € V'
which has no finite |||-|||,, norm (cf. Remark 4.2), i.e., ||vg ® w|| is not defined.

In the definition of V®||.|| W we have not fixed, whether V' and W are com-
plete or not. The next lemma shows that in any case the same Banach tensor space
V®). W results. Any non-complete normed space (V/ [|-||,,) may be regarded as a
dense subset of the Banach space (V, ||-||). Replacing the notations V, V by V, V;,
we can apply the following lemma. There we replace V and W in V®W by dense
subspaces Vy and Wy. Three norms are involved: |||, for Vy and V/ ||-||;;, for Wp
and W, and the norm |[|-|| for the tensor spaces Vo @, Wo, V@, W, V@ W.

Lemma 4.34. Let Vi be dense in (V. ||-||,,) and Wy be dense in (W, |||y, ). Assume
@ (V1) < (W, |-y ) = (V @y W, ||-]]) to be continuous, i.e., (4.14) holds.
Then Vo @, Wy is densein V @) W, ie.,

Vo QR Wo =V Q| w.
Proof. For any ¢ > 0 and any x € V ®).; W we have to show that there is an

X. € Vo ®q Wo with ||x —x|| < e. By definition of V @ W, there is an x’ €

V ®, W with ||x — x'|| < £/2 and a finite sum representation x’ = >, v} ® w/

with v} € V and w} € W. We set o
Crmase := max {[|vlly, wlly : 1 < i <n},
and choose ¢ so small that
nCY (2Cmax +9) < e/2
with C being the equally named constant from (4.14). We select v; € Vp and w; €

Wo with [|[v} — v;]ly, < 6 and ||w} — w; ||, < d and setx. := Y7 | v; @ w;. Then

%' = x| =

> (W@ w) — v @ w;)
=1

n
> {w = vi) @ w] + v} @ (w] — wi) + (v — v}) @ (W] — wi>}||
=1
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-

{ll(w; = vi) @ will + llv; @ (w; — wa) || + | (vi = vj) @ (w; — wi)l[} S

414)

=1

I

< D _{C i —villy llwilly + Cllvilly [lw; = willy + Cllve = oil] flw; — will}

=1

<nCd{2Chax + 0} < /2

proves [|x — x.|| < e. O

Remark 4.35. If (V, ||-||,,) and (W, ||-||;;;) are separable (cf. Definition 4.3) and
continuity (4.14) holds, also (V @ W, ||-||) is separable.

Proof. Let {v; : i« € N} and {w; : j € N} be dense subsets of V and W,
respectively. The set E := {v; ® w; : i,j € N} C V ®, W is again countable.
By continuity of ®, the closure E contains all elementary tensors v @ w € V @, W.
Let B := span{E} be the set of finite linear combinations of v; ® w; € E. The
previous result shows V&) /W D B D V®,W, which proves B = Ve Ww. O

4.2.3 Examples

Example 4.36 (("). Let V' := (¢*(I),[|*lpp(py) and W := (¢7(J), |||l s )) for
1<p< oo and for some finite or countable / and J. Then the tensor product of
the vectors @ = (ay),e; € P(1) and b = (by),,o, € ¢¥(J) may be considered
as the (infinite) matrix @ ® b =: ¢ = (cyu)ver,ues With entries ¢, == a,b,.
Any elementary tensor a ® b belongs to® ¢P(I x J), and ||- ll¢» (1 7y is @ crossnorm:

Proof. For p < 00, (4.15) follows from

la® bH;ZP([xJ) = Z Z |a,b,l” = Z Z |ay[” [b|”

vel pneJ vel ped
p
= (D10 ) (X 18ul”) = (Nallengry 16len ) )
vel pned
For p = o0, use [yl = |avbu| = |au||bu| < [lallpee(ry 0]l g5y to show that

lla @ bllgoo (1.5 < Nlallgoc gy [[bllgoc (7 For the reverse inequality use that there are

indices v* and p* with |a,-[ = (1 =€) [|a| e ;) and [by=| = (1 =€) 0]l o (y- O

Since linear combinations of finitely many elementary tensors again belong to
P(I x J), we obtain £P(I) @, ¢P(J) C (I x .J). Hence, the completion with
respect t0 ||-[|4 (7 7 yields a Banach tensor space £7(1) @, £P(J) C (P(I x J).
The next statement shows that, except for p = co, even equality holds.

8 Note that I x J is again countable.
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Remark 4.37. (P(I) ® ¢P(J) = ¢P(I x J) holds for 1 < p < 0.
P

Proof. Let 1 < p < oo. It is sufficient to show that ¢7(I) ®, ¢P(J) is dense in
¢P(I x J). Let i, and j, (v, € N) be any enumerations of the index sets I
and J, respectively. Note that ¢ € ¢7(I x J) has entries indexed by (¢,j) € I x J.
Then for each ¢ € ¢P(I x J) , Jim. > leijul? = llellto(r sy holds. Define
™ e P(I x J) by l<yusn

(n)  _ ) Gy forl <w,p<mn,
(M 0 otherwise.

The previous limit expresses that ¢(") — ¢ as n— oo. Let e/, € 7(I) and e;, € (*(J)
be the unit vectors (cf. (2.2)). Then the identity ) = Zlgu, u<n ci:l))ju elI, & ei
shows that ¢(™ € (P(I) ®, ¢P(J). Since ¢ = limc(™ € ¢P(I x J) is an arbitrary
element, /7 (1) ®, ¢P(J) is dense in P (I x J). O

For p = oo we consider the proper subspace co(I) & £°°(I) endowed with the
same norm |||y (7 (cf. (4.4)). The previous proof idea can be used to show

Co(I) g Co(J) = Co(I X J)

Next, we consider the particular case of p = 2,i.e., V := ((*(I), [|{|s2(;)) and
W = (£2(J), [[Il¢2(.s)) for some finite or countable I and J. Again, ¢ := a ® b
with a € ¢*(I) and b € ¢*(J) as well as any linear combination from V ®, W may
be considered as a (possibly) infinite matrix ¢ = (¢,,,) Theorem 4.114 will

vel,uelJ:
provide an infinite singular value decomposition of ¢ :

—OO a0 . withoy > 02 > ... >0
° ; 71 v i and orthonormal systems {v; } and {w;}. (4.16)

Algebraic tensors v = Z?:l x; ®y; lead to o; = 0 for all ¢+ > n. Therefore, the
sequence 0 := (0;);cy belongs to £o(N). Only for topological tensors sequences
(04);¢y With infinitely many nonzero entries can appear.

Definition 4.38 (Schatten norms). If the singular values o = (al,)ioz1 of ¢ from
(4.16) have a finite (7 norm ||| ,, we set

oo

1/p
lellgyp,p = lloll, = <Z |a,,|P> for1 < p < oco. 4.17)

v=1
As already seen in (4.15), ||| 2(1x.7y 18 @ crossnorm. The next example shows
that there is more than one crossnorm.

Example 4.39. Consider Example 4.36 for p = 2, i.e., V := (£*(I), [[[l¢2(r)) and
W= (02(J), [ll¢z(s))- For any 1 < p < oo, the Schatten’ norm [lsvp,, is @

9 Brief remarks about Robert Schatten including his publication list can be found in [139, p. 138].
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crossnormon V ®,W:
la @ bllgyp,, = lall bl foracl®(I), be?(J), 1<p<oco. (4.18)

As a consequence, ® : V x W — V ®syp,, W is continuous for all 1 < p < oo.
In particular, ||-(|gyp » = [|*[l2(7 .7 holds.

Proof. The rank-1 matrix ¢ := a ® b has the singular values o1 = ||alls (1 [|b]lp2( )

and o; = 0 for ¢ > 2. Since the sequence o := (o;) has at most one nonzero
entry, |||, = o1 holds forall 1 < p < oo and implies (4.18). Concerning the last
statement compare (2.19c). O

Example 4.40. (a) Let V = C(I) and W = C(J) be the spaces of continuous
functions on some domains I and J with supremum norms |||y, = [|-||(;, and
[y = [I"ll 7y (cf. Example 4.8). Then the norm

Ml = oy oV @0 W = C(I) 84 C(J)

satisfies the crossnorm property (4.13).
(b) If I and J are compact sets, the completion of V' ®, W with respect to ||-|| ., =

||'||c(1xJ) yields
C()® C(J) = O x J). (4.19)

(c) Also for V. = LP(I) and W = LP(J) (1 < p < o0), the crossnorm property
(4.13) and the following identity hold:

LP(I) @ LP(J) = LP(I x J) forl <p < .
P
Proof. 1) For Part (a), one proves (4.13) as in Example 4.36.

2) Obviously, polynomials in C(I x J) belong to C(I) ®, C(J). Since I and J
and, therefore, also I x J are compact, the Stone-Weierstral Theorem (cf. Yosida
[198]) states that polynomials are dense in C'(I x J). This implies that C(I)®,C(J)
is dense in C'( x J) and (4.19) follows.

3) In the case of L”, one may replace polynomials by step functions. a

An obvious generalisation of L? is the Sobolev space
0

H'P(D) := {fELp(D):8—f€L”(D)for1§j§d} for D ¢ R?
Ty

with the norm

d
1fll1p = WDy = <|If|§ +y
j=1

a5
8£Cj

p\ /P
) forl < p < o0.
P
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Let I, I be intervals. Then the algebraic tensor space H?(I;) ®, H*?(I3) is a
dense subset of H?(I; x I5). Hence, the completion with respect to ||-|| 1., (ix12)
yields

HYP(I; x I) = H"P(I) ®1,, H"P(I5). (4.20)

Example 4.41 (H ). The tensor space (H (11 X o), ||| g11.0 (1,1,) from (4.20)

for'® 1 < p < oo satisfies the continuity inequality (4.14) with C' = 1, but the norm
is not a crossnorm.

Proof. For f = g® h, ie., f(x,y) = g(x)h(y), we have
9 @ Al (1, x 1) = ally 11 + 19" 1AM + gl 121, < lgllf , 1AIT, .
where equality holds if and only if ||¢'[|,, [|2'|,, = 0. O
For later use we introduce the anisotropic Sobolev space
HYOP(I) 5 L) = {f € LP(I; x Iy) : Of /dxy € LP(I} x 1)}

with the norm

f 1/p
000 = W oncny = (17 + |22 ]0) o1 <<

In this case, |9 ® hll5c0mir )y = N9l IRIG + 19I5 1215 = llgll¥, IRl
proves the following result.

Example 4.42. Let 1 < p < co. The tensor space

(HOO (L % B o xry ) = H2 (1) 9,0, L7 (12)

satisfies (4.13),1.e., ||| ;.00 (1, x 1) 18 @ crossnorm.

4.2.4 Projective Norm ||'||/\(V,W)

Let ||-||, and ||-||, be two norms on V' ®, W and denote the corresponding com-
pletions by V' ®; W and V ®, W. If ||-||; < |||l,, we have already stated that
Vo1 W DV ®ey W (cf. Remark 4.2).

If the mapping (v, w) — v ® w is continuous with respect to the three norms
-1y s Il s [Nl of Vo W, V' ®o W, then it is also continuous for any weaker
norm ||-||; of V&, W. For a proof combine ||v ® w||, < C HvHVHwHW from (4.14)
with [|-][; < C”"||-||, to obtain boundedness |[v ® wl|, < C" ||[v|y, ||w]ly;, with the

constant C" := CC".

1% To include p = oo, define ||f||, . := max{[|f]l , 10f/0z1 , [0 /02| .. }-
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On the other hand, if ||-||; is stronger than |-||,, continuity may fail. Therefore,
one may ask for the strongest possible norm still ensuring continuity. Note that the
strongest possible norm yields the smallest possible Banach tensor space containing
V ®, W (with continuous ®). Since < is only a semi-ordering of the norms, it is not
trivial that there exists indeed a strongest norm. The answer is given in the following
exercise.

Exercise 4.43. Let NV be the set of all norms avon V' ®, W satisfying (v ® w) <
Co llv||ly |lw|ly (v € V, w € W). Replacing a by the equivalent norm a/C,,
we obtain the set N/ C N of norms with a(v ® w) < ||v| |lwl|y; . Define
x| :=sup{a(x) : « € N'} for x € V ®, W and show that ||-|| € N satisfies
a < ||| forall a € N.

The norm defined next will be the candidate for the strongest possible norm.

Definition 4.44 (projective norm). The normed spaces (V, [|-||\,) and (W, [|-||y;,)

induce the projective norm'" ||| , -y = [|-ll , on V' @, W defined by
1%l Aqv,wy = [l “.21)
—1nf{Z”vl|V”wZ|WX_Zv1®wl} fOI'XEV@aW.
i=1 i=1

Completion of V' ®, W with respect to |[-[| , (11, defines the Banach tensor space

Vew, | )
( @A@ I ”/\(V,W)

Note that the infimum in (4.21) is taken over all representations of x.
Lemma 4.45. ||-[| , (1 yy-) is not only a norm, but also a crossnorm.

Proof. 1) The first and third norm axioms from (4.1) are trivial. For the proof
of the triangle inequality ||x" + x"||, < [x'[|, + [[x"||, choose any ¢ > 0. By

definition of the inﬁmum in (4.21), there are representations x' = > 1, v} ® w]

andx” = 3> v/ @ w’ with

’ "
n

9 9
[villy llwilly < %[, + 5 and o7l Ny < 1[4 + 5-
2 2
=1 =1

A possible representation of x = x’' + x" is x = ZZ LV @ w; + Zl L v @wy
Hence, a bound of the infimum involved in ||x||  is

x|, < Z 0511y Nl + Z 1/ ! < 1500+ 157 + .
=1

1" Grothendieck [80] introduced the notations ||-|| . for the projective norm and ||-||,, for the
injective norm from §4.2.7. The older notations by Schatten [167] are () for [||| , (v 1) and

A Tor 1y gy -
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Since € > 0 is arbitrary, ||x[[, < [x'||, + [|x"||, follows. It remains to prove
x||, > 0 for x # 0. In §4.2.7 we shall introduce another norm ||x||,, for which
[x|l, < ||x[/, will be shown in Lemma 4.56. Hence, the norm property of ||-||,
proves that x # 0 implies 0 < [|x||,, < [|x][ , -

2) Definition (4.21) implies the inequality |[v ®@ w]| . < [[v]ly, [|w]] -

3) For the reverse inequality consider any representation v @ w = Y | v; ® w.
By Theorem 4.15 there is a continuous functional A € V* with A(v) = ||v||;, and
| Ally,« < 1. The latter estimate implies |A (v;)| < |lv;||y,. Applying A to the first
componentin v ® w = Z?:l v; ® w;, we conclude that

lollyw =" Alvi)w;
i=1

(cf. Remark 3.54). The triangle inequality of [|-||y;, yields

n n
olly, llwlly < D 1A Hwilly < D lloilly lwillyy
i=1 i=1
The infimum over all representations yields ||v||,, [|wl, < [lv @ w]|, . O

Proposition 4.46. Given (V, ||-||,,) and (W, ||-||y/), the norm (4.21) is the strongest
one ensuring continuity of (v,w) — v @ w. More precisely, if some norm ||||
satisfies (4.14) with a constant C, then ||-|| < C'||-|| . holds with the same constant.

Proof. Let ||-|| be anorm on V ®, W such that (v, w) — v ® w is continuous. Then
(4.14), ie., v w| < Clv|y||w|y holds. Let x =31 v; ® w; € V@, W.
The triangle inequality yields [x|| < >, [Jv; ® w;||. Together with (4.14),
x| < O ||villy [|willyy follows. Taking the infimum over all representations
x =", v;Qu, ||x|]| < C|x|, follows, ie., ||-|| , is stronger than ||-||. Since |-||
is arbitrary under the continuity side condition, ||-|| , is the strongest norm. O

The property of ||-|| , as the strongest possible norm ensuring continuity justifies
calling [|-|| (v, a canonical norm of V'@, W induced by |[-[|;, and [|-||;;-. The
completion V' @, W with respect to [|-||, is the smallest one. Any other norm ||-||
with (4.14) leads to a larger Banach space V' @ W.

4.2.5 Examples

Example 4.47 (¢'). Consider V = (£' (1), ||| 2 (1)) and W = (€' (), |-l 1)) for
some finite or countable sets I and J (cf. Example 4.36). The projective norm and
the resulting Banach tensor space are

I-lacv,wy = Iller(rx sy and CHI) @ 01 (T) = £H(I x J).

AN
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Proof. 1) c € V®,W C ¢}(I x J)has entries ¢, forv € I and p1 € J. A possible

representation of c is
o= e ol
vel ped

with unit vectors e%}') and e(v’;) (cf. (2.2)). By ||e§}j)|\gl(1) = ||8§/€-)||g1(]) = 1 and the
definition of |[-[| ; (v y) , we obtain the inequality

lellnqvimy < D2 D leval = lleller 1y
vel ped

2) H~||€1(IXJ) is a crossnorm (cf. (4.15)), i.e., (4.14) holds with C' = 1. Hence
Proposition 4.46 shows [[c[[41 (7 7y < llc|| (v,u)- Together with the previous part,

||'||A(V)W) = H'||41(IXJ) follows.
3) The latter identity together with Remark 4.37 (for p = 1) implies that the
tensor product equals £* (1) @ ¢*(J) = £*(I x J). O
A

Example 4.48 ((2). Let V= ((2(I), |||l 2 (1)) and W := (2(.J), |||l 2 ) for some
finite or countable sets I and J. Then

I ||/\(VW) [-lsvp,1 (cf. (4.17) for [|-[lgyp ,)-

Note that [||gyp 1 Z [-llsvp,2 = IIlle2 (1) for #1,#J > 1.

Proof. 1)Letc € V ®, W. Its singular value decompositionc = ) ; 0i Vi ® w; has
only finitely many nonzero singular values ;. By definition of [|-[| , .y we have

el avwy < D oi loilly lwillyy -
[villy = lwilly =1 (vi, w; orthonormal) yields [|c|| v wy <[lolly = llellgyp 1 -
2) ||-||SVD71 satisfies (4.14) with C' = 1 (cf. (4.18)), so that Proposition 4.46
implies the opposite inequality [|c[lgyp < [[¢l[5(y,w)- Together, the assertion

lellsvp,1 = llellAqv,w) is proved. 0

4.2.6 Absolutely Convergent Series

By definition, any topological tensor x € V @) W is the limit of some sequence
x() = ZZ_ (U) ® w(V) € V®,W.If, in particular, v( V) = =v; and w(V) = w; are
independent of v, the partial sums x, define the series x = Zfil v; ® w;. Below
we state that there is an absolutely convergent series x = Y .~ v; ® w;, whose
representation is almost optimal compared with the infimum ||x|| , .
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Proposition 4.49. For any € > 0 and any x € V @5 W, there is an absolutely
convergent infinite sum

X = ivi ® w; (v; €V, w; € W) (4.22a)
with Ool_l
2 luilly lwilly < (1+e) [l - (4.22b)
i=1
Proof. We abbreviate ||-|| , by |-|| and set ¢, := 5 ||x|| /2". If x = 0, nothing is to

be done. Otherwise, choose some s; € V ®, W with
[x = s1]| < e (4.23a)
Hence, ||s1]] < ||x||+¢1 follows. By definition of the norm, there is a representation
S1 = Z?:ll v; @ w; with
ni
D willy llwilly < llsll +ex < [ + 2e1. (4.23b)
i=1

Set d; := x — s1 and approximate d; by sy € V ®, W such that

no no
ldi = soll <2, 82 = D> wi@wi, Y |lvilly [willy < [ls2] +e2 < e1+2e5
1=ni1+1 1=ni1+1

(4.23¢)
(here we use ||s2|| < ||d1|| 4+ €2 and ||d1]| < e1; cf. (4.23a)). Analogously, we set
ds := d; — s5 and choose s3 and its representation such that

ns ns
ld2 — ssll < €5, 85 = D> vi®ws, > |villy [willy < llssll+e5 < ea+2es.
i1=no+1 1=no—+1

(4.23d)
By induction, using (4.23a,c,d) one obtains statement (4.22a) in the form of
X = Y028 = Y .0, v; @ w;. The estimates of the partial sums in (4.23b,c,d)
show that -2 [|vs |l [lws |l < lIx|| +3 307 160 =||x]| + £ ||x]| proving (4.22b).0

4.2.7 Duals and Injective Norm ||-|| V(V,W)

The normed spaces (V, ||-||;,) and (W, [|-||;;,) give rise to the dual spaces V* and
W* endowed with the dual norms ||-|,,.. and ||-|| ;.. described in (4.8). Consider the
tensor space V* ®, W*. Elementary tensors ¢ ® ¢ from V* ®, W* may be viewed
as linear forms on V' ®, W via the definition

(p@v) (vow) :=¢@)- Y(w) eK.
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As discussed in §3.3.2.2, any x* € V* ®, W* is a linear form on V' ®, W. Hence,
V@, W*C (Va, W) . (4.24)

Note that (V ®, W)/ is the algebraic dual, since continuity is not yet ensured.
A norm ||-|| on V ®, W leads to a dual space (V ®, W)" with a dual norm
denoted by ||-||*. We would like to have

V*@a W* C (V. W) (4.25)

instead of (4.24). Therefore the requirement on the dual norm ||-||* (and indirectly
on ||-[)isthat @ : (V*, ||-ly.) x (W=, |-lyy) = (V* ®a W*, [|-||") is continuous.
The latter property, as seen in §4.2.2, is expressed by

le@oll* < Cllglly. |¢lly.  forallp € V*andy € W (4.26)
Lemma 4.50. Inequality (4.26) implies
llvlly lwlly < Cllv@wl forallve V,we W, (4.27)

which coincides with (4.14) up to the direction of the inequality sign. Furthermore,
(4.26) implies the inclusion (4.25).

Proof. Given v @ w € V ®, W, choose ¢ and 1) according to Theorem 4.15:
elly- =9l =1and p(v) = [|v]ly , P (w) = [Jwlly . Then

Iolly ol = o)) = (e ©9) W ou)| < lp ol @ wl <
< Cllelly- [¥lhy- v @ wll = Cllv wl

proves (4.27) with the same constant C' as in (4.26). O

A similar result with a ‘wrong’ inequality sign for ||-||* is stated next.

Lemma 4.51. Let ||-|| satisfy the continuity condition (4.14) with constant C. Then
Clle @ lI" > l|@lly- 19l yy- holds for all ¢ € V* and ) € W*.

Proof. The desired inequality follows from

@) [¥w)] _ [lp@y)wow)| _ ly@d|lloew] _ Clo oo
lolly llwllw [olly lwllw = lolly lwllw @i

forall0 Zv e Vand0#we W. O

As in §4.2.2, we may ask for the strongest dual norm satisfying inequality (4.26).
As seen in Lemma 4.18, weaker norms ||-|| correspond to stronger dual norms ||-||".
Therefore, the following two questions are equivalent:

e Whichnorm ||-|| on V&, W yields the strongest dual norm ||-||* satisfying (4.26)?
e What is the weakest norm ||-|| on V' @, W such that the corresponding dual norm
[|-|" satisfies (4.26)?
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Exercise 4.52. Prove analogously to Exercise 4.43 that there exists a unique weakest
norm V ®, W satisfying (4.26).

A candidate will be defined below. Since this will be again a norm determined
only by |[|-||y, and ||-||;;/, it may also be called an induced norm.

Definition 4.53 (injective norm). Normed spaces (V/, ||-||;,) and (W, ||-||;;,) induce
the injective norm |||,y 1y on V- @, W defined by
1%l vwy = [l = sup (e @) ()] (4.28)

oEV*, llolly=1
WEW™, [[]] g+ =1

The completion of V' ®, W with respect to ||-|,, defines (V @y W, [-]|,,).

Lemma 4.54. (a) |||, v,y defined in (4.28) is a crossnorm on V @, W, i.e.,
(4.13) holds implying (4.14) and (4.27).
(b) The dual norm || ® d’”i‘/(v,w) is a crossnormon V* @, W*, ie.,

le @l wvwy = el 1¥lly.  forallpeV*,¢ e W* (4.29)
holds, implying (4.26).

Proof. 1) The norm axiom ||Ax||,, = |A|[[x]|,, and the triangle inequality are stan-
dard. To show positivity ||x]||,, >0 for 0 # x € V. ®, W, apply Lemma 3.13: x has
a representation x = y . _,v; ® w; with linearly independent v; and w;. Note that
r > 1 because of x # 0. Then there are normalised functionals ¢ € V* and ¢ € W*
with p(v1) # 0 and ¢ (w;) # 0, while p(v;) = 1 (w;) = 0 for ¢ > 2. This leads to

(@®¢)(§Ui®wi)

Hence also ||x|[|,, > |(¢ ® v) (x)] is positive.
2) Application of (4.28) to an elementary tensor v ® w yields

(@) (x)|= =lp(v1)¥(w1)]>0.

D (i)t (w)
i=1

lo@ Wy = s le@)@ow)= s |p@)[kw)
Plly-=1 llly-=1
[l gy + =1 9l e =1
= (s Je@!)( s @) = ol el
llelly«=1 9|y x =1 (4.10)

3)For 0 # ¢ ®¢ € V* @, W* introduce the normalised continuous functionals
¢ :=¢/|l¢lly. and ¥ := v/ ||Y]ly- . Then for all x € V ®, W, the inequality

(e © %) (I = lplly- Nl | (2 ® ) )|

< llelly« - sup I(¢" @) (x)] = llelly- 1Yl 11,
o' eV, ¢ lvr=1
P eEW™, |9 lwx=1
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follows. The supremum over all x € V ®, W with ||x||,, = 1 yields the dual norm
s that [l @ ¢y < [l@llv-[[¢]lw-. This is already (4.26) with C' = 1.

4)Lete > 0and ¢ ® ¥ € V*®, W™ be arbitrary. According to Remark 4.11,
there are v. € V and w. € W with [jv ||\, = ||we|y, = 1 and

lp(ve)l = (1 =e) flelly.  and  [P(we)] = (1 —e) [[¢[lyy -

Note that by (4.13) x. := v, ® w. satisfies ||x.||,, = |[ve]y [|we|ly, = 1. Hence

le @Yl = sup (@) (x)| > [(p @) (xc)| =

x|l =1

=p@v) (v @w:) = (o)l [b(we)l = (=) elly [y -

As £ > 0 is arbitrary, the reverse inequality [0 @ ¥[[5y ) > Il [[¢ ]l
follows. Together with Step 3), we have proved (4.29). a

Proposition 4.55. |[-[| = [|-||,, (v, u is the weakest norm on V- ®q W subject to the
additional condition that the dual norm ||-||* satisfies (4.26).

Proof. Let ||| be a weaker norm, i.e., ||| < C'[||[, (v~ The dual norms satisfy
15wy < ClI-II" (cf. Lemma 4.18). Choose any 0 # ¢ @ ¢ € V* @, W*.
Again, we apply Remark 4.11. Given any € > 0, there is some x. € V ®, W with

|Ixc]| =1 and
=1

P
le@p|" <(1+e) (@) (x)] < 1 +e)[[(p @Y™ [[xc]l (56)

<O+ el Wl 5, O +2) e ® i)

ie, |-]" < CII% (v,w)- Together with assumption |- 5 vy < CJl- |, equiv-
alence of both norms follows. Thus, also [|-[| and |[-[|\, .y, are equlvalent (cf.
Lemma 4.18). This proves that there is no weaker norm than ||- ”v(v.,W) O

Lemma 4.56. ||-[|,, 1) < [[l|1(v,w) holds on'V @q W.

Proof. Choose any € > 0. Let x = ZZ v; @ w; €V ®, W be some representation
with 32, [[vily, [[willy < [1%[[5(v,w) + €. Choose normalised functionals ¢ and ¢

with ]} vy < | © ) ()] + . Then

Il < |0 @9) (D2 vi@w)|+e=|3 el

<D Il (i)l +e <D lvilly lwilly + & < 1%l pw,wy + 26

+e€

As e > Ois arbitrary, |||,y 11-) < [[%]| (v,w) holds forall x € V @, W. O
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Exercise 4.57. For any ay,...,a, > 0and by,...,b, > 0 show that

. a; ap+...+ay a;
min — < ———— < max —.
1<i<n b; b1 +...+b, 1<i<n b;
So far, we have considered the norm ”X”v(v wy On V ®q W. Analogously, we
can define |||y« y-) on V* @4 W*. For the latter norm we shall establish a
connection with [|-|| .y from §4.2.4, which states that in a certain sense the

injective norm is dual to the projective norm.!?

Proposition 4.58. |||y« y-y = l[A vy 00 V* @6 W

Proof. 1) The norm ||| vy of @ € V* @, W* is bounded by

i &(x |D(>. 0 @ w;)

H¢||/\(V,W): Sup &: Sup EZ K2 K3
oxeve W XA vw)  ox=x,vewieve.w 2 [Villy [willy

- sup 2o 1P (v ® wy)| - sup 1P (v @ w)|

h 0#£x=Y,v;Qw; EVR, W Zl ||Uz||v ||wz||w Exercise 4.57 0£veV ||U||V ||w||W
0AweW

On the other hand, the elementary tensor x = v ® w appearing in the last expression
. . P>, viQuw;
is only a subset of those x used in SUPg4y—3 4, @uw, W = ||sl5||;(v)w) ,

so that || B, (v,w) must be an upper bound. Together, we arrive at

. 1P (v®w)|
|®]| = sup ———. (4.30a)
AV.W) 0#£veEV ||U||v ||w||w
FweW

2)Let =) p;®1; and set p:=>_ ¢;(w)p; € V* for some fixed w e W. Then

) . * 3k
p TGN _ @l ()
0FveV o] ovev ||Vl Lemmad19 gpecgyen U]
N ATty
0Fv** eV ** ||1)**||

Similarly, the supremum over w can be replaced by a supremum over w** :

122 i ()i (w)] (v @w™) (D)

sup —t——F——— sup  —————x for@zg i @ Y;.
ozvev |l [|w]] ozorrev= [l [l | =
0£wEW 07w EW™*

(4.30b)
3) The left-hand side of (4.30b) coincides with the right-hand side of (4.30a), since
|P (v®@w)| = |, ¢i(v)i(w)|. The right-hand side of (4.30b) is the definition of
[Pl (v« w~)- Together, ||45||;(V7W) = 12|l (v~ -y is shown. O

12 The reverse statement is not true, but nearly (see [45, §1.6]).
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Corollary 4.59. The norm ||-[| ; v,y satisfies not only (4.26), but also

le @Yl = el [l forallg € V€ W*  (cf. (4.29).

Proof. This is the crossnorm property for ||| y. yyrey = [y stated in
Lemma 4.54. O

According to Remark 3.54, we consider V* C V"’ as a subspace of L(V ®, W, W)
viap € V' = (X v 0w) = Y 0wi®w) = Y, ¢(v;)w; € W. The
crucial question is, whether the map x +— ¢(x) is continuous, i.e., whether
V* C L(V @ W,W). The supposition [|-[| Z |||,y of the next proposition
is satisfied for all reasonable crossnorms (cf. §4.2.9 and Proposition 4.55).

Proposition 4.60. If V' ®, W is equipped with a norm ||| 2 |[-[l\, v the
embedding V* C L(V ®, W, W) is valid. In particular,

o)l < llellv- Il vmw) forallp e V:andx € V@, W. (4.31)

An analogous result holds for W* C L(V @, W, V).

Proof. Forw := ¢(x) € W choose ¢» € W* with ¢)(w) = ||wl|y;, and |||}, =1
(cf. Theorem 4.15). Then

1/’(21 eﬁ(vi)wz‘)

= (e @¥) (®)| < lle @ VIS wwy 1%y v,

leGllw = Wit o=
= |3, elww(w)

= llelly- 18l 1%l v,y = ll#l

(4?9)

v XHv(V,W)

proves (4.31). O

Corollary 4.61. Let V and W be two Banach spaces, where either V' or W are finite
dimensional. Equip V ®, W with anorm [|-|| 2 [|-||\, (v, - Then V'@, W is already
complete.

Proof. Let dim(V) = n and choose a basis {v1,...,v,} of V. Then it is easy
to see that all tensors from V' ®, W may be written as Z?:l v; ® w; with some
w; € W. Let x, = Z?:l v; ® wf € V ®, W be a Cauchy sequence. V* has
a dual basis {¢1,...,pn} with ¢, (v,) = d,, (cf. (2.1)). The embedding V* C
L (V @, W, W) discussed above, yields ¢;(x;) = w¥. Since, by Proposition 4.60,
@i © X — w} is continuous, also (w}’), _ is a Cauchy sequence. Since W' is a
Banach space, wf — ; € W proves lim x;, = Z?:l piRY eV R, W. O

Exercise 4.62. Let U C V be a closed subspace. Show that the norm ||| =
[[Ilv/(,w) (involving functionals ¢ € U*) and the restriction of [|-|| = [|-[|\, (v, to
U @ W (involving ¢ € V*) lead to the same closed subspace U @), W.
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4.2.8 Examples

Again, we consider the spaces ¢?(I) and ¢P(J). To simplify the reasoning, we first
restrict the analysis to finite index sets I = J = {1,...,n}. The duals of ¢7(I)
and (7(J) for 1 < p < oo are £4(I) and £4(J) with & + 1 = 1 (cf. Example 4.22).
Let o € (9(1) and v € ¢9(J). The definition of ||-||,, makes use of (¢ ® 1) (x),
where for x = v ® w the definition (¢ ® ¥) (v ® w) = ¢(v) - ¥ (w) holds. The
interpretation of ¢(v) for a vector v € ¢P(I) and a (dual) vector ¢ € (9(I) is
©(v) := ¢ v. Similarly, 1 (w) = 1 Tw. Elements from ¢?(I) @ (P(J) = (P(I x J)
are standard n x n matrices, which we shall denote by M. We recall that v ® w
(v € P(I), w € £P(J)) corresponds to the matrix vw . Hence, with M = vwT, the
definition of (¢ ® 1) (v ® w) becomes ¢ M) € K. This leads to the interpretation
Of [[xl 13y in (4.28) by

e™y|
HM” I3 P = sup MU)*SUP .
) ||w||q:||w||q:1‘ = s, llell, T2,

Remark 4.63. (a) Let 1 <p< oo and assume #/ > 1 and #J > 1. Then inequality
Il er(ry,e0(7y) < I¥llen (1 5y holds, but the corresponding equality is not valid.

(b) For p = 2, | ”V(lz(l)yfz(( = HSVD,OO # || ||sVD,2 = ng(IXJ) holds with
Illsyp., defined in (4.17).

Proof. To prove |||l (1y,er (1)) 7 Illen(rx.7)» choose M = [i _11} for the case'?

I = J = {1,2}. For instance for p = 1, || M|[;1(; 5, = 4, while an elementary
analysis of HJwWIL shows that || M|\, 41 (1), e1(7y) = 2- 0

In the case of the projective norm |||, s (1) ¢r(sy) from §4.2.4, we have seen
in §4.2.5 that the norms |||, ¢ (1) ¢r(7y) @04 [|*[l¢o (7 7y coincide for p = 1. Now,
coincidence happens for p = oo

Remark 4.64. |||\, o (1) r (1)) = ||'H£°°(I><J)'

Proof. Choose unit vectors e\ € (1), e¥) € £1(.J). Then( NTare?) = M,
and ||} ][, = [[e]l; = 1 show that |(e} )TMef|/(||e Nilleh) = [ My and
lTM )|

1My goo(1y.000(syy = SUP sup
VeI e= () = (e (1))* 0wpee= ()" |ella 1Yl

A subset of (£°°(I))" is £*(I). The particular choice of the unit vectors egi) (el
and e(J (j € J)yields . _
() Me)|

sup D |Mijl = | M
ier et e e ierges 4 e Ixd):

Ml g (1) 00 (1)) 2=

13 This 2 x 2 example can be embedded in any model with #1, #.J > 2.
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On the other hand, for all 7 € I we have

() = |3 Migws| < (suplMil ) 2151 < DMl 1 101
J J

implying Ml < M|l gy 111y - Fimally, ™M < [liplly [|M]l
proves the reverse inequality || M ||\, poc (1) 0 (1)) < 1M [|goo (1.1 0

Among the function spaces, C'(I) is of interest, since again the supremum norm
||| is involved.

Remark 4.65. Let V' = (C (1), |[-[|¢()) and W = (C(J), ||l ¢(s)) With certain
domains [ and J (cf. Example 4.8). Then
v ey,ewn = lHleax -

Proof. 1) Let f(-,-) € C(I x J). The duals C(I)* and C(J)* contain the delta
functionals d,, 0, (z € I,y € J) with H(SIHC(I)* =1 (cf. (4.11)). Hence,

vem e = S Tellom- Tllee-

> swp [(5.©0,) fl= s @)l = Iflog -
zel,yed zel,yed

2) For the reverse inequality, consider the function f, := f(-,y) for fixed y € J.
Then f,, € C'(I) has the norm nyHC(I) < | flle(rx . forally € J. Application of

o yields g(y) := ¢(fy) and |g(y)| = le(fy)| < lllcry 1fllorx. forally € J;
hence, HgHC(J) < H‘PHC(J)* f||C(]><J) :

Application of ¢ to g gives |(p @) f| = [¢(9)] < [¥llcn-l9llewy <
”fHC(IXJ) ||‘P||C(I)* 1/’HC(J)* implying ||fH\/(C(I)7C(J)) < Hf”c(li) : O

4.2.9 Reasonable Crossnorms

Now, we combine the inequalities (4.14) and (4.26) (with C' = 1), i.e., we require,
simultaneously, continuity of @ : (V, ||-||y,) x (W, ||‘[ly) = (V ®q W, ||||) and
@ (V¥ || ly) x W [ ]lpe) = (VF @ W, ||-|). Note that ||-||* is the dual
norm of [|-||.

Definition 4.66. A norm ||-|| on V ®, W is a reasonable crossnorm,'* if ||-|| satisfies

lv@w| < vl [|wly forallv € Vandw € W, (4.32a)
e @wII"< lllly. 19y forall p € V* and tp € W*. (4.32b)

14 Also the name ‘dualisable crossnorm’ has been used (cf. [172]). Schatten [167] used the term
‘crossnorm whose associate is a crossnorm’ (‘associate norm’ means dual norm).
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Lemma 4.67. If ||-|| is a reasonable crossnorm, then (4.32¢,d) holds:

lv@wl = vy |lwlly forallv eV andw € W, (4.32¢)
e ® DI" = llellyw 19y forall p € V* andp € W*. (4.324d)

Proof. 1) Note that (4.32b) is (4.26) with C' = 1. By Lemma 4.50, inequality (4.27)
holds with C' = 1, i.e., [[v @ w|| > [[v||;, ||w]|y; - Together with (4.32a) we obtain
(4.320¢).

2) Similarly, (4.32a) is (4.14) with C' = 1. Lemma 4.51 proves ||p ® o||* >
llelly« |¥]] -« so that, together with (4.32b), identity (4.32d) follows. O

V*

By the previous lemma, an equivalent definition of a reasonable crossnorm |||
is: ||| and [|-]|* are crossnorms.

Lemma 4.45, Corollary 4.59, and Lemma 4.54 prove that the norms |[-[| , 1y,
and ”'”\/(V.W) are particular reasonable crossnorms. Furthermore, Lemma 4.56,
together with Propositions 4.46 and 4.55, shows the next statement.

Proposition 4.68. |-||,, i vy is the weakest and ||-|| , (v ) is the strongest reason-
able crossnorm, i.e., any reasonable crossnorm ||-|| satisfies

Flvewwy S TS Ay - (4.33)

Proposition 4.69. If ||-|| is a reasonable crossnorm on V@ W, then also |-||* is a
reasonable crossnorm on V* @ W*.

Proof. 1) We have to show that ||-||* satisfies (4.32a,b) with ||-||, V, W replaced by
|-II", V*, W*. The reformulated inequality (4.32a) is (4.32b). Hence, this condition
is satisfied by assumption. It remains to show the reformulated version of (4.32b):

lo™ @ w™ [ < o™

v [0 [pes forall o™ € V7 w™ € W**. (4.34a)

2) By Proposition 4.68, [|-[|\, v vy < |||l < [|lls(v,w) is valid. Applying Lemma
4.18 twice, we see that |||y vy < 1[I < [|-[ X w) holds for the bidual norm;
in particular,

Proposition 4.58 states that ||-H;(VW) = [l"ll (v« ,wr+)> which implies
Tcv,wry = TR e wey - (4.34c)

Since |||\, (v~ -y is a reasonable crossnorm on V* @ W* (cf. Proposition 4.68), it
satisfies the corresponding inequality (4.32b):

0% @ W™ |5y < 07 [y 0™ e forall o™ € V5, w™ € W,
(4.34d)

Now, the equations (4.34b-d) prove (4.34a). a
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4.2.10 Examples and Counterexamples

Example 4.70 (¢?). Let V' = ¢?(I) and W = ¢2(J) for finite or countable index
sets I, J with norms ||-[| 27y and [|-||2( ;- Then all norms [|-[|gyp, , for 1 < p < o0

are reasonable crossnorms on £%(I) ®, ¢2(.J). In particular,
||'||v(é2(1),é2(J)) = H'HSVD,OO < ||.||SVD7p < ”'HSVD,q
< H'”SVDJ = ||’|‘/\(€OO(I)7€QO(J)) forall p > q.
Example 4.71 (¢7). ||| ;5 (7 is a reasonable crossnorm for 1 < p < oo.

Proof. (4.15) proves that ||- ”ZP(IXJ) satisfies (4.32a). The same statement (4.15) for
p replaced by ¢ (defined by & + 2 = 1) shows (4.32b). 0

The next example can be shown analogously.

Example 4.72 (L?). Let V = LP(I) and W = LP(J) for intervals I and J. Then
[l o (7.7) is a reasonable norm on V- @, W = LP(I x J) for 1 < p < oc.

For the next example we recall that
— !/
1 sy = max {17 @) |7 @)}

is the norm of continuously differentiable functions in one variable x € I C R. The
name ||-||; ..., of the following norm is derived from the mixed derivative involved.

Example 4.73. Let I and J be compact intervals in R and set V = (C*(1), [|-|| ;1 ()
W = (C*J), |l o2 (.))- For the tensor space V@, W we introduce the mixed norm

lellea, (xa) = 1€l mix (4.35)
_ dp(z,y) | |9¢(z,y)| |0*e(z,y)
o (m,%l??w {M(I’ vl ox || Oy || Ox0y '

Then, [|-||, ,,;y is a reasonable crossnorm.
:

Proof. ||f ®g||c!1m(1xJ) < | fllercry lgller sy is easy to verify. The proof of
(4.32b) uses similar ideas as those from the proof of Remark 4.65. O

However, the standard norm for C1 (I x J) is

a%w(:c,y)‘ : }a%w(x, y)}} :

As Mlerrwgy < IHller (1<) inequality [|f @ gl gy < 1fller i M9l
proves (4.32a). However, the second inequality (4.32b) characterising a reason-
able crossnorm cannot be satisfied. For a counterexample, choose the continuous
functionals &;, € V* (29 € I) and 0, € V* (yo € J) defined by 07, (f) = —f'(z0)

Ieleren =, max {lotul
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and 0, (9) =—g'(yo). Then (&}, ®6,, ) (f®g) = f'(z0)g' (yo) cannot be bounded
by [|f®gllc1 (1« since the term |%Zy<p(x,y)| from (4.35) is missing. For the
treatment of this situation we refer to §4.3.6.

An analogous situation happens for H?(I x J) = HY(I) @1, H"?(J)
from Example 4.41. As mentioned in Example 4.41, [|-|| ;1.5 (7 7) i no crossnorm.
Furthermore, it does not satisfy (4.26). On the other hand, H, i{&([ x J) allows the
crossnorm (|| £} + 10 /0, + 10.f /0ylly + (|0 f /o dy][) /.

The anisotropic Sobolev space HOP(I} x I) = HYP(I}) ®( ), LP(I2)
is introduced in Example 4.42.

Remark 4.74. The norm [|-{|; oy, = |-l goyo (s, x1p) 00 HEOP(I1 X o) is a
reasonable crossnorm for 1 < p < oo.

Proof. As already stated in Example 4.42, the norm satisfies (4.32c). It remains to
prove (4.32b). The functionals p € V* := (H'P(I;))* and ¢y € W* := LP(I,)*
may be normalised: |||\ = [[¢|ly» = 1. Then || ® 1||" < 1 is to be proved.
By definition of ||-||", it is sufficient to show

e @0 (N < Ifllay, forall f € HMOP(I x Iy).

Next, we may restrict f € H(M9P(I; x I) to the dense subset f € C™°(I; x I,).
As stated in Example 4.22b, the dual space W* can be identified with L4(15), i.e.,
¢ € L(I2) and [|¢]|, = 1. Application of ¢ € W* to f yield the following
function of z € I:
F(z) == [ f(z,y)¥(y)dy € C>(1).
I
The functional ¢ € V'* acts with respect to the z-variable:

(p@Y) (f) = o(F) = /1 e f(y)]v(y)dy.
For a fixed y € I, the estimate [¢ [f(-,9)]| < [lellv- If ), = 1FC v,
implies that

(e ® ) (f)] < / 179l (y)dy

1/p 1/q
< ( ||f<-,y>||€,pdy) ( |w<y>|Qdy) — ol ¢ [ 1FCwIE, dy
I Iz N~~~ Iy

- \// ([ v+ |5 :

Although the solution of elliptic partial differential equations is usually a
function of the standard Sobolev spaces and not of mixed spaces like H.?" | there
are important exceptions. As proved by Yserentant [199], the solutions of the
electronic Schrodinger equation have mixed regularity because of the additional
Pauli principle (i.e., the solutions must be antisymmetric).

P
dx) dy = I/ll 1.0y, - .
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4.2.11 Reflexivity

Let ||-|| be a crossnorm norm on V ®, W. The dual space of V @y W or'> V @, W
is (Vo W)* From (4.25) we derive that

ViR~ W* C (V -1 W)* (4.36)

Lemma 4.75. Assume that V @ W is equipped with a reasonable crossnorm ||-||
and is reflexive. Then the identity

Ve W= (Ve W) (4.37)
holds. Furthermore, the spaces V and W are reflexive.

Proof. 1) For an indirect proof assume that (4.37) is not valid. Then there is some
¢ € (Ve W)* withg ¢ V*®. - W*. By Hahn-Banach there is some bidual ¢ €
(V@ W)** such that &(¢) #0, while &(w) =0 forallw € V*®). - W*. Because
of reflexivity, #(¢) has a representation as ¢(xg) for some 0 # z¢ € V@) W. As
0 # g implies [|za |, (.- > 0, there is some w = ® ¢ € V* ®, W* such that
|w(zg)| > 0. This is in contradiction to 0 = P(w) =w(zg) forall w € V* ®@, W*.
Hence, identity (4.37) must hold.
2) The statement analogous to (4.36) for the dual spaces is

&y VO W) =V W,
implying V** C V and W** C W. Together with the general property V' C V**
and W C W**, we obtain reflexivity of V and . ad

V@ W C (VE @ W)

The last lemma shows that reflexivity of the Banach spaces V' and W is necessary
for V@) W to be reflexive. One might expect that reflexivity of V' and W is also
sufficient, i.e., the tensor product of reflexive spaces is again reflexive. This is wrong
as the next example shows (for a proof see Schatten [167, p. 139]; note that the
Banach spaces ¢P(N) are reflexive for 1 < p < 00).

Example 4.76. (?(N) ® ¢4(N) for 1 < p < oo and 1% + % = 1 is non-reflexive.
\Y%

4.2.12 Uniform Crossnorms

Let (V ®, W, ||-||) be a tensor space with crossnorm ||-|| and consider operators
A€ L(V,V)and B € L(W,W) with operator norms || Al|,,,_,, and || B|| .y -
As discussed in §3.3.2.1, A ® B is defined on elementary tensors v ® w via

(A® B) (vew) = (Av) @ (Bw) € V@, W.

15 A Banach space X and any dense subspace Xo C X yield the same dual space X * = X{.
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While A ® B is well-defined on finite linear combinations from V ®, W, the
question is, whether A ® B : V @, W — V ®, W is (uniformly) bounded,
ie, A® B € LIV ®, W,V ®, W). In the positive case, A ® B also belongs
to L(V @y W,V @ W). For elementary tensors, the estimate

(A® B) (v w)| = [[(Av) @ (Bw)]| = ||Av| || Bw]| (4.38)

< HA”VeV HBHWeW ||UHV ”w”W = HA”VeV HB”WeW v @ wl

follows by the crossnorm property. However, this inequality does not automatically
extend to general tensors from V' ®, W. Instead, the desired estimate is subject of
the next definition (cf. [167]).

Definition 4.77. A crossnorm on V' ®, W is called uniform, if A ® B belongs to
LV ®q W,V ®, W) with the operator norm

I1A® Bllyg,weve,w < 1Allv oy 1Bllwcw - (4.39)

Taking the supremum over all v ® w with ||v ® w|| = 1, one concludes from
(4.38) that [[A® Bllyg w.ve,w = Al v IBllyw - Therefore, one may
replace inequality (4.39) by

[A® Blvg,weve.w = 1Alv v 1Bl w -

Proposition 4.78. ||-[| \ 1) and |||\, (v, w) are uniform crossnorms.

Proof 1)Letx =) v, Qw; € V@, Wand A e L(V,V),Be L(W,W). Then

1A ® B) ()l nvawy=|| D, (Avi) @ (Buy) < HAvily [ Buwilly
% ANV, W) %
< NAllvey 1Bllwcw Y, Mwilly lwillw

holds for all representations x = >, v; ® w;. The infimum over all representations
yields
1(A® B) ()l rcv,wy < 1ALy v 1Bl —w 1%l A vwy »
i.e., (4.39) holds for (V @, W, -l Acvw ).
2)Letx =), v; ®w; € V ®, W and note that

[(p©¢) (A® B)x)|

(A ® B)x]|| = sup
v(v.w) 0#£pEV*,0£pEW * ||80|v* 1/)||W*
L Deen v e @)
0#£@EV*,04pEW * ||90|V* ¢||W*
Av; Bw;
L e [Sietan) wBu)
0#peV* ,0£peW* HSD|V* Q/JHW*
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By Definition 4.20, A* € L(V*,V*) and B* € L(W™*, W™) satisfy

’Zl P(Av;) - p(Bw;)

= >, (@) i) (B) (w)

=[((A%p) @ (B™)) (x)] -
We continue:
A* B*
(Ao Bl = ap  (APOBWIE
’ orpevozpews 1@l Yl
s 14l B Ul [(A%0) 8 (B9) (9]
oze 02w el ¥l 1A%@lly- [[B*¥lly -

By Lemma 4.21, the inequalities ”ﬁ;ﬂ‘:* < 1A%y v = Al and
B* * % .
b < 1 B*)lyy - = 1Blly oy hold, while

(e o B

(Al 1Bl =

Together, ||(A ® B)X||v(V,W) < NAlly v IBllwew HX”V(V,W) proves that also
”'”v(v W) is uniform. -

By definition, a uniform crossnorm is a crossnorm. As shown in Simon [172], it
is also a reasonable crossnorm.

Lemma 4.79. A uniform crossnorm is a reasonable crossnorm.

Proof. Let p € V* and ¢ € W* and choose some 0 = v € Vand 0 # w € W.
Define the operator & € L(V,V) by & = vy (i.e., D(x) = ¢(z) - v) and, similarly,
v e L(W,W) by ¥ := wy. The identities [P, ,, = |v[l [l¢ll;+ and
11l —w = llwlly 9]y~ are valid as well as

(PeV)(x)=((¢@¢) (%)) (vw) forallx e X: =V @, W.

The crossnorm property yields

(2 @) (x)|| = [(p@¥) )| vew] =[¢ey) @vly [wly

while the uniform crossnorm property allows the estimate

(e @9) () [olly wlly = (2@ ) ()| <191y v [lww X

= [lolly el llwllw 191l

v x|

Dividing by [[v]ly [[wlly, # 0, we obtain |(¢ ® ¢) (X)| < [llly. [[¢llyy- [Ix]| for
all x € X. Hence, ||-|| is a reasonable crossnorm. O
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Proposition 4.80. Suppose that the Banach spaces V. and W are reflexive. If ||-||
is a uniform crossnorm on V@, W, then also ||-|* is a uniform and reasonable
crossnormon V* ®, W*.

Proof. By Lemma 4.79, ||-|| is a reasonable crossnorm, while by Proposition 4.69
also ||-||* is a reasonable crossnorm. To prove uniformity, let A* € £(V*,V*) and
B* € L(W*, W*). Because of reflexivity, the adjoint operators of A* and B* are
A" =Ae L(V,V)and B € L(W,W).Forx* =, 0, @¢; € V* @, W* and
x=) ;0 ®w; €V ®, W we have

(A" ® B*) (x) ) (x)| = ’ Z Z (A%pi) (vj) - (B i) (w;)

= ’X*((A®B) (x))‘

ZZ%‘(AUJ') “i(Bwy)

<lIxFlAeB) I < Al oy 1Bl cw X

-|| uniform

« % N A*Q@B*)(x*))(x | *
From [[(4" @ B) (") = sup (S=Sampetitl < Al v l1Bllw cow 11,
NAlly v = 1A%l ye > and | By = 1B* 4+ .y~ We derive that the dual

norm ||-||" is uniform. 0

4.2.13 Nuclear and Compact Operators

Suppose that V' and W are Banach spaces and consider the tensor space V @, W*.
The inclusion
Ve, W*C LW, V)

is defined via
(v Y)(w) =yYweV  foralveV, e W* weW.

Similarly as in Proposition 3.57a, V ®, W* is interpreted as a subspace of L(W, V')
and denoted by F(W, V). Elements ¢ € F (W, V) are called finite rank operators.
We recall Definition 4.12: JIC(W, V') is the set of compact operators.

Definition 4.81. A Banach space X has the approximation property, if for any com-
pactset K C X and e >0 thereis P . € F(X, X) withsup,c || Pr e — 2|}, < €.

Proposition 4.82. (a) The completion with respect to the operator norm |||\, _y/
Jfrom (4.6a) yields

FW,V) C K(W, V).

(b) Sufficient for F(W,V) = K(W,V) is the approximation property of W*.
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Proof. @€ F(W,V')is compact since its range is finite dimensional. Part (a) follows,
because limits of compact operators are compact. For Part (b) see [139, p. 17]. O

Next, we relate the operator norm |[|-||y,,_y;, with the crossnorms of V' . W*.

Lemma 4.83. |9\, _y, < DI\ (v, ) holds for all @ € V @y W*. Reflexivity of
W implies the equality ||-||,, _w = |||

V(V,W*)*

Proof. ||P|, vy~ is the supremum of |(¢ @ w™*)(®)| over all normalised €V
and w** € W**. Replacing W** by its subspace W, we get a lower bound:

12l vwe) = sup (P @w) (D) = sup |p(P(w))|
el =llwlly =1 el =llwlly =1
= sup |[[2(w)lly = [1Plly -
lwllyw =1
If W = W**, equality follows. a

Corollary 4.84. As all reasonable crossnorms ||-|| are stronger than [|-[|,, 1y« , we

have V'@ W* C F(W,V) C K(W, V). This holds in particular for [[-[| , -+ -
The definition of nuclear operators can be found in Grothendieck [79].

Definition 4.85. N (W, V') := V @, W* is the space of nuclear operators.

If V and W are assumed to be Hilbert spaces, the infinite singular value decom-
position enables further conclusions which will be given in §4.4.3.

Exercise 4.86. Show that for Banach spaces V' and W, the dual (V @, W)" is
isomorphic to L(V, W*).

4.3 Tensor Spaces of Order d

4.3.1 Continuity, Crossnorms

In the following, ||-||; are the norms associated with the vector spaces V;, while ||-||
is the norm of the tensor space a®;l:1 V; and the Banach tensor space |. X =1V
Lemma 4.30b implies the following result.

Remark 4.87. Let (V}, |-[|;) be normed vector spaces for 1 < j < d. The d-fold
tensor product

d
®:V1><...><Vd - V1®q...Qq Vy
j=1
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is continuous, if and only if there is some constant C' such that

d

X))

d
<CI[IP);  forallv® ev; (1<j<d).

Again, we call ||-|| a crossnorm, if

d

®v(a)

j=1

d
=[] I9l;  forallv@ eV, (1<j<d) (4.40)
=1

holds for elementary tensors.
Similarly, we may consider the d-fold tensor product

d d
QR VX x Vi = Q)
j=1 j=1

of the dual spaces. We recall that the normed space (, ®?:1 V; . |I-l) has a dual
equipped with the dual norm ((, ®j Vi) - ) - We interpret o1 @ ... @ g €
a ®7 1 V;" as functional on ®7 1 Vj ,ie., as an element of (, ®;l:l V;)*, via

(P10 ...® pq) (v(l) ®...0ud >) = o1 (D) a0 @) .- (@),

Then, contmulty of ® : X VE—= g, ®?:1 V¥ is equivalent to

S CH loill; forallp; € Vi (1<j<d).
=1

d . .
A crossnorm ||-[| on ®;_, V; is called a reasonable crossnorm, if

d
= H lpsll;  forall p; € V' (1< <d). (4.41)

A crossnorm || [on V= ® 1 Vj is called uniform crossnorm, if elementary
tensors A := ® A(J ) have the operator norm

IAllyev = H APy, (A €LV 1< <d) @42
Jj=1
(we may write < instead, but equality follows, compare Definition 4.77 and the
following comment on page 119).
The proofs of Lemma 4.79 and Proposition 4.80 can easily be extended to d
factors yielding the following result.

. d .
Lemma 4.88. (a) A uniform crossnorm on ) j—1 Vj is a reasonable crossnorm.

(b) Let ||-|| be a uniform crossnorm on ® 1V with reﬂexive Banach spaces V.
Then ||-||* is a uniform and reasonable crossnorm on ® nze
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4.3.2 Recursive Definition of the Topological Tensor Space

As mentioned in §3.2.4, the algebraic tensor space V,jg:= ®?:1 V; can be con-
structed recursively by pairwise products:

X3 =V ®, Vo, X5®:=X58®, V3, ..., Vag = XJ% = X7 @, Va.

For a similar construction of the topological tensor space V := || ®?:1 Vi, we
need in addition suitable norms [|-[|, on X so that

X = X1 ®”'”xk Vi fork=2,...,dwithX; := 1}

yielding V. = X with ||-[| = ||-[[x,- In the case of a (reasonable) crossnorm, it is
natural to require that also [|-[|x, is a (reasonable) crossnorm.

The crossnorm property is not a property of ||-|| alone, but describes its relation
to the norms of the generating normed spaces. For d > 3, different situations are
possible as explained below.

Remark 4.89. There are two interpretations of the crossnorm property of ||- ka:

(i) A crossnorm on X = H'ka®?:1 V; requires
k k
®U(a) — H o@D, W9 e V),
Jj=1 X, J=1

(ii) whereas a crossnorm on X =Xy _1 Q). llx Vi requires the stronger condition
k

IIx ® v(k)||xk = Hx||Xk71 ||v(’“)|\;C forx € X;_1 andv'® € V.

If, for 2 < k < d, |||, are crossnorms in the sense of Item (ii), [|-||, is uniquely
defined by the norm ||-|| of V via

d . . .
Ixllx, = x®®j:k+l v for arbitrary v € V; with [0 ||; = 1. (4.43)

Proof. The induction starts with k = d — 1. The crossnorm property (ii) states that
Ix @ o@D = |x|Ix, , 0]l = ||xx, , for any normalised vector v(? € V;.
The cases k = d — 2, ..., 2 follow by recursion. O

Note that (4.43) requires that a crossnorm ||-||, exists in the sense of (ii). Under
the assumption that ||-|| is a uniform crossnorm on V, we now show the opposite
direction: The intermediate norms ||-||x, from (4.43) are well-defined and have the
desired properties.

Proposition 4.90. Assume that ||-|| is a uniform crossnorm on V = || ®j:1Vj.
Then the definition (4.43) does not depend on the choice of vU) € V; and the
resulting norm ||-||x is a uniform and reasonable crossnorm on ||_||xk®§:1 Vj.
Furthermore, ||Xk is a reasonable crossnorm on Xj._1 ®H.||kak.
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Proof. 1) It suffices to consider the case k = d — 1, so that definition (4.43) be-
comes [[x[|lx, = [[x @ v | with [[v(?[|4 = 1. There is some (¥ € V* with
@)% = 1 and (@ (D) = 1. Let w® € Vj with |[w(¥||; = 1 be another
choice. Set A := w( D) € L(V;,Vy), ie., ADv = o (v)w@. Because of
[AD |y v, = [ D ||5]|w @ |4 = 1, the uniform crossnorm property (4.42) with
A= ®?:1 AU where AU) = Jfor1 < j < d— 1, implies

Ix® W@ = |Ax @ o) < [x © o]

Interchanging the rdles of w(® and v(?), we obtain ||x ® v || = ||x @ w@||.
Obviously, [|{|x, , = || - @D is a norm on Xq_1.
2) For x := ®j;11 v we form x @ v(@ = ®?:1 v with some ||| 4=1.
The crossnorm property of ||| implies the crossnorm property of |-, = on
A1+,
Ik, &j=1Vj:

‘ ®j;11 )

_ @]\ — 4G
|,

46 = G)
=1L 09 T Py

Similarly, the uniform crossnorm property can be shown:
d—1
(@49)s]  ~[((a-0aemp) o]
J=1 Xa-1
= H AV @ ... @AV gI)(xev@) H

d—1 d—1
< ( [114% ||vjevj> llv, v, Ix @ 0D = TTIAD Iy, v, Ixllx,, -
N——

j=1 j=1

d

=1
As a consequence, by Lemma 4.79, |||, is also a reasonable crossnorm.
3) Now we consider V as the tensor space X471 ®, Vy (interpretation (ii) of
Remark 4.89). Let v := x @ wg with x € Xy and 0 # w@ € V. Set
0@ = w@ /||w@||4. Then

VI = Ix© w @] = 0@ allx @ oDy = Ixlx, , [0@lla  “44)

follows by definition (4.43) of |[x[|x, . This proves that [-|| is a crossnorm on
Xd—1 ®q V.

Since ||-|| is not necessarily uniform on X4_1 ®, Vg, we need another argument
to prove that ||-|| is a reasonable crossnorm on Xg_1 ® Vg. Let ¢ € X}_, and
@@ € V. We need to prove that |1y @ ¢(@|* = ||1/’H§(d,1”<ﬂ(d)||z. Using the
crossnorm property for an elementary tensor v, we get

(o)W _ el e D) e d
= SH'lan* HQP()H* 1fV=X®’U()7éO,

HV” HXHXd71 H’U(d)”d Xa-1 d
(4.44b)
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Taking the supremum over all v = x ® v(¥) # 0 (x € X4_1), we obtain

(¥ ® D) (v)| (4 ® o) (v)]

> sup

1% ® " = sup

=lllix, e @5
veXy ”VH v=x@uv(d) HV” Xa

Define the operator A := ®;l:1 AW e L(V,V)by AW =T (1<j<d—1)
and A = (DD with 0 # 9@ € V. Then Av is an elementary vector of the
form x ® (9 (x € X4_1), and |AD ||y, v, = [P 4]l holds. This fact
and the crossnorm property || Av| < [[6(D]|4]|¢D (%] v| lead us to

" N P @ D) (Av P @ o D)(Av
i, @y > (WELDAVL, 1G5 AV
ww AV 0@ a [ [ [v]

Since (1 ® p!V)(Av) = (¥ @ (PP AD))(v) = P! D (D) - ( @ (D)(v), the
estimate can be continued by

[ D@D (3 @ o D) (V)]

H’/’”%dﬂHS"(d)”Z 2 @4l @] forall 0 # @ e V.

Since supy g | (6D)| /6|4 = [P |7, it follows that

(¥ @) (v)]

I < [#lx, lle'?l;  forallv eV,

so that ||y @ D |* < [[9]l%, , Il |5 Together with the opposite inequality
from above, we have proved [ @ oD |* = [|9|%, . [P |5. 0

* * d—1
Corollary 4.91. For ¢ € V and ¢ € X_,, where X1 = ”'”xd71®j:1 Vi
is equipped with the norm |[|-||x ,  defined in Proposition 4.90, the following two
inequalities hold:

[Te...0l0eD)W)|x,  <Ile@lilvIl and
(W&l W)l < l¥lx, v

Proof. Any v € X,_, satisfies

'l,b®so(d)=1,b(l®...®l®so(d)).

(4.45)

Forvyg = (I®...01® gp(d))(v) there is a ¢ € X, with ||1/J||;“<dil = 1and
Y (vig))| = IIvigllx._, (cf. (4.10)). Hence,

[T®.. . 0lee™)W)|y,  =[(Ie...0le?)(v))]
=@ @ )W) < Y@ D" vl = lBl%,_, 21z IVl = D13 Iv]

proves the first inequality in (4.45). The second one can be proved analogously. O



4.3 Tensor Spaces of Order d 127

4.3.3 Projective Norm ||-|| .

First we discuss the generalisation of ||-|| , to the d-fold tensor product. As for d = 2
(cf. §4.2.4), there is a norm [|x[[,(y, v,y on a ®;l:1 V; induced by the norms
I, = ||||VJ for (1 < j < d), which can be defined as follows.

Remark 4.92. (a) Forx € , ®{_, V; define ||y, v by

n d n d
g o= Il =t { ST 1 x= 3@l
i=1 j=1 i=1 j=1
(b) [|-]|  satisfies the crossnorm property (4.40). .
(©) [|-[[ , is the strongest norm for which the map @ : V1 x ... x Vo= o« QV; is

continuous. J=1 J=1

The parts (b) and (c) are proved analogously to the case of d = 2 in Lemma 4.45
and Proposition 4.46

ege . . d
Proposition 4.93. ||-||, is a uniform and reasonable crossnorm on o Q;_, V; .

Proof. 1) The proof of the uniform crossnorm property in Proposition 4.78 can
easily be extended fromd = 2to d > 3.

2) The result of Part 1) together with Lemma 4.79 implies that ||-|| , is a reason-
able crossnorm. ad

According to Proposition 4.90, the tensor space V := 4 ®j:1 V; is generated
recursively by Xy 1= X1 ®H.kaVk for k=2,...,d starting with X5 := V5 and
producing V = X;. The concrete form of the norm ||| constructed in (4.43) is
described below.

Lemma 4.94. The norm ||-[|x, on ®§:1Vj (2 < k < d) which leads to the pro-
jectivenorm |-[|x, = Illx = lx(v4,...,vy) - is the projective normof Vi, ...,V :

s, = A,y - (4.462)

Considering Xy, as the tensor space Xk*1®H'Hx Vi, the construction of ||- ||Xk: from
k
Illx, _, and |||l is given by

||'||/\(V1.,...,Vk) = |\'|\A(Xk,1.,vk)- (4.46b)

. . k
IE ||A(V1_’___7Vk) is not only a uniform and reasonable crossnorm on ||'||x,®j:1 Vi, but

also'® on Xrp_1 ®H”x Vi.
k

16 Proposition 4.90 does not state the uniform crossnorm property on X, _1 Q- 11x, Vie-
k



128 4 Banach Tensor Spaces

Proof. 1) For v := x ® v(¥) ¢ a® L Vi with x € X1 and [[o(D]|g = 1 we
have [|x||x, | ||VHA (ct. (4 43)) Let v=> ®7 1 1(7) be any representation
so that [|[v][, <>, H 1 Hv HJ A particular representation with v( ) = v(@ for
all 7 can be obtained as follows. Let ¢ € V be the functional with |||, = 1 and
Y(v(D) =1 (cf. Theorem 4.15) and set ¥ := v(¥4). Since (I ® ¥) v = v, another
representation is

d d—1
v=lon)Y R =% (@v?’) @ ¥ (")
i j=1 j=1

%

_ <Z¢(v§d)) @vy)> ® v@

Jj=1

(J)H] because of ||v(?||4=1 and

leading to the same estimate |[v||, <>, HJ 1w
[ (v gd))| < ||v§d) |la- Hence, the infimum ||v|| . can be obtained by all representa-

tionsv=>", ®;l:1v§j) with vgd) =@, Because of ||v(¥)||;=1 we obtain

IVIA—inf{Zan(”HJ V,Z® D) and o = <d>},

1 g=1 ES

In the latter case, v = (Z ®J 1 v(J)) ® v@ implies that 3, ®J x () s a
representation of x € X;_1, since v =x ® o), Therefore, the right-hand side in
the last formula is [|x[[y (v, v, ,)- This proves (4.46a) for k = d — 1. Recursion
yields (4.46a) fork =d —2,...,2.

2a) Lete > 0. Forve Xy_1®,Vy there is a representation v = Z X, ® Uy
s that [[V]| yx, vy = S I3l 0570 — ¢ (x, € Xy1, v € Va). For
eachx, € X;_1 = ®d_1 V; (v > 1) choose representations x,, = Z ®d 1 (J)
such that [|x, ||, [[vS” |4 = (z# Hj;llHU,S{;Hj) [0S |4 — 2~ 7e. Altogether, it
follows that

(d)

VIl A4 vy 2 Z (Z IT ¢ ||7) [0]|g — 22

pojg=1

A possible representation of v € ®J Viisv= Z M ®J 1v(J) with v(d)

l, () (independent of y); hence, ZVW (H Hvl, IF; )Hvl, )Hd > HVHA(VI) V) -
As € > 0 is arbitrary, [|v][,(x, | v,) = HVH/\(Vl,...,Vd) is proved.

2b) For the reverse inequality choose a representation v = | ®j (J ) with

ENES Y H Jo1;

v j=1
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d d—1, (4
Define x,, := @~} v Thenv = 3, x, @ v{” and [T1} [0 ]; = | llx,
(crossnorm property) are valid, and one concludes that

for all € > 0, which proves Hv||A(V1 _____ vy 2 IVl Ay v -

Again, induction for k = d — 2,...,2 shows (4.46b) for all k. We remark that
equality of the norms implies that the completion yields identical Banach spaces

k
A ®j:1 Vj = X1 On Vi.

3) Since the projective norm is a uniform crossnorm, Proposition 4.78 states that
[[lx, is a uniform crossnorm on Xy—1 @A x,_;,vi) Vk- O

Equations (4.40) and (4.41) together with Remark 4.92c show that [[-[| , v
is the strongest reasonable crossnorm on ® V;

..... Va)

4.3.4 Injective Norm ||-|,,

The analogue of the definition of ||-||,, in §4.2.7 for d factors yields the following
formulation. Let 1 ® 2 ® ... ® 4 be an elementary tensor of the tensor space
a ® j—1V;" involving the dual spaces. The proof of the next remark uses the same
arguments as used in Lemma 4.54 and Proposition 4.55.

Remark 4.95. (a) For v € , ®(_, V; define |||y, 1) by"

(1 ®@p2®...0 ¢a) (V)|
VIl s vy = VI = sap 7 : . 447
0F i EV; Hj:l H‘Pj”j
1<j<d

(b) For elementary tensors the crossnorm property (4.40) holds:

()

d
=[] 10D, forallv® eV; (1<j<d).
j=1
d d
©]- ||\/(V1 V) is the weakest norm with &) :j><1Vj* — . ®1V7* being continuous.
- P
Lemma 4.94 can be repeated with ||-|| , replaced by |||, -

Lemma 4.96. The norms ||-[|x, on ®?:1Vj for 2 <k <d leading to the injective
norm ||-llx, = Il = Iy s, vy are the injective norms of Vi, ..., Vi, :

s, = v, v -

17 In [201, Def. 1.2], the expression (01 ® Y2 ® ... R pq) (V)/ H?=1 ll;1l5 is introduced as
the generalised Rayleigh quotient.
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Considering Xy, as the tensor space Xj_1 ®). lx, Vi, the construction of ||-||x,
from |-, and |1 s given by

Illvea,. vy = v 1vi) -

||'||v(V1 _____ v,) IS not only a uniform and reasonable crossnorm on . lIx, ®J 1 Vi,
but also on Xj._1 Q- lx Vi.
k

Proof. 1) By (4.43), [[x]lx, , = [[x ® oD, holds for any normalised v(*) € Vj.
Then the right-hand side in (4.47) can be simplified by

sup P18 D pa)( \(®%) )04 = ](ém)(x)

020V} lleall;
to
ko = sup ((Xm) = 1l vna
O0Fp; €
1<g<d1

proving the first assertion for £ = d — 1 (other k by recursion).
2) For the proof of the second part, let v = El X; @ vgk) € Xp—1 ®q V. By
definition,

vl o J2@er) (V]
V(Xk—1,Vk) 0£PEX]_, ||‘I)||§(k71 ||(Pk||lt
0FpreVY

holds. We perform the supremum over 0 AP € X} _;, 07# ¢ € V)" sequentially by
1 ]
. wp @20
ozvrevy | lerlli ozeex; . 19Plx,_,

The nominator |(® ® ¢y) (v)| becomes . & (x;)px (v l( )) We introduce the ab-
breviation \; = ¢ (v(") € K and obtain 3, ®(x;)x (0/") = 3, S(x:)A; =
b (3", \ix;). The inner supremum yields

wp 1ZOMI L, REm) s
ozeex; , IPlk,_, ozeex; , |Plx, , @10 X1
By definition of [|-||x  this is
_ ; AiX;
HZ_/\iXi = sup (o1 ® %_ﬁk ) (*231 X)l
‘ Xp—1 0#p;eV; Hj:l ||90j||j
1<j<k-1

Now, we re-insert \; = ¢ (v, (k )) and perform the outer supremum:
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[(® @ k) (V)] '<’“_1 > (k)

(2O ) (S
O;zéx*eXZA ||@||Xk—1 jg SOJ zl:wk( )

sup = sup

0£preVy [l 00 €V} 15 sl
1<5<k
k
(pr6- @) (Soxio0fV)| (188 o) (V)
= sup - = sup .
0@ €V [T5= lesll; oteievy Loy lesll;

1<j<k 1<j<k
= ||X||v(v1 ..... Vi) ?
which finishes the proof of H'Hv(vl,...,vk) = ||'||v(xk,1,vk) )

3) By Proposition 4.78, [|||,,x, , ) is a uniform crossnorm on X1 @ Vj. O

Lemma 4.97. For fixed j € {1,...,d}, the mapping

2= Q& we Q W

ke{l,...d}\{s} ke{l,....d}\{5}
is also understood as a mapping from ( , ®Z:1 Vie Il ) onto V; :
d .
P <® ’U(k)> = ( H gok(v(k))> 0\, (4.48)
k=1 ke{l,....d}\{j}

The more precise notation for  in the sense of (4.48) is
¢:@1®...®<pj71 ®id®@j+1®...®gﬁd.

Then @ is continuous, i.e., Y € E(V®Z:1 Vi, VJ) Its norm is

1Bl v = 11 lleli-
ke{1,..., dI\{j}

Proof. Let ; € V;* and note that the composition ¢; o @ equals ®Z:1 . Hence,

[@(v)ll |(pj 0 @)(v)]

lpj(@(v))] = max

T elie
(@ 7)) <

Equation (4.8) shows sup{[|@(V)[|; : [IV]l, =1} = [Txeqr,.ap gy lorll - O

.....

j = max
(4.10) o €Vy, llejll;=1

= max
llesll5=1

Corollary 4.98. For any norm ||-|| on G®Z:1Vk not weaker than [|v||,, (in particu-
lar, for all reasonable crossnorms) ¢ € E(H.”®Z:1 Vi, Vj) is valid.
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4.3.5 Examples

Example 4.47 can be generalised to tensors of order d.
Example 4.99. Let V; := ¢'(1;) with finite or countable index set [; for 1 < j < d.
..... I ><12><,,,><Id) °

Remark 4.65 leads to the following generalisation.

Example 4.100. Let V; = (C'(;), H~||C(Ij)) with certain domains [; (e.g., inter-
vals). Then

||'Hv(c(11).,... C(lg)) = ||'||c(11x12x...x1d) :

Proof. We perform the product sequentially. Remark 4.65 shows ||-[|\,c(1,).c(n))

= Ml xr) - Teration yields |-l (o1, 01,005y = Illvic xny.oay)) =
Il(1, x 15 x 1) - Induction completes the proof. 0
Since [[cllsyp 2 = ll2(z, x1,) 18 DOt equivalent to [|-|[gyr, ;. the explicit inter-

pretation of (|| v, v, for (Vj, [|-ll2(;,)) and d > 3 is not obvious.

4.3.6 Intersections of Banach Tensor Spaces

If two Banach spaces (X, ||-||y) and (Y,]-||;-) have a non-empty intersection
Z := X NY, the intersection norm ||-|| , is given by ||z||, := max{||z| v, [|2]|y }
or equivalent ones. Below, we shall make use of this construction.

At the end of §4.2.10 we have studied the example C' (I x .J). This space can be
obtained as the closure of C'(I) ®, C*(J) with respect to the norm ||| o1 ) »
however, this norm is not a reasonable crossnorm, it satisfies (4.32a), but not (4.32b).
Instead, the mixed norm ||+, ,;, from (4.35) is a reasonable crossnorm, but the
resulting space C'L. (I x .J) is a proper subspace of C* (I x J).

There is another way to obtain C'(Ix.J). First we consider the anisotropic spaces

CONIxT):={f: f, 5 f € CUxD)}, | fll,0) = max{llfllo 1fellc}
COVUIXT) = {f: £,z f € CUXD}, Il = max{llfll. I £y}

with || f|l . = sup(, ,yerx s |f (2, y)|. Then we obtain C'(I x J) and its norm by
CHIxT)=CE(Ix)NCONIXT), el gy = max{1F 1,0y > 1/ 10,1}

The proof of Remark 4.65 can be extended to show that |[-[|(; o) [[-[|(0,1)] is a
reasonable crossnorm of C'(:0) (I x .J) [COV(T x J)].

We give another important example. Here, N € N is a fixed degree.
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Example 4.101.For I; ¢ R (1<j<d)and1 < p < oo, the Sobolev space
HN?(I;) consists of all functions f from LP(I;) with bounded norm '#

N
||f||N,p:,1j = (7;0/11'

whereas HYVP(I) forI = I; x ... x I; C R?%is endowed with the norm

1/p
11l ¢=< > /Ilanfl”d:v> (4.49b)

0<|n|<N

&y

dan

P 1/p
dx) , (4.49a)

with n € N¢ being a multi-index of length |n| := Z;l:l n;, and O™ as in (4.5).

Again, the norm ||-||y, , satisfies (4.32a), but not (4.32b), in particular, it is not a

reasonable crossnorm. Instead, for each n € N& with |n| < N we define the space
H™P(I) := {f € LP(I) : 0" f € LP(I)} with the reasonable crossnorm

||f||n7p = (||f||gp + ||6nf||107p)1/p

Then, the Sobolev space H":P(I) is equal to the intersection No<nj<n H*P(I),
and its norm (4.49b) is equivalent to maxo<|nj<n [[l, , -

Note that H®? for n = (1,0) is considered in Example 4.42. If n € N¢ is a
multiple of a unit vector, i.e., n; = 0 except for one 7, the proof of Remark 4.74 can
be used to show that ||+, , is a reasonable crossnorm for 1 < p < oc.

The Sobolev spaces H™?(I;) form = 0,1,..., N are an example for a scale
of Banach spaces. In the following, we fix integers /V; and denote the j-th scale by

V; =V 5 v 5.5 V") with dense embeddings, (4.50)

ie., Vj(") is a dense subspace of (Vj(n_l), [[Il;.,, 1) for 1 <n < Nj. This fact implies
that the corresponding norms satisfy [|-||; , = [|[l; ,,, for Nj >7n >m >0on VJ-(N]').
Lemma 4.102. By (4.50), all V™ (1 <n < N;) are dense in (V" ||| o)-

Let numbers N; € Ny be given and define N' C N¢ as a subset of d-tuples
satisfying

neN = 0<n; <N, (4.51a)
0:=(0,...,0) €N, (4.51b)
N; = (0,...,0,N;,0,...,0) € \. (4.51¢)
N—— N——
Jj—1 d—j

The standard choice of N\ is

N:={ne Nd with |n| < N}, where Nj =N foralll <j<d (4.51d)

18 Tt suffices to have the terms for n = 0 and n = N in (4.49a). The derivatives are to be
understood as weak derivatives (cf. [82, §6.2.1]).
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For each n € N we define the tensor space
d
v = Qv (4.52a)
j=1

Then we can choose a reasonable crossnorm ||-||,, on V®) or an equivalent one.
The intersection Banach tensor space is defined by

= (n) = (n) with i i =
V: ﬂ A% ﬂ V() with intersection norm ||v||: max [Iv]l,, (4.52b)
neN neN

or an equivalent norm.

Remark 4.103. Assume Vj(o) 2 VJ-(NJ') (this excludes the finite dimensional case)
and let V be defined by (4.52b).

(@) Only if (N1,...,Ng) € N, V = Vi := VIV1N2,..Na) holds (cf. (4.35)).
(b) Otherwise, V mix g Vv g V() and V,,;y is dense in V.

(c) In Case (a), a reasonable crossnorm ||-||, . may exist, whereas in Case (b)
condition (4.32b) required for a reasonable crossnorm cannot be satisfied.

Proof. For Part (c) note that ¢ € ®?:1(Vj(Nj ))* are continuous functionals on
V Lix, but not necessarily on V ; V ix endowed with a strictly weaker norm. [

Proposition 4.104. Under the conditions (4.51a-c), the Banach tensor space V
from (4.52b) satisfies the inclusion

d

d d
-~ (N) - (N5)
<a®vj>mV—a®Vj P Vi = oy QY
Jj=1

i=1 j=1
i.e., an algebraic tensor in 'V does not differ from an algebraic tensor in 'V nix. Each
v e a®?:1Vj NV has a representation v:Z::1®j:1v§J) with vl@ € Vj(Nj).

Proof. By definition (4.52a),
d d
j=1 neN j=1

holds. Since v & (a®;l:1Vj ) NV is an algebraic tensor, it belongs to the space
(«®7_,V; ) NV® = V@ Lemma6.11 will show that

neN

v E ﬂV(“):a

d
neN j=

j=1

.- d n;j d N
By condition (4.51¢), v € « @);_, (Nner Vj( J)) = a®j_y Vj( 7) can be con-
cluded from the fact that one of the n; equals N;. O
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Application to V( =01 ) and V( )=t (I;) yields that all functions from
the algebraic tensor space ( o ®j 1CO(1;))NCH(T) are already in Vi = CL; (T)
(cf. (4.35)), which is a proper subspace of C'*(I).

The dual space V* is the sum (span) of the duals of V(®): V* = 3~ (V)™

4.3.7 Tensor Space of Operators

Let V =, ® Vi and W =, ®7 W, be two Banach tensor spaces with
the respective norms ||-||y, and |||+ whlle H |y, and [-||yy, are the norms of V;

and W;. The space L(V}, W;) is endowed with the operator norm |-y . . Their

algebraic tensor space is
d

L=, LV, W) .

Jj=1

d ) d
The obvious action of an elementary tensor A = @ AW € Lonv = ®v\¥) € V
yields the following tensor from W: =t =t

Av = <éA(1)> <év(j)> = éA(j)’U(J)
j=1 j=1

j=1
If ||-||y, and ||-||y5 are crossnorms, we estimate | Av||yy by

d

d d
1114969 |y, H 14D w1, 0PIy, | = <H ||A<ﬂ'>||wjevj> vl -
i=1 =t

Hence, || Av|y < ||A[l|lv]ly holds for all elementary tensors. However, we cannot
expect that all crossnorms |||y, and ||-||y satisfy the estimate | Av ||\ < ||A]|[|V]ly/
for general tensors v € V. In the special case of V=W, we have called crossnorms
uniform if they satisfy this estimate (cf. §4.2.12). We show that the induced norms
are uniform crossnorms.

Proposition 4.105. (@) /|-y = |15y @1 V= v, i, - then
A= ® VAU € L has the operator norm

d
[Allwev = H ||A(‘7)HW]~<—VJ~- (4.53)

Jj=1

O I v = Ivon,...ve and Il = Il .. wa) > (4-33) holds again with
respect to the corresponding operator norm.

Proof. The same arguments as in the proof of Proposition 4.78 can be applied. O
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Since || A |\, v is finite for elementary tensors A = ®?:1A(j ), boundedness
holds forall A € L:= a®?:1 L(V;,W;) . The completion of (L, |||y .y ) yields
the tensor space

d
Hwey LV, W) © LV, W).

J=1

4.4 Hilbert Spaces

4.4.1 Scalar Product

Again, we restrict the field to either K = R or K = C. A normed vector space
(V,||-]l) is a pre-Hilbert space if the norm is defined by

o] = v/ (v,0) <o forallv eV, (4.54)

where (-,-) : V x V — Kis a scalar product on V. In the case of K = R, a scalar
product is a bilinear form, which, in addition, must be symmetric and positive:

(vw) = (w,v) forv,w eV, (4.55a)
(v,v) >0 for v # 0. (4.55b)

In the complex case K = C, the form must be sesquilinear, i.e., bilinearity and
(4.55a) is replaced by!®

(v,w) = (w,v) forv,w eV,
(u+ Mv,w) = (uw) + A (v,w) forall u,v,w € V, A € C,
(wyu + Av) = (w,u) + A{w,v)  forallu,v,w eV, A € C.

The triangle inequality of the norm (4.54) follows from the Schwarz inequality
[(ww)| <ol wl]] - forv,w e V.

We describe a pre-Hilbert space by (V, (-, -)) and note that this defines uniquely
anormed space (V, ||-||) via (4.54).

If (V,(-,-)) is complete, i.e., if (V,||-||) is a Banach space, we call (V| (-,-)) a
Hilbert space.

Example 4.106. The Euclidean scalar product on K is defined by

(v,w) = Zvim.

icl

19 In physics, the opposite ordering is common: the scalar product is antilinear in the first and linear
in the second argument.



4.4 Hilbert Spaces 137

4.4.2 Basic Facts about Hilbert Spaces

Vectors u, v € V are orthogonal, if (v,w) = 0. A subset S C V is an orthogonal
system, if all pairs of different v,w € S are orthogonal. If an orthogonal system
is a basis, it is called an orthogonal basis. If, in addition, ||v|| = ||w| = 1 holds,
we have orthonormal vectors, an orthonormal system, and an orthonormal basis,
respectively. In the infinite dimensional Hilbert case, the term ‘orthonormal basis’
is to be understood as ‘complete basis’, which is different from the algebraic basis:
b = {b,: v € B} is a complete basis of V, if any v € V can uniquely be written as
unconditionally?® convergent series v = > vep by (a, €K). If V is separable, B
is (at most) countable; otherwise, B is not countable, but for each v € V' the series
> e p Qwb, contains only countably many nonzero coefficients.

The orthogonal complement of a subset S C V' is
St ={veV:(vuw)=0forallwe S}.

Remark 4.107. (a) Any orthogonal complement is closed.
(b)If S C V is a closed subset, V = S & St is a direct sum, i.e., every v € V has
a unique decomposition v = s + ¢ with s € Sand t € S+.

An unpleasant feature of general Banach spaces is the possible non-reflexivity
X 2 X. This does not happen for Hilbert spaces as stated next.

Remark 4.108. (a) All Hilbert spaces satisfy V = V**.
(b) The dual space V* is isomorphic to V: For any ¢ € V™ there is exactly one
v, € V with

o(v) = (v,v,) forallv e V (4.56)

(theorem of Fréchet-Riesz’, cf. Riesz [163, §I1.30]). Vice versa, every element
v, € V generates a functional ¢ € V* via (4.56). This defines the Fréchet-Riesz
isomorphism J : V' — V* with (v,w),, = (Jv,Jw)y,. .

Notation 4.109. (a) For v € V' we shall denote Jv € V* by v*, i.e., v*(-) = (-,v) .
For finite dimensional vector spaces, v* equals v™ (cf. §2.1).

(b) It is possible (but not necessary) to identify V' with V* by setting v = v*.
(¢c)Letv € V and w € W. Then wv* € L(V, W) denotes the operator

(wv*) () :=v"(x) weWw forallz € V. (4.57)

Theorem 4.110. For every Hilbert space V there is an orthonormal basis {¢; :i € S}
with the property that

v=> ()i [ol* =D ¢  forallveV. (4.58)

€S €S

The second identity in (4.58) is the Parseval equality.

20 An unconditionally convergent series gives the same finite value for any ordering of the terms.
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Exercise 4.111. Let v, w € V. Show that

<’U,’LU> = Z <’U, ¢Z> <¢17w>

€S

for any orthonormal basis {¢; : i € S} of V.

4.4.3 Operators on Hilbert Spaces

Throughout this subsection, V' and W are Hilbert spaces.

Exercise 4.112. The operator norm |||/, of & € L(V,W) defined in (4.6a)
coincides with the definition

[(Pv,w) |
1Plwev = sup =
0#£vEV, 0£weW \/(V,0)y, (W,w)

Definition 4.113. (a) The operator & € L(V, W) gives rise to the adjoint operator?!
&* € L(W,V) defined by

(Pvw)y, = (0,2 W)y, .
(b)IfV =W and & = &* € L(V, V), the operator is called self-adjoint.

Next, we consider the subspace (W, V) C L(W, V) of compact operators (cf.
Definition 4.12 and §4.2.13). We recall that W ® V' can be interpreted as a subspace
of IK(W, V') (cf. Corollary 4.84).

The (finite) singular value decomposition from Lemma 2.20 can be generalised
to the infinite dimensional case.

Theorem 4.114 (infinite singular value decomposition). (a) For & € IC(V, W)
there are singular values o1 > o9 > ... with o, \, 0 and orthonormal systems

{w, € W:v eN}and{v, € V:v €N} such that
¢ = Z oLw, vt (cf. (4.57)), (4.59)
v=1

where the sum converges with respect to the operator norm |||y,

k
& — 8 |y = o1 O for &) = ngwuv;'

v=1

(b) Vice versa, any ¥ defined by (4.59) with o, \, 0 belongs to K(V, W).

2l There is a slight difference between the adjoint operator defined here and the dual operator
from Definition 4.20, since the latter belongs to £(W*, V*). As we may identify V' = V* and
W = W™, this difference is not essential.
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Proof. Set ¥ := &*¢ € L(V,V). As product of compact operators, ¥ is com-
pact. The Riesz-Schauder theory (cf. [82, Theorem 6.4.12]) states that ¥ has
eigenvalues )\, with A, — 0. Since ¥ is self-adjoint, there are corresponding
eigenfunctions w, which can be chosen orthonormally defining an orthonormal
system {v, : v € N}. As ¥ is positive semidefinite, i.e., (¥v,v),, > 0 for all
v € V, one concludes that A\, > 0. Hence, the singular values o, := Y\,

well-defined. Finally, set w, := ®v, / ||Pv, || = 2 5-®u, (the latter equality follows

from ||Pv, || = (Bv,, Pv,) = (v, P*Pv,) = <vy,Wvl,> =M (Vy,vp) = Ay). The
vectors w,, are already normalised. Since

(wy, wp) |Pvy || [Poull = (P, Pon) = (vn, @*Pv) = Ay (s ) = 0

for v # p, {w, : v € N} is an orthonormal system in .

Besides v, = o, w, (by definition of w, ) also ¢(k)vl, = g, w, holds forv < k,
since v}; (vy,) = (vy,v,) = d,y and

k k
u | (00) = Oyp =
opwu,, | (v) = OpWyuOpy = OpWy.
p=1

p=1

One concludes that (& — &*))(v,) =0 for v < k, while (¢ — sp(k))( ) D(vy,)

for v > k. Hence, (¢ — &))" (¢ — &) has the eigenvalues 07 > 07, > .
This implies that

@ — B |y v = opi1.

Convergence follows by o, ~\ 0.

For the opposite direction use that #(*) is compact because of the finite dimen-
sional range and that limits of compact operators are again compact. a

Corollary 4.115. If (-, -) is the Schwartz kernel of @, i.e.,

d(v) ::/Qn(-, y)v(y)dy forv eV,

we may write (4.59) as
y) =Y ow,(z)v,(y)
v=1

Representation (4.59) allows us to define a scale of norms ||-||gyp ,, (cf. (4.17)),
which use the P norm of the sequence o = (Uv)l,,l of singular values.?
Remark 4.116. (a) |®||gyp o = |9l w,1) = 2]l is the operator norm.
) [2llsyp.2 = [|2]|ys is the Hilbert-Schmidt norm.
© [2llsyp,1 = 2]l rw,v) determines the nuclear operators.

22 In physics, in particular quantum information, the entropy — >, 0vIn(o,) is of interest.
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In the context of Hilbert spaces, it is of interest that the Hilbert-Schmidt operators
form again a Hilbert space, where the scalar product is defined via the trace, which
for the finite dimensional case is already defined in (2.8). In the infinite dimensional
case, this definition is generalised by

trace(P) := Z (¢i, ;)  for any orthonormal basis {¢; : i € S}. (4.60)
i€S
To show that this definition makes sense, one has to prove that the right-hand side

does not depend on the particular basis. Let {¢; : j € T'} be another orthonormal
basis. Then Exercise 4.111 shows

S (60,86 =30 (i, ty) %,%J—Z<¢jv¢<2<¢i"/’j>¢i>>

i€S €S jET JeT i€S

= (1, ) .

JET

Definition 4.117 (Hilbert-Schmidt space). The Hilbert-Schmidt scalar product
of &, € L(V,W) is defined by (®,¥)q := trace(¥*®) and defines the norm

19lls = 1/ (@, P)yg = V/trace(P*P).

The operators ¢ € L(V, W) with [|®||;;q < oo form the Hilbert-Schmidt space
HS(V,W).

As stated in Remark 4.116b, the norms [|®||lgyp, = [|@[lyg coincide. Since
finiteness of 230:1 o2 implies o, \, 0, Theorem 4.114b proves the next result.

Remark 4.118. HS(V, W) C K(V,W).

A tensor from V' @ W’ may be interpreted as map (v @ w') : w — (w,w’)y, - v
from £(W, V). In §4.2.13 this approach has led to the nuclear operator equipped
with the norm ||||gy, ;- For Hilbert spaces, the norm || @ ||y, , = [|2]| g is more
natural.

Lemma 4.119. Let V@ W =V ®. W' be the Hilbert tensor space generated by
the Hilbert spaces V and W. Interpreting ?=vQ@w €V @ W as a mapping from
L(W, V), the tensor norm ||v®@w|| coincides with the Hilbert-Schmidt norm ||®|| .

Proof. By Theorem 4.114, there is a representation ® = Y > g, v,w}, € L(W, V)

with orthonormal v, and w,. The Hilbert-Schmidt norm equals /Y io 1 o2 (cf.
Remark 4.116b). The interpretation of ¢ as a tensor from V&) W uses the notation

b= Z o, v, ® w,. By orthonormality, ||v@w||* = Z 02 leads to the same norm. [J
v=1

Combining this result with Remark 4.118, we derive the next statement.

Remark 4.120. ¢ € V @, W interpreted as mapping from W into V" is compact.
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4.4.4 Orthogonal Projections

A (general) projection is already defined in Definition 3.4.

Definition 4.121. ¢ € L(V,V) is called an orthogonal projection, if it is a projec-
tion and self-adjoint.

Remark 4.122. (a) Set R:=range(®):={Pv:v eV} for a projection € L(V, V).
Then @ is called a projection onto R. v = &(v) holds if and only if v € R.

(b) Let & € L(V,V) be an orthogonal projection onto R. Then R is closed and
@ is characterised by

v forveR . n
dv = {O forv € R- } , where V = R ® R~ (cf. Remark 4.107b). (4.61)

(c) Let a closed subspace R C V and w € V be given. Then the best approximation
problem

find a minimiser vhest € R of || — Upest|| = mig ||w — v
veE

has the unique solution vy,es; = Pw, where @ is the projection onto R from (4.61).
(d) An orthogonal projection 0 # @ € L(V, V) has the norm |||, = 1.

(e) If @ is the orthogonal projection onto & C V, then I — & is the orthogonal
projection onto R*.

(f) Let {by, ..., b} be an orthonormal basis of a subspace R C V. Then the ortho-
gonal projection onto R is explicitly given by

P = Z bbh,  ie, dv= Z (v,b,) by
v=1

v=1

In the particular case of V' = K" with the Euclidean scalar product, one forms the
orthogonal matrix U := [by, ..., b,]. Then

¢ =UUH e K"

is the orthogonal projection onto R = range{U }.

Lemma 4.123. (a) Let Py, P> € L(V, V) be two orthogonal projections. Then
(I = PiPy)olly < (1T = PO)olly + [ (1= P2)wlfy, foranyv € V.

(b) Let P; € L(V, V') be orthogonal projections for 1 < j < d. Then

Q_ﬁa%

holds for any ordering of the factors P; in the product.

d
Z (I-Pj)o||}  foranyveV.
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Proof. In (I — P1Py)v = (I — P1)v+ P (I — P,)v, the two terms on the right-
hand side are orthogonal. Therefore

(I = PiP) |y, = | (I = P)olly, + 1Py (I = P2)vll§,
< =Pl + 1Py v 1= Po)olly
< = P)olly + 11 (= P2)olly

using || Py, < 1 from Remark 4.122d proves Part (a). Part (b) follows by
induction: replace P; in Part (a) by H;lzg P;. a

4.5 Tensor Products of Hilbert Spaces

4.5.1 Induced Scalar Product

Let (-, ), be a scalar product defined on V; (1 < j < d), i.e., V; is a pre-Hilbert
space. Then V := , ®?:1‘/} is again a pre-Hilbert space with a scalar product
(-, -y which is defined for elementary tensors v = ®?:1 v and w = ®;l:l w9 by

d d d
<®v(j), ®w(j)> = [J@", w); forallv?) w? eV, (4.62)
Jj=1 Jj=1 J=1

In the case of norms we have seen that a norm defined on elementary tensors does
not determine the norm on the whole tensor space. This is different for a scalar
product. One verifies that (v, w) is a sesquilinear form. Hence, its definition on
elementary tensors extends to V x V. Also the symmetry (v, w) = (w, v) follows
immediately from the symmetry of (-, -) ;- Itremains to prove the positivity (4.55b).

Lemma 4.124. Equation (4.62) defines a unique scalar product on ®;l:1 Vi,
which is called the induced scalar product.

Proof. 1) Consider d = 2, i.e., a scalar producton V' ®, W.Let (-, ), , (-,-);, be
scalar products of V, W, and x = )" | v; ® w; # 0. Without loss of generality we
may assume that the v; and w; are linearly independent (cf. Lemma 3.13). Conse-
quently, the Gram matrices G, = ((vi,v;)y, )7;—; and Gy = ((wi,wy)yy, )7
are positive definite (cf. Exercise 2.16b). The scalar product (x, x) equals

n n

Z <'Ui7Uj>V (wi,wj)w = Z Gv,ijGw,ij = trace(GvGL).

i,j=1 1,5=1

Exercise 2.7a with A := G},/Q and B := Gi/QGL (cf. Remark 2.13a) yields
trace(G,G)) = trace(Gi/QGLGll,m). The positive definite matrix G},/2GITUG$/2
has positive diagonal elements (cf. Remark 2.13b), proving (x,x) > 0.
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2) For d > 3 the assertion follows by induction: a® ( ®d 1V ) ®aVa
with the scalar product of a® 1 V as in (4.62), but with d replaced byd—-1. O

Definition (4.62) implies that elementary tensors v and w are orthogonal if and
only if v; Lw; for at least one index j. A simple observation is stated next.

Remark 4.125. Orthogonal [orthonormal] systems {¢§j )iie B;}CVjfor1<j<d
induce the orthogonal [orthonormal] system in V consisting of

o) foralli=(ir,...,ig) € B:= By x ... x By.

®-

Jj=1
If {(bg‘j) : 1€ B;} are orthonormal bases, {¢; : i € B} is an orthonormal basis of V.

Example 4.126. Consider V; = K’ endowed with the Euclidean scalar product

from Example 4.106. Then the induced scalar product of v,.w € V = ®j:1 V;is
given by

W)= viwi= Y - Y Vlir--ia Wiy id].
iel 1€y 1a€1q

The corresponding (Euclidean) norm is denoted by ||-|| or more specifically by ||-|,.

There is a slight mismatch in the matrix case d = 2: the previously defined norm
[vlly = /2245 lvis |? is introduced for matrices as Frobenius norm ||- llg-

The standard Sobolev space H” is a Hilbert space corresponding to p = 2 in
Example 4.101. As seen in §4.3.6, HV is an intersection space with a particular
intersection norm. Therefore we cannot define HY = ®?:1 V; by the induced
scalar product (4.62). Let ( v ) im ), the space V(™) and the set \ be defined
as in §4.3.6. Then the canomcal scalar product on V = [ o\ V™) is defined by

<® o) ®w 7)> Z H n, for all v@), (@ EVJ-(Nj). (4.63a)

neN j=1

In this definition, v and w are elementary tensors of the space Vy,ix, which by
Remark 4.103b is dense in V. The bilinear (sesquilinear) form defined in (4.63a)
is positive, since a convex combination of positive forms is again positive. The

corresponding norm
vli= /D> IIvIi (4.63b)
neN

is equivalent to max | v][,, from (4.52b).
ne
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4.5.2 Crossnorms

Proposition 4.127. The norm derived from the scalar product (4.62) is a reasonable
crossnorm. Furthermore, it is a uniform crossnorm, i.e.,

H@j_l o)

d
=[[1ADlv,cv, forall AY) € L(V;,V;).  (4.64)
V+V j=1

Proof. 1) Taking v = w in (4.62) shows ||v| = H?:l ||v;]| forall v e V.
2) Since the dual spaces V;* and V* may be identified with V; and V, part 1)
shows also the crossnorm property (4.41) for V*.

3) First we consider the finite dimensional case. Let A= ®d AU) with AU €
L(V;,V;)and veV. Dlagonahsatron yields AU)* AU =U;D;U; (U; unitary, D;

diagonal). The columns {(bi 1 1<i<dim(V;)} of U; form an orthonormal bases
of V;. Define the orthonormal basis {¢;} according to Remark 4.125 and represent

vasv =Y, ci¢;. Note that ||v]|* = 37, |es|* (cf. (4.58)). Then
2
Sr @406 =3 (4@ @A)
d

i,k j=1
_ Zk:c@ H1 (4060, A<j>¢,<gj‘_>>j =Y e [T (7, a0 a0 g0)).
i, J=

ik j=1

[Av] —‘

Since ¢(J ) are eigenvectors of A)* AU) | the products <¢ ,AU* A (j)qﬁ,(i )) vanish
fori; # k: Hence,

2

}

d
a1l
< <H|A<j>||vjevj) ZWHW 2
=1

]1‘\/_/

2

d 2
= (H|A(J’)||Vj<_vj) Z|Ci|2 - (H|A(J’)||Vj<_vj) v
j=1 j=1

i

proves that the crossnorm is uniform (the equality in (4.64) is trivial).

4) Next we consider the infinite dimensional case. The tensorve V=, ®
has some representation v = > @ =1 o, therefore veVp: —® V07 j wrth
the finite dimensional subspaces Vj ; := span{v :1<i<n}. Let ®; =7 €

L(V;,V;) be the orthogonal projection onto Vp ;. An easy exercise shows

|Av[]* = (v, A*Av)

d . . d . .
_ (4)* 4() — * AD* A P
= <v,< j:1A7 AJ)V> = <v, <®j_145jA7 AY 45]> v>.
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Set C;j := &3 AV AV D, = (AU G;)*(AD@;) = BUI*BU for the well-defined
square root BU) := C 71 /2 Since the operator acts in the finite dimensional subspace
Vo, only, Part 3) applies. The desired estimate follows from

IBONY, v, = I1BY*BD |y, v, = [(AVD))" (AVD))| v, v,

— 1498, 2, v, < [ADI, Ly, 195113, v, = 14D,

v

(cf. Remark 4.122). a

The projective crossnorm ||-|| , for ¢2(I) x ¢%(J) is discussed in Example 4.48.
The result shows that the generalisation for d > 3 does not lead to a standard norm.

The injective crossnorm |||, of a®‘;:1Vj is defined in (4.47). For instance,
V; = (*(I;) endowed with the Euclidean scalar product leads to

. . 1 d)
- Sien Liger, Vlin - -idl-w) . owls
v 2 2\ — Sup
v = S [l e P ¥
1<j<d

If d=1, ||v||,, coincides with ||v||,. For d=2, ||v||,, is the spectral norm ||v/||, for
v interpreted as matrix (cf. (2.13)).

4.5.3 Tensor Products of L(Vj, V)

The just proved uniformity shows that the Banach spaces (L(V;, V), || - [lv,«v;)
form the tensor space

d
« @ LV, V5) € £(V, V)
j=1
and that the operator norm ||-||y,,_v is a crossnorm (cf. (4.64)).

Note that (L(V,V),|-|[y..y) is a Banach space, but not a Hilbert space. To
obtain a Hilbert space, we have to consider the space HS(V;,V;) of the Hilbert-
Schmidt operators with the scalar product (-, -) ; g (cf. Definition 4.117). The scalar
products (-, -); g induce the scalar product (-, -)yg on H := ®?:1 HS(V;,Vj).
Equation (4.71) shows that (-, -) ;4 is defined by the trace on H.

Exercise 4.128. For AU yp(0) = \;00) (v(9) #£ 0) and A := ®‘j:1A(j) prove:

(a) The elementary tensor v := ®?:1 vU) is an eigenvector of A with eigenvalue
A=T10 Ay e, Av = v,

(b) Assume that AU) € £(V;, V;) has dim(V;) < oo eigenpairs (\;, v()). Then all
eigenpairs (A, v) constructed in Part (a) yield the complete set of eigenpairs of A.

Exercise 4.128b requires that all AU) are diagonalisable. The next lemma con-
siders the general case.
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Lemma 4.129. Let AY) € CLi*1i pe a matrix with #1; < oo for1 < j < d and
form the Kronecker product A : ®d AW e CX Ler (), k)kel be the tuple
of eigenvalues of AY) corresponding to thezr multiplicity. Then

d
Mer  with M= [ ] Ajx, (4.65)
j=1
represents all eigenvalues of A together with their multiplicity. Note that A\x might
be a multiple eigenvalue by two reasons: (a) \jk;, = Njk;+1 = -+ = Xjk;+u—1
is a p-fold eigenvalue of AY) with p > 1, (b) different factors Njk;, 7 Ajkr may
produce the same product \x = M. ’

Proof. For each matrix AU) there is a unitary similarity transformation RU) =
UDADUDH (UG unitary) into an upper triangular matrix RY) (Schur normal
form; cf. [81, Theorem 2.8.1]). Hence, AW and RY) have identical eigenvalues
including their multiplicity. Set U := ®;l:1 U and R := ® L RY. U is again
unitary (cf. (4.70a,b)), while R € C*1 is of upper triangular form with A\ from
(4.65) as diagonal entries. Since the eigenvalues of triangular matrices are given by
the diagonal elements of RY) (including the multiplicity), the assertion follows. O

4.5.4 Partial Scalar Products

Let
X =Vi®,W and Y =V, W

be two tensor spaces sharing a pre-Hilbert space (W, (-, -)y;,). We define a sesqui-
linear mapping (again denoted by (-, -) /) via

<-,->W:X><Y—>V1®aV2,

(V1 @w1, V2 @wa)y, = (Wi, W)y, - V1@V forvy €V, va€Va, wy,wa €W,

We call this operation a partial scalar product, since it acts on the W part only.

In the following, we assume V; = V5 so that X = Y. We rename X by V with
the usual structure V. = ®J€D V; , where, e.g., D = {1,...,d}. In this case,
W from above corresponds to Vi, = &) .., V; for a non-empty subset @ C D.
The notation (-, ) is replaced by (-, -) .

JEa

<'7 '>a VXV — VD\a Ra VD\om (4‘66)

(@ @) =[] (@ 7)o (@ )

j€a jED\a jeED\a
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The partial scalar product (-,-), : VXV = Ve ®, Ve can be constructed as
composition of the following two mappings:

1) sesquilinear concatenation (v, w) — v @ W € V ®, V followed by

2) contractions® explained below.

Definition 4.130. For a non-empty, finite index set D let V.=Vp = , & jep Vi
be a pre-Hilbert space with induced scalar product. For any j € D, the contraction
¢ : VR,V = VD\{j} ®q VD\{j} is defined by

(@) (@) =0 (8,)(.8,)

For a subset o C D, the contraction €,: V @, V — Vp\, ®4 Vp\,, is the product
C,= H]Eae:j with the action

(@) () [me=] (82) ()

§5.2 will show further matrix interpretations of these partial scalar products. The
definition allows to compute partial scalar product recursively. Formally, we may
define € (v) := vand (v,w); :=veW.

Corollary 4.131. If 0 G o & 8 C D, then (v, w) 5 = €510 ((v, W) ).

4.6 Tensor Operations

In the following we enumerate operations which later are to be realised numerically
in the various formats. With regard to practical applications, we mainly focus to a
finite dimensional setting.

4.6.1 Vector Operations

The trivial vector space operations are the scalar multiplication \ - v (A € K,
v E.Q®_,V;) and the addition v + w. By definition, v and w € , ®7_, V;
have representations as finite linear combinations. Obviously, the sum might have a
representation with even more terms. This will become a source of trouble.

23 In tensor algebras, contractions are applied to tensors from X J V;, where V/; is either the space
V orits dual V. If, e.g., V1 = V’ and Vo = V, the corresponding contraction is defined by
®; ) s (W (p(D) . X ;>3 v() (cf. Greub [76, p. 72]).
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The scalar product of two elementary tensors v = ®;l:1 vj and w = ®?:1 w;

reduces by definition to the scalar product of the simple vectors v;,w; € Vj:
d
(v, w) =[] (wj,w;). (4.67)
j=1
The naive computation of the scalar product by (v, w) = > ;;a viw; would be
much too costly. Therefore, the reduction to scalar products in V; is very helpful.

General vectors v, w € , ®?:1 V; are sums of elementary tensors. Assume
that the (minimal) number of terms is n, and n,,, respectively. Then n,n,, scalar
products (4.67) must be performed and added. Again, it becomes obvious that large
numbers n,, and n,, cause problems.

Note that the evaluation of (v, w) is not restricted to the discrete setting V; =
R’ with finite index sets [ j- Assume the infinite dimensional case of continuous
functions from V; = C([0,1]). As long as vj,wj belong to a (poss1bly 1nﬁn1te)
family of functions for which the scalar product (v;, w;) fo vj(z x)dx is
exactly known, the evaluation of (v, w) can be realised.

4.6.2 Matrix-Vector Multiplication

Again, we consider V; = K% and V =KI = ®7 1 ViwithI =1 x ... x .
Matrices from KI*! are described by Kronecker products in ® K715 For ele-
mentary tensors A = ®7: AU) ¢ ®7: K%i>*1i and v = ®'71:le ®?:1Kli the

evaluation of d
Av=R (A(j)v(j)) (4.68)
j=1
requires d simple matrix-vector multiplications, while the naive evaluation of Av
may be beyond the computer capacities.
The same holds for a rectangular matrix A € KI*J = ® L KIix 5,

4.6.3 Matrix-Matrix Operations

Concerning the addition of Kronecker tensors A, B € ®;l:l K’5*1i the same state-
ment holds as for the addition of vectors.
The multiplication rule for elementary Kronecker tensors is

d d d
<®A(j)> <®B<-7'>> =) ADBY  forall AV, BU) e KIi*1i. (4.69)
j=1 j=1

j=1

Similarly for AW e K%i*7i BU) ¢ K’ *Ki If A (B)is a linear combination of
na (np) elementary Kronecker tensors, n4np evaluations of (4.69) are needed.
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Further rules for elementary Kronecker tensors are:

d -1 d
. A\ —1 .
<® A(J)> — ® (A(J)) for all invertible AY) € KL*1i (4.70a)

j=1 j=1
d AT d T .
((g) A(J)) - @ (a0) forall AD € KL*7i. (4.70b)
j=1 Jj=1

Exercise 4.132. Assume that all matrices AY) € K%*”i have one of the proper-
ties {regular, symmetric, Hermitean, positive definite, diagonal, lower triangular,
upper triangular, orthogonal, unitary, positive, permutation matrix }. Show that the
Kronecker matrix ®;l:l AU) possesses the same property. What statements hold for
negative, negative definite, or antisymmetric matrices A(/)?

Exercise 4.133. Let A := ®?:1A(j). Assume that one of the decompositions
AW = QU RWY (QR), AW = LU LGH (Cholesky), or AW = yg@ ;@O yoiT
(SVD) is given for all 1 < j < d. Prove that A possesses the respective decom-
position QR (QR), LL" (Cholesky), USVT (SVD) with the Kronecker matrices

Q:=Q®,QV. R:=Q7 RV, et.

Exercise 4.134. Prove the following statements about the matrix rank (cf. Remark
2.1):
d

d
rank ®A(j) = H rank(A)),
j=1 j=1

and the trace of a matrix (cf. (2.8)):

d d
trace ® AW | = H trace(AY)). 4.71)
j=1

j=1
The determinant involving AU) € K%i*1i equals
d d s
det [ R A9 ] =] (det(A<J>)) withp; == [ #I

Jj=1 Jj=1 ke{l,....d}\{j}

The latter identity for d = 2 is treated in the historical paper by Zehfuss [200]
(cf. §1.6): matrices A € KP*P and B € K%%7 lead to the determinant

det(A ® B) = (det A)? (det B)" .

Further statements about elementary Kronecker products can be found in
Langville-Stewart [137] and Van Loan-Pitsianis [189].
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4.6.4 Hadamard Multiplication

As seen in §1.1.3, univariate functions may be subject of a tensor product producing
multivariate functions. Given two functions f(x) and g(x) withx = (x1,...,2q) €
[0,1]%, the (pointwise) multiplication f - g is a standard operation. Replace [0, 1]¢
by a finite grid

Gn = {xi:ie€I} C[0,1]%, where

I={i=(i1,...,00): 0<i;<n}, xs = (@4,,...,7,) € [0,1]%, 2, = v/n.
Then the entries a; := f(x;) and b; := g(x;) define tensors in K! = ®?:1 K%,

where I; = {0,...,n}. The pointwise multiplication f - g corresponds to the entry-
wise multiplication of a and b, which is called Hadamard product:**

a®beK' withentries (a®b), = a;b; forallieI. (4.72a)

Performing the multiplication for all entries would be too costly. For elementary
tensors it is much cheaper to use

d d d
Ra? | o [Rv| =& (ao) ® b(j)) . (4.72b)
j=1 j=1 j=1
The following rules are valid:
aGOb=b®a,
(@ +a”"yob=a ob+a” ®b, (4.72¢)

a® (' +b)=ac0b +acb”.

4.6.5 Convolution

There are various versions of a convolution a % b. First, we consider sequences
from £ (Z) (cf. Example 3.1). The convolution in Z is defined by

ci=axb with ¢, =Y a.b,, (a,b,c € Lo(Z)). (4.73a)
MEZ

Sequences a € ¢(Np) can be embedded into a® € ¢y(Z) by setting a) = a;
fori € Ny and a = 0 for i < 0. Omitting the zero terms in (4.73a) yields the
convolution in Ny:

ci=axb with ¢, =Y aub, (a,b,c € £y(Ng)). (4.73b)
pn=0

24 Although the name ‘Hadamard product’ for this product is widely used, it does not go back to
Hadamard. However, Issai Schur mentions this product in his paper [169] from 1911. In this sense,
the term ‘Schur product” would be more correct.
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The convolution of two vectors a = (ag,...,a,—1) and b = (bg,...,bm—1),

with possibly n # m, yields
min{n—1,v}
ci=axb with ¢, = Z apby_, for0<v<n+m-—2. (473c)
p=max{0,v—m+1}

Note that the resulting vector has increased length: ¢ = (co, . . ., Chtm—2) -

For finite @ = (ag,a1,...,an—1) € £({0,1,...,n—1}) = K", the periodic
convolution (with period n) is explained by

n—1
ci=axb withe, = auby_ (a,b,c € K", (4.73d)
pn=0

where [V — p] is the rest class modulo n, i.e., [m] € {0,1,...,n — 1} with [m] —m
being a multiple of n.
Remark 4.135. For a,b € K" let ¢ € K?"~! be the result of (4.73c) and define
T € K" by 2" := ¢, + ¢pqp for 0 < v <n—2and X%, := ¢,,_;. Then P
is the periodic convolution result from (4.73d).

The index sets Z, N, I,, := {0,1,...,n — 1} may be replaced by the d-fold
products Z%, N, Iff. For instance, (4.73a) becomes

ci=axb with ¢, = Z by, (a,b,c € Lo(Z%)). (4.73¢)
HEZD

For any I € {Z,N, I,,}, the space £o(I?) is isomorphic to @44y (). For elemen-

tary tensors a, b € ®%4o(I), we may apply the following rule:

d . d . d . . . .
() @) = (4) % p) @) p@)
(@j_laa>*(®j_lba)_®j_laa w69, 0 b9 € to(1). (4.74)

Note that a * b is again an elementary tensor.

Since almost all entries of a € £ are zero, the sums in (4.73a) and (4.74) contain
only finitely many nonzero terms. If we replace ¢y by some Banach space ¢, the
latter sums may contain infinitely many terms and one has to check its convergence.

Lemma 4.136. For a € (P(Z) and b (X(Z), the sum in (4.73a) is finite and produces
axb € lP(Z) forall 1 < p < oo, furthermore,

[|a* bHep@) < ||ang(Z) ||b||e1(z) :

Proof. Choose any d € ((Z) with [|d|| ;47 = 1 and % + % = 1. Then the scalar

product (d,axb) =", uez auby—pd, can be written as Y o, ba Y, e v —ady.
Since the shifted sequence (a,—a), ¢z has the norm [|al|,, ) , we obtain

Ay—ad
‘ZUGZ 1% oYy

|(d, a x b)| can be estimated by >_, 7 [bal lall oz = llallp(z) bl (z)- Since £
is isomorphic to (¢7) for 1 <p < oo, the assertion is proved except for m =oo. The
latter case is an easy conclusion from |cy [ < [|al| e 7y [1bllp1 (7 (cf. (4.73a)). O

VEZ

< ||a||5p(z) HdHEQ(Z) = HGHZP(Z) .
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So far, discrete convolutions have been described. Analogous integral versions
for univariate functions are

(f*g)( / f@®)glx—t)dt, (fxg)( / f(@®)g(x —t)dt, (4.75a)
(f*g)( / Ff@®g([x —1)) where [z] € [0,1), [z] —z € Z. (4.75b)
The multivariate analogue of (4.75a) is
(f*g)( /ftl,..., g(z1 —t1,...,xq — tg) dty...dtg.

Again, elementary tensors f(x) = H;l:1 f9(z;) and g(x) = H?Zl g9 ()
satisfy the counterpart of (4.74): ‘ ‘

d
<® f<j>> * <®g<a>> ® (fu) *gu)) , (4.75¢)
j=1

Jj=1

i.e., the d-dimensional convolution can be reduced to d one-dimensional ones.

4.6.6 Function of a Matrix

A square matrix of size n X n has n eigenvalues A; € C (1 < i < n, counted
according to their multiplicity). They form the spectrum

o(M) :={\ € C: \eigenvalue of M} .
The spectral radius is defined by
p(M) :=max{|A: A€ a(M)}. (4.76)

Let f : 2 € C — C be a holomorphic function? with open domain (2. The
application of f to a matrix M is possible if

o(M)cC 2.

Proposition 4.117. (a) Assume M € C'™! and let D be an (open) domain with
o(M) C D C D C 2. Then a holomorphic function on {2 gives rise to a matrix
f(M) € C™*! defined by

1 _

JOM) = o= [ (I = M) () S (4.77a)

T Jop
(b) Assume that f(z) = Y a,z" converges for |z| < Rwith R > p(M). Then
an equivalent definition of (M) is

25 Functions with other smoothness properties can be considered too. Compare §13.1 in [86].
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FM) =" a,M". (4.77b)
v=0

Important functions are, e.g.,

exp(z), f(z) = exp(/2), if o(M) C {z € C: Re(z) > 0},
flz)=1/z if 0¢ o(M).
Lemma 4.138. If f (M) is defined, then

fU®.. . QI MeI®..0l)=I2..0I0 f(M)®I%...0l.

Proof. SetM:=1®... @ oM®I®...®I and1:=@Q_ I. As o(M) =o (M)
(cf. Lemma 4.129), f(M) can be defined by (4.77a) if and only if f(M) is well-
defined. (4.77a) yields f(M) := 5= [, (CT — M) F(¢)dC. Use

bz
(I-M=I®..0I(HeI®..0] —I®.. QI M I®...®l
=I®.0I I -M)®I®...0I
and (4.70a) and proceed by

f(M):L. (I®...®I®(CI—M)_1®I®...®I) f(€)d¢
27 8D

1 -1
_I®"'®I®<%/3D(U_M) f(g)d<)®l®...®1
=I®..0Ie f(M)®Io...ol. 0

For later use, we add rules about the exponential function.

Lemma 4.139. (a) If A, B € C™ gre commutative matrices (i.e., AB= BA), then
exp(A) exp(B) = exp(A + B). (4.78a)

(b) Let AY) € KIi*1i and
A=AVgI®. . I+IAP®.. . @I+... (4.78b)

+I12.. .0l A VI +12..0l @ AP ¢ KI*L,
Then
d .
exp(tA) = ® exp(tAU)) (t € K). (4.78c)
j=1

Proof. The d terms in (4.78b) are pairwise commutative, therefore (4.78a) proves
exp(A) =[] exp(AD)) for AY) := [®.. . @I ® AY) @ I®...®1. Lemma 4.138

shows exp(AV)) =1®. . .@I@exp(AV))®I®. . .®I. Thanks to (4.69), their product
yields ®?:1 exp(AU)). Replacing AY) by tAU) | (4.78c) can be concluded. 0



154 4 Banach Tensor Spaces

Finally, we mention quite a different kind of a function application to a tensor.
Letv € K withI = I; x ... x I;. Then the entry-wise application of a function
f K — Kyields

f(v) €KY with f(v); := f(v;) forallie€ L

For a matrix v € K"™*" this is a rather unusual operation. It becomes more natural,
when we consider multivariate functions C'(I) defined on I=1; x...x I (product

of intervals). Let o € C(I) = || ®J 1C(I;). Then the definition

flp) e CO) with  (f(p)) () = f (p(z)) forallz €T

shows that f(p) = f o  is nothing than the usual composition of mappings.

If f is a polynomial, one can use the fact that the power function f(x) = 2"
applied to v coincides with the n-fold Hadamard product (4.72a). But, in general,
not even for elementary tensors v the result f(v) has an easy representation.

4.7 Symmetric and Antisymmetric Tensor Spaces
4.7.1 Hilbert Structure

Given a Hilbert space (V, (-,-),/), define (-,-) on V by the induced scalar product
(4.62). We recall the set P of permutations and the projections Pg, Py (cf. §3.5.1):
Ps and Py are orthogonal projections from V onto the symmetric tensor space &
and the antisymmetric tensor space 2, respectively (cf. Proposition 3.63).

As a consequence, e.g., the identities

(Py(u), Py(v)) = (Py(u),v) = (u, Py(v)), (4.79a)
(Py(u), APy (v)) = (Pu(u), Py(Av)) = (Py(u),Av)=(u,APy(v)) (4.79b)

hold for all u, v € V and symmetric A € £(V,V).

By definition of the induced scalar product (4.62), the scalar product (u, v) of
elementary tensors u and v reduces to products of scalar products in V. In 2,
elementary tensors u = ®‘7i u'9) are to be replaced by Py ( ® -1 uld )) Their
scalar product reduces to determlnants of scalar productsin V.

Lemma 4.140. Antisymmetrised elementary tensors satisfy the product rule

<Pg(§u(j) P91<®U >> - —det (< ()’”(j)>v)i,j:1,...,d' (4.80)

Proof. The left-hand side equals <®J LuD)| Py (® _,v1)) because of (4.79a).
Definitions (3.44) and (3.45) show that
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<§u<j>7pm(§vm>> <®U<J> 3" sign(r) (évw»

mEP
1/ 2 d _ 1 d _
— a<®u(ﬂ)7 Z sign(m) ®v<m>>> — EZ sign(m H < ), W<J>>>V.
Jj=1 TEP j=1 TEP j=1
A comparison with (3.48) finishes the proof. O

Corollary 4.141. For biorthonormal systems {19} and {0}, i.e., (u® v0))y =
di;, the right-hand side in (4.80) becomes 1/d!. The systems are in particular
biorthonormal, if u@ = v forms an orthonormal system.

Let {b;: i€} be an orthonormal system in V' with #1I >d. For (i1,...,i4) € 1%
define the elementary tensor

d
e(Zl ..... ’Ld) = ® bij .
j=1
If (i1,...,iq) contains two identical indices, Py (e(?:%@)) = 0 follows.

Remark 4.142. For two tuples (41, . ..,44) and (j1,. .., ja) consisting of d different
indices, the following identity holds:

<Pm(e(i17~-~,id))7Pm(e(jl7~~~,.7'd))>
_ {sign(ﬂ')/d! if 7 (i1,...,%4) = (J1,-..,ja) for some 7 € P,

0 otherwise.

Proof. (Pa(eliia)), Py(elitsid))) = (elinia), Py (elit30)) follows from
(4.79a). If {i1,...,ia} = {j1,-..,Jd}, there is @ € P with 7(i1,...,4q) =
(jis---,Ja), and Py(el-+Ja)) contains a term %e(il“"’id). All other terms
are orthogonal to (/1) 0

4.7.2 Banach Spaces and Dual Spaces

Let V be a Banach space (possibly, a Hilbert space) with norm ||-||;,. The norm of
the algebraic tensor space Vu, = @4V is denoted by |-||. We require that |-|| is
invariant with respect to permutations, i.e.,

vl = ||m (v)] forallm € Pand v € @2V, (4.81)

Conclusion 4.143. Assume (4.81). The mapping 7 : @1V — @2V corresponding
tow € P as well as the mappings Ps and Py are bounded by 1.
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Proof. The bound for 7 is obvious. For Pg use that || Ps|| = || > cpm| <
4> ep Il = 4:d! = 1 holds for the operator norm. Similarly for Py. 0
Vi = ®‘|f_”V is defined by completion with respect to ||-||.

Lemma 4.144. Assume (4.81). Denote the algebraic symmetric and antisymmetric
tensor spaces by & 4,(V') and s (V'). Both are subspaces of Vig. The completion
of Gag (V') and Uug (V') with respect to ||-|| yields subspaces & . (V') and ., (V')
of V.. An equivalent description of &.;|(V') and 2. (V') is

6”.”(‘/) = {V S VH'” V= 7T(V) forallm e P} ,

A (V) ={veV:v=sign(m)r (v) forallw € P}.
Proof. 1) By Conclusion 4.143, 7 is continuous. For any sequence v,, € G,,(V)
with v, — v € & (V) the property v,, = 7 (vy,) is inherited by v € & (V).

2) Vice versa, let v € V) with v = 7 (v) for all 7 € P. This is equivalent to

v = Ps (v). Let v,, — v for some v,, € V.1 and construct

u, = Ps(vp) € Gug(V).
Continuity of Pg (cf. Conclusion 4.143) implies
u:=limu, = Ps(limv,) = Ps (v) € V|5
hence v = u lies in the completion &) (V') of G4(V'). Analogously for the space

Ay (V). 0

Any dual form ¢ € ®2V” is also a dual form on the subspaces &,,(V) and
Aag (V). For m € P let ' be the dual mapping, i.e., 7T/(®?:1 ©j) € @IV’ acts as

G ®?:1 ©;) (v) = ¢ (m(v)). One concludes that 7/ ®?:1 ;= ®?:1 ©r(;) and
that all ¢ € @2V’ with P5p = 0 represent the zero mapping on Sy (V). Thus,
®2V" reduces to the quotient space @2V’ / ker P§. A comparison with (3.47) shows
that ®2V"/ ker P& can be viewed as the symmetric tensor space 2y, (V) derived
from V. Similarly, 2y, (V') = @4V’ / ker Py.

The same statements hold for the continuous functionals:
&) (V) = (@ v*)/ker Pg and
*) A~ d * *
Ay (V) = (@ V*) e Py

where by the previous considerations ker Pg and ker Py are closed subspaces.



Chapter 5
General Techniques

Abstract In this chapter, isomorphisms between the tensor space of order d
and vector spaces or other tensor spaces are considered. The vectorisation from
Sect. 5.1 ignores the tensor structure and treats the tensor space as a usual vector
space. In finite dimensional implementations this means that multivariate arrays are
organised as linear arrays. After vectorisation, linear operations between tensor
spaces become matrices expressed by Kronecker products (cf. §5.1.2).

While vectorisation ignores the tensor structure completely, matricisation keeps one
of the spaces and leads to a tensor space of order two (cf. Sect. 5.2). In the finite
dimensional case, this space is isomorphic to a matrix space. The interpretation as
matrix allows to formulate typical matrix properties like the rank leading to the
j-rank for a direction j and the a-rank for a subset « of the directions 1,...,d.
In the finite dimensional or Hilbert case, the singular value decomposition can be
applied to the matricised tensor.

In Sect. 5.3, the tensorisation is introduced, which maps a vector space (usually
without any tensor structure) into an isomorphic tensor space. The artificially con-
structed tensor structure allows interesting applications. While Sect. 5.3 gives only
an introduction into this subject, details about tensorisation will follow in Chap. 14.

5.1 Vectorisation

5.1.1 Tensors as Vectors

In program languages, matrices or multi-dimensional arrays are mapped internally
into a linear array (vector) containing the entries in a lexicographical ordering. Note
that the ordering is not uniquely determined (even different program languages may
use different lexicographical orderings). Without further data, it is impossible to
restore a matrix or even its format from the vector. This fact expresses that structural
data are omitted.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 157
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_5,
© Springer-Verlag Berlin Heidelberg 2012
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Vectorisation is implicitly expressed by the notation (1.5) for Kronecker matrices.
Applying this notation to n x 1 matrices which are regarded as (column) vectors,
(1.5) becomes

aib a1 by
a@b= |00 c KM forq= |92 | cK"andb= | b2 | € K™,

Hence, the resulting tensor is immediately expressed as vector in K™ ™. Only with
this vectorisation, Kronecker products of matrices A € K"*" and B € K™*" can
be interpreted as matrices from K™ "™,

For a mathematical formulation of the vectorlsatlon assume V; = K% with n; j =
#1; < oo. Choose any index set J with #J = H j—1 1 together with a bijection
¢ : I X ...x Iy — J. This defines the isomorphism @ : V = ®7 Vi = K’
between the tensor space V and the vector space K”. Tensor entries V[, ... ,i4]
are mapped into vector entries v[¢(i1,...,%q)] and vice versa. Note that 915 is a
vector space isomorphism in the sense of §3.2.5.

In the case of a linear system with n equations and unknowns, we are used to
deal with vectors z, b and a matrix M

Mz=1b (M e K™, z,beK’). (5.1a)

In particular, LU and Cholesky decompositions require an ordered index set J, e.g.,
J=A{1,...,N} with N := #.J.

An example, where such a system is described differently, are matrix equations,
e.g., the Lyapunov matrix equation

AX + XAT = B, (5.1b)

where matrices A, B € K’*! are given and the solution X € K!*7 is sought.
Let n := #I. The number of unknown entries X;; is n?. Furthermore, Eq. (5.1b)
is linear in all unknowns X;;, i.e., (5.1b) turns out to represent a linear system of
n? equations for n? unknowns. Lemma 5.1 from below allows us to translate the
Lyapunov equation (5.1b) into

Ax =b, (5.1c)

where x,b € V := K! ® K’ are tensors and A € L(V,V) is the following
Kronecker product:

A=A®I+I®AcL(V,V). (5.1d)

Using the vectorisation isomorphism @ : V. — K from above, we obtain the linear
system (5.1a) with M = ®AP~!, z = dx,and b= db.

Lemma 5.1. The matrices U,V € K!*! define Kronecker products U = U ® I,
V=1V, W=U®®V e LK @K/ K @ K. The products Ux, Vx, and
Wx correspond to UX, XV, and UXV' T, where X € K'*! is the matrix inter-
pretation of the tensor x € KI @ K.
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Proof. W := UXVT has the matrix coefficients Wi ;= ZMGI Uil X0 Vjo. The
Kronecker matrix W = U ® V has the entries W(i7j)7(k7g) = U 1, Vj¢. Hence,

(Wx)ii0 = D Wagwo Xeo = Wiy
(k,0)eIxI

The special cases U =1 or V =1 yield the first two statements. a

From (5.1d) we easily conclude that a positive definite matrix A in (5.1b) leads
to a positive definite matrix M and, therefore, enables a Cholesky decomposition.

5.1.2 Kronecker Tensors

As already mentioned in the previous section, the interpretation of a Kronecker
tensor product as a matrix is based on vectorisation. However, there is a second
possibility for vectorisation. Matrices, which may be seen as tensors of order two,
can be mapped isomorphically into vectors. This will be done by the mappings ¢
from below.

Let I; and J; be the index sets of the matrix space M := K% %75 . An isomorphic
vector space is V; := K%i with K; = I; x J;. The following isomorphism ¢;
describes the vectorisation:

gf)j : Mj — ‘/ja A(‘]) = (A(J)

évm)ZEIj;mer = a) = é; (A(j)) = (al(:j))

i€ Ky

We identify M := ®?:1M ; with the matrix space KI*J, where I:= X?zll j
and J := X‘j:l Jj, while V := ®?:1Vj is identified with the vector space K¥
for K := X?ZlK i = X;-lzl(l % J;). Note that the matrix-vector multiplication
y = Mxis written as y; = 3 ;. y Mijx; fori € L

Elementary tensors A = ®j:1A(j )eM and a= ®j:1a(j ) €V have the entries
d d
Al(lr,. .. La), (ma, . ma)l = [[ AP, and afir... id = [] ai”.
Jj=1 j=1

Define a¥) by ¢;(AY)). Then a = (®§.l:1 ¢;)(A) holds and gives rise to the
following definition:

d .
@:®j:1¢j:A€M>—>a€V with
A[(fl,...,éd) s (ml,..., md)] — a[(fl,ml) yeeny (éd,md)] for (fj,mj) EKj.

& can be regarded as vectorisation of the Kronecker matrix space M. For d > 3,
we have the clear distinction that M is a matrix space, whereas V is a tensor space
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of order d > 3. For d = 2, however, also V can be viewed as a matrix space (cf.
Van Loan-Pitsianis [189]).

Remark 5.2. Suppose that d = 2.

(a) The matrix A with entries A[(¢1,¢2), (m1, m2)] is mapped by @ into a with
entries a[(¢1,m1), (¢2,m2)]. Since d = 2, the tensor a can again be viewed as a
matrix from K&1* K2 Note that, in general, a € K1 *%2 ig of another format than
A € KJ, However, #(K71 x Ks) = #(I x J) holds, and A and a have the same
Frobenius norm, i.e., @ is also isometric (cf. Remark 2.8).

(b) The singular value decomposition of A in the sense of Lemma 3.18 can be
applied as follows. Apply Lemma 3.18 to a=®(A) resultingina = >_._, 0; 2;,Qy;
(xz; € V1, y; € V5). Then application of b ! yields

A= "0X;®Y:  withX; = ¢y (), Vi = 3" (i) (5.2)
i=1
Note that (5.2) is not the singular value decomposition of the matrix A.

As an illustration of Part (a) consider the identity matrix A = T for the index
sets Iy = J; = {1,2} and I, = J2 = {a,b,c}. The matrices A and a = ®(A)
are given below together with the indices for the rows and columns (only nonzero
entries are indicated):

la 1b 1c 2a 2b 2¢

la|l aa ab ac ba bb bc ca cb cc

1b 11)1 1 1
A= lc a= 12

2a 21

2b 22|11 1 1

2c 1

5.2 Matricisation

Synonyms for ‘matricisation’ are ‘matrix unfolding’ or ‘flattening’. We prefer the
first term, since it clearly indicates the correspondence to matrices (at least in the
finite dimensional case).

We recall the two types of isomorphisms discussed in §3.2.5. The strongest form
is the tensor space isomorphism which preserves the tensor structure (cf. Defini-
tion 3.27). The weakest form is the vector space isomorphism which identifies
all tensor spaces V and W of same dimension not regarding the tensor struc-
ture. An intermediate form groups the d spaces V; from V = ® 1V; such that
the order is reduced. For instance, ® 1 Vj is isomorphic to the rearrangement
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View= (V1 ®@ V5) ® (Vo ® V3) ® V4, which is a tensor space of order dyew = 3. In
this setting, vectorisation results from dyew = 1, while matricisation corresponds to
dnew = 2. Since tensor spaces of order two are close to matrix spaces, matricisation
tries to exploit all features of matrices.

In the following we use the sign ® without subscripts ®, or ®) ., since both
cases are allowed.

5.2.1 General Case

To get dpew =2, we have to divide the whole index set {1, ..., d} into two (disjoint)
subsets. For a systematic approach we introduce the set
D=A{1,...,d} (5.3a)

and consider proper subsets
DS aSD. (5.3b)

The complement of « is denoted by
a‘:= D\a. (5.3¢)
We define the (partial) tensor spaces
Vo=@V, foracD, (5.3d)
j€a

which include the cases Vj = K for « = () and Vp = V for @ = D. For singletons
we have the synonymous notation

V{j} = VJ (j S D) (5.3e)

Instead of V ;3" for the complement {j}¢ we have already introduced the symbol

V= @ Vi

keD\{j}

(cf. (3.21a)). Depending on the context, the spaces V, and V;; may be algebraic or
topological tensor spaces. Concerning the (choice of the) norm of the partial tensor
space V, in the case of ) G o & D, we refer to §4.3.2.

Below, we introduce the isomorphism M, from V onto the binary tensor space
Vo, ® Vge:

V:@ngva@@vac. (5.4)
jeb
Often, o is a singleton {j}, i.e., Vo = Vyj;; = Vj. In this case, (5.4) becomes
V = V; ® V|; and the isomorphism is denoted by M.
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Definition 5.3 (M, M ;). The matricisation M, with o from' (5.3b) is the iso-
morphism?

Ma:@kEDVk —>VQ®VQC
®/€ED v(k) — V(O‘) ® V(O‘C) Wlth V(O‘) — ® fu(k)7 V(O‘C) — ® v(k)
k€ keac

In particular, for j € D, M is the isomorphism

M; ®k6D Vi =V; ®V[j]
Rren v®) = 0 @ vl with vl = ®k€D\{j} v,
Next, we check how M., (v) behaves when we apply an elementary Kronecker

product ®‘;:1A(j) :' V. — W to v. This includes the case of a tensor space iso-
morphism @ : V. — W (cf. Definition 3.27).

Remark 5.4. For V= ®]_,V; and W = ®]_, W let A:= ®[_, AV : VW
be an elementary Kronecker product. For o from (5.3b) set A(*) := &) jca AU) and
A(ac) = ®j€ac A(7) Then,

Mo (Av) = (A(O‘) ® A(O‘C)) Mo (V) forallv e V.

If AU) :V; — W, are isomorphisms, A(*) © A(®") describes the isomorphism
between V, ® Ve and W, @ W e.

5.2.2 Finite Dimensional Case

5.2.2.1 Example

For finite dimensions, the binary tensor space V, ® V,. resulting from the
matricisation may be interpreted as matrix space (cf. §3.2.3). If, e.g., V; = K/,
then M, maps into® Kle *Iac where I, = X kea Ik and Ine = X o, Iy Hence,
a tensor v with entries v[(i,), . p] becomes a matrix M = M,(v) with entries
M[(ix)wea s (i3)reae):

To demonstrate the matricisations, we illustrate all M, for a small example.

! By condition (5.3b) we have avoided the empty set « = @) and « = D (= a° = (). Since
the empty tensor product is interpreted as the field K, one may view Mp : V — V ® K as the
vectorisation (column vector) and My : V — K ® V as mapping into a row vector.

2 In the case of Banach tensor spaces, the isomorphism must also be isometric.

3 This means that M, is replaced by =~ o M, where = is the isomorphism from the matrix
space Ko XTac onto the tensor space Vo, @ Vo (see Proposition 3.14). For simplicity, we write
M, instead of =~ 1 o M.
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Example 5.5. Below, all matricisations are given for the tensor
veKhoKRE2eKE@KA with ) =1, = I3 = I, = {1,2}.

The matrix M (v) belongs to K/1*7 with J = I x I3 x I;. For the sake of
the following notation we introduce the lexicographical ordering of the triples from
Io x I3 x I, : (1,1,1),(1,1,2),(1,2,1),...,(2,2,2). Under these assumptions,
K1 %7 becomes K2*8 : 4

./\/ll(v) _ V1111 V1112 V1121 V1122 V1211 V1212 V1221 V1222
V2111 V2112 V2121 V2122 V2211 V2212 V2221 V2222

M (v) belongs to K2*7 with .J = I} x I3 x I. Together with the lexicographical
ordering in J we get

MQ(V) _ V1111 Vi112 Vii21 V1122 V2111 V2112 V2121 V2122
Vi211 Vi212 Vi221 V1222 V2211 V2212 V2221 V2222

Similarly,

./\/lg(v) _ Vi111 V1112 Vi211 Vi212 V2111 V2112 V2211 V2212
Vii21 V1122 Vi221 V1222 V2121 V2122 V2221 V2222 )

./\/l4(v) _ Vi111 V1121 Vi211 Vi221 V2111 V2121 V2211 V2221
Vi112 V1122 Vi212 V1222 V2112 V2122 V2212 V2222

Next, we consider v = {1,2}. My 03(v) belongs to K'*/ with I = I x I
and .J = I3 x I,. Lexicographical ordering of I and .J yields a matrix from K***

Vi1ii1l Vi112 Vii21 V1122

M{l 2}( ) _ | V1211 Vi212 V1221 Vi222
’ V2111 V2112 V2121 V2122
V2211 V2212 V2221 V2222

Similarly,

V1111 V1112 Vii21 Vi212
M{l_g}( ) _ | V1121 V1122 Vi221 V1222

' V2111 V2112 V2211 V2212
V2121 V2122 V2221 V2222

V1111 Vii21 Viii2 Vi221
M{1_4}( ) _ | V1112 V1122 Vi212 V1222

' V2111 V2121 V2211 V2221
V2112 V2122 V2212 V2222

The further M, (v) are transposed versions of the already described matrices:
Mgy = M|y Mppay = MY gy, Mizay = MY, 5y, Mgy = MI,
My o4y = M, My 34y = M, Mo 34y = MJ.

4 Bold face indices correspond to the row numbers.
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5.2.2.2 Invariant Properties and a-Rank

The interpretation of tensors v as matrices M enables us

(i) to transfer the matrix terminology from M to v,
(i1) to apply all matrix techniques to M.

In Remark 3.15 we have considered an isomorphism v = M and stated that
the multiplication of a tensor by a Kronecker product A ® B has the isomorphic
expression (A ® B)v = AM BT. More generally, the following statement holds,
which is the matrix interpretation of Remark 5.4.

Lemma 5.6. Let v € V=@Q, ., K and A= Q. , AV € Q) p LK, K7).
The product Av € W = ®j€D K75 satisfies
Ma(Av) =AY Mo (v) AT with A =(R)AV), A = (K) AV, (5.5)

JEa JjEac

In particular, if all AY) are regular matrices, the matrix ranks of Mo (Av) and
M, (V) coincide.

Proof. Define the index sets I, 7eal and Ipe := X ¢c,elj, and similarly Ja
and J,e. In the following, the mdlces iel:= >< jepl; are written as (i’,i") with
i’ € I, and i” € L. Similarly for j = (j’,j”) € J. Note that e;, j denotes a
matrix entry, while o5 = e, ;) is a tensor entry. The identity

MQ(AV)j/yj// = (AV)(j/Ju) = ZA(j/,j”),ivi = Z Z A(j’,j”),(i’,i”)V(i',i”)

icl i€l i”€l,e
« a‘
g g A llv(l’ ”)A s 1” - g g A )M i' i//A§//7i2/
irel, i7€l,e irel, i”€l,e
proves (5.5). O

According to item (i), we may define the matrix rank of M, (v) as a property of
v. By Lemma 5.6, the rank of M, (v) is invariant under tensor space isomorphisms.

Definition 5.7 (rank,,). For any5 a C D from (5.3b) and all j € D we define

rank, (v) := rank (M, (v)), (5.62)
rank;(v) := rankg;y(v) = rank (M;(v)) . (5.6b)

In 1927, Hitchcock [100, p. 170] has introduced rank; (v) as ‘the rank on the
4™ index’. Also rank, (v) is defined by him as the ‘a-plex rank’. We shall call it
j-rank or a-rank, respectively. Further properties of the a-rank will follow in
Lemma 6.19 and Corollary 6.20.

5 Usually, we avoid a = () and o = D. Formally, the definition of Mgy, M p from Footnote 1
yields rankg(v) =rankp(v) =1 for v # 0 and ranky(0) = rankp(0) = 0, otherwise.
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The tensor rank defined in (3.24) is not directly related to the family of ranks
{rank,(v) : 0 G a G D} from (5.6a) or the ranks {rank;(v) : j € D} from (5.6b).
Later, in Remark 6.21, we shall prove

rank,, (v) < rank(v) foralla C D.

Remark 5.8. Let ||-|| be the Euclidean norm in V = ® K% (cf. Example 4.126),
while [|-||¢ is the Frobenius norm for matrices (cf. (2. 9) Then the norms coincide:

vl = [Ma(v)|¢ forall S a S {1,...,d}andallveV.

Proof. Use Remark 2.8. a

5.2.2.3 Singular Value Decomposition

Later, singular values of M, (v) will be important. The next proposition compares
the singular values of M, (v) and M, (Av).

Proposition 5.9. Let ve'V = ®neD ~. The Kronecker matrix A= A(®) @ A(®°)
is assumed to be composed of A®) € L(V 4, V) and A € L(V e, Vo) with
the properties AHA() <T and A IHA) <T. Then the singular values fulfil

0x(Ma(AV)) < 03 (My(v))  forallk € N.
Proof. Combine M, (Av) = A M, (v)A©@)T from (5.5) and Lemma 2.27¢.0)

Corollary 5.10. The assumptions of Proposition 5.9 are in particular satisfied, if
A(® and A(®) are orthogonal projections.

Remark 5.11. The reduced singular value decomposition

Mo(v) =URNVT = Z aga)uivz

=1

(o; > 0, u;,v; columns of U and V, r,, = rank,(v)) translates into
V:ZO’l(a) u; ®v; (ul- €V, v; GVac). 5.7

Here, u; and v; are the isomorphic vector interpretations of the tensors u;, v;.

Remark 5.12. (a) In the case of matrices (i.e., D = {1,2}), the ranks are equal:®

rank; (v) =ranks(v). Further, the singular values of M (v) coincide: 0( )= 0(2).

(b) If d > 3, the values ranky(v) (k € D) may not coincide. Furthermore, the

6 The true generalisation of this property for general d is Eq. (6.17a).
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singular values afk) of My, (v) may be different; however, the following quantity is
invariant:

ranky (v)

2
> (a§’“>) = |v|? forallkeD (||, from (4.126)).

i=1

Proof. 1) Letv(; jy = M; ; be the isomorphism between v € K! = K ® K2 and
the matrix M € K1*!2. Then M;(v) = M, while My(v) = M. Since M and
MT have identical rank and identical singular values, Part (a) follows.

2) Consider the tensor v .= a1 ® ao ® a3z + a1 @ ba @ by € ®§:1 K2 with
a; = (y) (i =1,2,3)and b; = (7) (i =2,3). We have

Mi(v) =1 ®ceK*® (K*®K*) 2K* @ K*

with ¢ := as ® az + by @ b3 = (1001) € K* (i.e., My(v) = (1001 has rank 1),
whereas

Mav) =zt bpwa= (§) wim { G0 S0 20 L0,
has two linearly independent rows and therefore rank 2.

3) Since the rank is also the number of positive singular values, they must be
different for the given example. The sum of the squared singular values is the
squared Frobenius norm of the corresponding matrix: || M (v) H,Q: Since the matrix
entries of My (v) are only a permutation of the entries of v (cf. Example 5.5), the
sum of their squares equals ||VH§ . O

5.2.2.4 Infinite Dimensional Spaces

For infinite dimensional vector spaces V}, these quantities generalise as follows.
In the finite dimensional case, rank (M, (v)) is equal to the dimension of the range
of M (v) (cf. Remark 2.1), where

range(Mq(v)) = {Ma(v)z : 2 € Voo ).

Since M4 (V) € Vo®V,e has the form ) x, ®y,, (cf. Definition 5.3), the matrix-
vector multiplication M (v)z can be considered as > z(y,) - x, € V,, where
z € V. is considered as an element of the dual vector space (for dim(V,e) < oo,
V.. may be identified with V). The mapping > x, ®y, — > z(y,) - X, is
denoted by id ® z. Then the matrix-vector multiplication M, (v)z may be rewritten
as (id ® z) M (v). This leads to the notation

rank, (v) := dim {(id ® z) My (v) 12 € Vi }.
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The transition to the dual space V.. (or V%.) is necessary, since, in the infinite
dimensional case, M,,(v) cannot be interpreted as a mapping from V. into V,
but as a mapping from V. into V. The set {(id ® z) M, (v) : z € V..} on the
right-hand side will be defined in §6 as the minimal subspace U™i"(v), so that

rank, (v) := dim(U™"(v)) (5.8)

is the generalisation to infinite dimensional (algebraic) vector spaces as well as to
Banach spaces.

An identification of V7. with V. becomes possible, if all V; are Hilbert spaces.
This case is discussed next.

5.2.3 Hilbert Structure

Next, we consider a pre-Hilbert space V = , Q) jep Vi and the left-sided singular
value decomposition problem of M, (v) for some v € V. The standard singular
value decomposition is

MQ(V) = igga) u; Qv <ui€Va = G®Vj , Vi EVei=, ®VJ) 5.9
=1

JEa JjEac

with two orthonormal families {u;}, {v;}, and cr%a) > ... >0 > 0. The left-
sided singular value decomposition problem asks for {u;} and {aga) FIFV; =K%
allows us to interpret M, (v) as a matrix, the data {u;}, {050‘)} are determined by
LSVD(I,, I e, 7, Mo (v), U, X) (cf. (2.32)). We recall that its computation may
use the diagonalisation of Mo (V)Mq(v)F = 37 (6'*)2 w;ul. In the infinite
dimensional setting, the latter expression can be expressed by the partial scalar
product’ from §4.5.4:

<MOZ(V)7 MQ(V» = <V7 V>ac € Va ® Va

Assuming the singular value decomposition M4 (v) = Y., aga) u; ®v; (possibly
with r = oo, cf. (4.16)), the partial scalar product yields the diagonalisation

(Ma(V), Ma(V)) e = <Za§“’ w v,y o u; e v‘j>
i=1 j=1 ac

- Z Z O’ga)°’§a) (Vi Vj) e Wi @ = Z(Uz@)z u; @ ;.

N——

i=1 j=1 i=1
=3ij

7 If the image My (V) = v(®) @ v(@°) under the isomorphism My, : V — V(@) g v(a®)
is an elementary tensors, the partial scalar product is defined by (Mq (v), M (V)) . =

ac

<V(O‘C),V(O‘C)>a(, v @yla) g Vo ® V. The expression (v,v)ac has the same meaning.
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We summarise.

Lemma 5.13. Let V = ® Vi 2 Vo ®q Vae with Vo, Ve as in (5.9). The

IeP (o)

left singular vectors u; ' € V, and singular values o; ' are obtainable from the
diagonalisation
(Ma(V), Ma(W))oe =D (017) 0™ @ uf®. (5.10)
i=1

(@)

Analogously, the right singular vectors Vga) € Ve and singular values o, are
obtainable from the diagonalisation

T

(Ma(¥), Ma()), = 3 () v @ v, (5.10b)
i=1
Corollary 4.131 allows us to determine the partial scalar product (-, ) 5 from

() if @ & B C D. As a consequence, (M (v), Mo (V)),. can be obtained
from (Mg (v), Ma(V)) 5.

(Ma(v), Ma(9))or = €pra ((Ma(v), Mas(v))e) - GID

with the contraction &g\, from Definition 4.130. In order to apply €4, o, the tensor
(Mp(v),Mp(v)) 5. € Vg ® Vg is interpreted as Vo @ Vo @ Vo @ Vig\a.
Using basis representations, we obtain the following result.

Theorem 5.14. Assume ) G o1 G a C D and
c= > b @bl eV, V,. (5.12a)

i,j=1

Ma(v), Ma(v))

[e3

Set ag = a\ay. Then a = ayUag holds. Consider bl(-a) € V, as elements of
Vi, ® V, with the representation

’I"al T’Q2

b =33 e b @ be). (5.12b)

v=1p=1

We introduce the matrices C; := (C,(/ll)t) € Kre1XTez for 1 < i <r,. Then

(Mo, (), Moy W) = 3 el @bl™ € Vo, @ Ve, (k=1,2)

3,J=1

holds with coefficient matrices E,, = (e(qk)) € K" X", defined by

]

Z el CiGT, O, B, Z SlerlciNen (5.12¢)

(o3 R A/
1,5=1 1,5=1

where G, = (gl(,(fi’“)) is the Gram matrix with entries g,(f,ik) = <b§tak),b,(,a’“)>.
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Proof. Insertion of (5.12b) in (5.12a) yields

(Ma(v), M Z DY ) A b)) @ b @b @ b,

i,j=1 V, 4,0, T

Applying (5.11) with 8\« replaced by as = o\ v yields

(Mo () Moy ()= D el 3 el (b, bl bl @b

1,j=1 V,[4,0,T

proving elan) — ZZ pi) U Zu . clfl)t cS,JT) gq(fff), ie, By, = > e(a)C' GT CH.

a2 7]
1,j=1

The case of E,, is analogous. O

Corollary 5.15. Assume the finite dimensional case with orthonormal basis {b( )}
Form the matrix B, = [b{® b{®) -..]. Then

Mo(v)My(v)H =B, E,BY

holds in the matrlx interpretation. In particular, (0\™)2 = A*) is valid for the

singular values a ) of M, (v) and the eigenvalues )\1(-0‘) of E,.

In the following example, we apply the matricisation to a topological Hilbert
tensor space V = || &) jep V5 with induced scalar product.

Example 5.16. Let V; = L?(I;) with I; C R for 1 < j < d. Then L*(]) =
I ®;l 1 V; holds for I = ><d 1I;. Consider a function f € L?(I). To obtain the
left singular vectors u(J Jer? (I;), we have to form the operator

Kj == MM (E) = (M (£). M;(£)) ) € £V}, V).

J

The application of K; to g € L?(1;) is given by
ICJ(g)(f) = / kj(g,fl)g(gl)dgl with I[j] = >< Ik, dx[j] = dek in
L ki ki

kj(f,f/) = . f(...,wj_l,g,xj_kl,...) f(...,l'j_l,fl,xj_kl,...) d,T[J]
[4]

The singular vectors ugj)

value problem

©)

and singular values ;" can be obtained from the eigen-

Ki(w?) = (eP)ul?  (ieN).

Iffe, ® j—1Vj 1s an algebraic tensor, KC; has finite rank and delivers only finitely

() ()

many singular vectors u,;”’ with positive singular values o,
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5.2.4 Matricisation of a Family of Tensors

Let F = (v;);c; be a family of tensors v; € Vp = ®jeD Vj. According to
Lemma 3.26, the tuple (v;),., may be considered as an element of the tensor space
Vp @ KIIfD = {1,...,d}, define the extended index set Deyx := D U {d + 1}
and the extended tensor space Vo = @ je Dchj, where V41 = K. Using the
identification described in Lemma 3.26, we may view F as an element of V.
This allows us to define M, (F) for all @« C Dey. For instance, « = D yields

Mp(F) = Z v, @ e; (vi € Vp,e; € K' :i-th unit vector) .
il
From this representation one concludes the following result about the left-sided
singular value decomposition (cf. (5.10a)).

Remark 5.17. (Mo (F), Mo (F)) o = 3 (Ma(vi), Ma(vi)) py, fora C D.

icl

5.3 Tensorisation

Tensorisation is the opposite of vectorisation: a vector is isomorphically transformed
into a tensor, even if the tensor structure is not given beforehand.

One example of tensorisation has been presented in §1.2.4.1. There, u and f are
grid functions and are usually considered as vectors. Because of the special shape
of the grid G,,, the entries of u and f are of the form ;1 and £, (1 < 4,5,k < n)
and u and f can be regarded as tensors from K" ® K" @ K”.

However, the tensorisation may also be rather artificial. Consider, e.g., any vector
from K! with I := {0,...,n — 1} and assume that n is not a prime, so that a
factorisation n=nynz (n1,n2 > 2) exists. Choose index sets J; := {0,...,ny — 1}
and Jo := {0,...,n2 — 1} and J := J; X Jo. Since #J =+#1, there is a bijection
a : J — I leading to an isomorphism

zekKl +—veK' =K"@K”  with (5.13)

v[j1,j2) = x[a(j1,j2)] and a(j1, j2) = jona + j1-

In the latter case, v € K7 is an ny x ny matrix or a tensor of order two.
Obviously, tensors of higher order can be obtained by exploiting a factorisation
n =n1ny - ... ng (assuming n; > 2 to avoid trivial cases):

d d
K'= QK for #I =[] #J;.
j=1

Jj=1

An extreme case is K’ with the dimension #1 = 2¢ :
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K2 =~ ®d K2 (5.14)
-1 . .

The advantage of the representation as tensor is the fact that vectors (of length
n) rewritten as tensors may require less storage. In the following example, the
corresponding tensors are elementary tensors (cf. Khoromskij [118]). Consider

z e K01 witha, =¢¥ for 0<v<n-—1, (5.15)

where ( € K is arbitrary. Such vectors appear in exponential sum approximations
as well as in Fourier representations. The isomorphism (5.13) based on n = nins
yields the matrix

¢0 ¢mo.. (2= hm I
<1 <n1+1 . <(n2—1)n1+1 Cl
M = . : = : [CO Mo C(nrl)m] ,
<n1'—1 C2n'1—1 <n21'11—1 Cnl'_l

which corresponds to the tensor product

CO CO
<1 Cnl
z e Ki0omn—1h e . e Ki0m—1} g g{0-m2—1}
Cnl._l C(ngl—l)nl

The decomposition can be repeated for the first vector, provided that ny = n'n”
(n/,n” > 2) and yields (after renaming n’, n”’, ns by ni,ns, n3)

¢ ¢° ¢°
Cl <n1 Cnlﬂz
z e Ki0n=1h . & . 02y .
<n1.71 C(nz;l)fn C(ngfll)nlfm

By induction, this proves the next statement.

Remark 5.18. Let n = nyno - - - ng with n; > 2. The vector x from (5.15) corre-
sponds to the elementary tensor vV @ . . .@v(® with v € K197 ~1} defined by

CO
_ CPi Jj—1
) = . with p; := H Nng.
C("j;l)Pj e

) . 1
In the case of n=2% i.e., nj=2,p; = 29=1 and @) = { 9i-1 } , the data size is
reduced from n to 2d=2log, n. ¢



172 5 General Techniques

Interestingly, this representation does not only save storage, but also provides a
more stable representation. As an example consider the integral involving the oscil-
latory function f(t) = exp(—at) for a = 27ik + 3,k € N, 8 > 0, and g(¢t) = 1.

For large k, the value
/ ) _ 1—exp(=f)
B + 27k

is small compared with fol [f(t)g(t)| dt = (1 — exp(—p)) /8. For usual numerical
integration one has to expect a cancellation error with the amplification factor

! 1
%:z/ |ft)g(t)]dt / ‘/ f(t)g(t)dt’ =1+ (27k/B)? ~ %
0 0

which is large for large k and small /3. If we approximate the integral by®

12 v v
:—Zf(—) g(—) for n = 24,
n n n
v=0
the floating point errors are amplified by s from above. Using the tensorised grid
functions f = ®;l:l f@) and g = ®;l:l g with
) — L G — |1
1= [exp(—(mk + ﬁ)zf—l—d)} and g [1}

according to Remark 5.18, we rewrite’ the sum (scalar product) as % f,g) =
1 H}l:l (fD), gD}

d
l1_[ [1 4 exp(—(27ik + B)27 179 .

3

In this case, the amplification factor for the floating point errors is O(d + 1) and
does not deteriorate for £k — oo and 5 — 0.
More details about tensorisation will follow in Chap. 14.

8 Because of other quadrature weights for v = 0 and n, the sum S is not exactly the trapezoidal
rule. For 3 = 1/10, k = 1000, and d = 20 (i.e., n = 229 = 1048 576), the value of S is
4.56210-8 — 1.51510-51 (exact integral value: 2.41010-10—1.51510-51).

° Note that H?:l (1 + IzH) _ sz 01 iid



Chapter 6
Minimal Subspaces

Abstract The notion of minimal subspaces is closely connected with the represen-
tations of tensors, provided these representations can be characterised by (dimen-
sions of) subspaces. A separate description of the theory of minimal subspaces can
be found in Falc6-Hackbusch [57].

The tensor representations discussed in the later Chapters 8, 11, 12 will lead to
subsets 7r, H., Tp of a tensor space. The results of this chapter will prove weak
closedness of these sets. Another result concerns the question of a best approxima-
tion: is the infimum also a minimum? In the positive case, it is guaranteed that the
best approximation can be found in the same set.

For tensors v € a® 1V; we shall define ‘minimal subspaces’ U Imn(v) cV;
in Sects. 6.1-6.4. In Sect 6 5 we consider weakly convergent sequences v,, — Vv
and analyse the connection between U™ (v,,) and U}"™(v). The main result will
be presented in Theorem 6.24. While Sects. 6.1-6.5 dlscuss minimal subspaces of
algebraic tensors v € ® j—1Vj» Sect. 6.6 investigates U m‘“( ) for topological
tensors v € ||. ||® 1V . The final Sect. 6.7 is concerned with intersection spaces.

6.1 Statement of the Problem, Notations

Consider an algebraic tensor space V=, ®?:1 V; and a fixed tensor v € V. Among
the subspaces U; C V; with '

d
veU:=,Q)U; (6.1)
=1

we are looking for the smallest ones. We have to show that minimal subspaces U
exist and that these minimal subspaces can be obtained simultaneously in (6.1) for
all 1 < j <d. Since it will turn out that the minimal subspaces are uniquely deter-
mined by v, we use the notation

U;nln(v) C ‘/j .
W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 173

in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_6,
© Springer-Verlag Berlin Heidelberg 2012
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The determination of U;“i“(v) will be given in (6.6) and (6.10). We shall charac-
terise the features of U J‘-ni“(v), e.g., the dimension

rj = dim(U;—ni“(v)).

Furthermore, the properties of U J‘-ni“(v) for varying v are of interest. In particular,
we consider U;""(v;,) and its dimension for a sequence v,, — v.

First, in §6.2, we explore the matrix case d=2. In §6.6 we replace the algebraic
tensor space by a Banach tensor space.

An obvious advantage of (6.1) is the fact that the subspaces U; can be of finite
dimension even if dim(V;) =00, as stated next.

Remark 6.1. For v € ®?:1Vj there are always finite dimensional subspaces
U; C V; satisfying (6.1). More precisely, dim(U;) < rank(v) can be achieved.

Proof. By definition of the algebraic tensor space, v € a®;l:1Vj means that there
is a finite linear combination

n d
v = Z ® v (6.2a)
v=1 j=1

with some integer n € Ny and certain vectors vl(,j ) € Vj;. Define
Uj; = span{v,gj) :1<v<n} forl <j <d. (6.2b)

Thenv € U := , ®j:1 U; proves (6.1) with subspaces of dimension dim(U;) <n.
By definition of the tensor rank, the smallest n in (6.2a) is n := rank(v). O

6.2 Tensors of Order Two

6.2.1 Existence of Minimal Subspaces
First, we consider the matrix case d = 2 and admit any field K. To ensure the
existence of minimal subspaces, we need the lattice property

(X1 ®a X2) N(Y1®a Y2) = (X1NY1) @a (X2NY2), (6.3)
which is formulated in the next lemma more generally.

Lemma 6.2. Let A be an index set of possibly infinite cardinality. Then

() (Ui ®aUza) = ( N Ulya) ®a ( N UM)

a€cA acA acA

holds for any choice of subspaces Uj o C Vj.
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Proof. The inclusion ((N,c4 Uta) ®a (MNuecaU2a) C Naeca Uta ®aq Uza) is
obvious. It remains to show that v € U; g ®, Uz g for all B € A implies that
v E (maeAUl-,a) Ra (maeAU2-,a)- Choose some 3 € A and let y € A be arbitrary.
By assumption, v has representations

77,5 n.y
1 2 . i
v = ZUE,; & ul(,[)j = Zu,(}% ® u,(f% with ul(f[)j cUjg, u ,(j% € Uj 4.
v=1 v=1

Thanks to Lemma 3.13, we may assume that {ul(,lf)a} and {ul(fg} are linearly inde-

pendent. A dual system ¢,, € V5 of {ul(fg} satisfies ¢, (ul(f)) = 0y, (cf. Definition
3.6). Application of id ® ¢, to the first representation yields (id ® ¢,,)(v) = uLl)B ,

while the second representation leads to Y _.7 ¢, (u,(f%) uﬂ The resulting equa-

tion u{* }5 =30 Pu (ul(,Q%) ul(,% shows that u" 23 isa hnear combination of vectors

(1) 1)

Upy € Uiy, 1€, U, 5 € Ui,5.Sincey € Ais arbltrary,u 5 €N Ui o follows.

acA

acA

Analogously, using the dual system of {uw ﬁ}, one proves u,(w €N Us,a-
Hence,ve(ﬂaeAUl_,a)@a(ﬂaeAUg_,a). ]

Definition 6.3. For an algebraic tensor v € V; ®, Va, subspaces Ui%(v) C V; and
Unin(v) C V; are called minimal subspaces, if they satisfy

v 6 Umln( ) Umm( ) (643)
velU,®,Us = UPM(v)CUsand UM (v) C Us. (6.4b)

Proposition 6.4. All v € V] ®, Va possess unique minimal subspaces U Jmin(v) for
j=12
Proof. To prove existence and uniqueness of minimal subspaces, define the set

F=F V) :={(U1,Uz) : v e Ui ®,Us for subspaces U; C V;}.

F is non-empty, since (V1,Vz) € F. Then UM (v) := N, v2)e7U; holds for
j = 1,2.In fact, by Lemma 6.2, v € Ui"(v) ®, U (v) holds and proves (6.4a),
while (6 4b) is a consequence of the construction by ﬂ(Ul Us)eF U;. a

Lemma 6. 5 Assume (3.16), i.e., v = ZT 1 u,(jl) (2) holds with linearly inde-
pendent {u,j : 1 < v < r} for j = 1,2. Then these vectors span the minimal
subspaces:

U;ni“(v) = span {ul(,j) 1<v<r}  forj=1,2. (6.5)

Proof. Apply the proof of Lemma 6.2 to the set A := {3,~} and the subspaces
Ujp:= span{uf,]) :1<v<r}, and Uj, := UMM (v). It shows that U; g C U™ (v).
Since a strict inclusion is excluded, U; s =U J‘-ni“(v) proves the assertion. O
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As a consequence of (6.5), dim(UJ‘»“i“(v)) =r holds for j=1 and j =2, proving
the following result.

Corollary 6.6. U™"(v) and UJ""(v) have identical finite dimensions.

A constructive algorithm for the determination of U J‘»“i“(v) is already given in
the proof of Lemma 3.13: As long as the vectors v,, or w, in v= Efle v, Qw,, are
linearly dependent, one can reduce the number of terms by one. This process has to
terminate after at most n steps. By Lemma 6.5, the resulting vectors {v, } and {w, }
span UM (v) and UMn(v).

In the proof of Lemma 6.5 we have already made indirect use of the following
characterisation of U™ (v). The tensor id® 2 € L(V1, V4)® V4 can be considered
as a mapping from L(V; ®, Vo, V1) (cf. §3.3.2.2):

vOwEVI®, Vo = (id® p2) (v w) = @a(w) - v € V1.

The action of 1 ® id € V] @ L(Va,Va) C L(V1 ®, Va, Va) is analogous.

Proposition 6.7. For v € V; ®, Vo the minimal subspaces are characterised by

U™ (v) = {(id @ ¢2) (v) : g2 € V3}, (6.62)
U™ (v) = {(¢1 @ id) (v) 1 o1 € V{}. (6.6b)
Proof. Repeat the proof of Lemma 6.2: there are maps td ® o yielding ul(,l).

By Lemma 6.5, the vectors u,(, ) span U™"(v). Similarly for (6.6b). Note that the
right-hand sides in (6.6a,b) are linear subspaces. O

For V; = K™ and V5, = K"2, tensors from V; ® V5 are isomorphic to matrices
from K™ *"2_ Then definition (6.6a) may be interpreted as

UMt (v) = range{ M} = {Mz : 2 € V3},

where M = M;(v) is the matrix corresponding to v. Similarly, (6.6b) becomes
Uit (v) = range{ M T }.

Corollary 6.8. (a) Once U™"(v) and U3""(v) are given, one may select any ba51s
{u :1<v <7} of UM?(v) and find a representatlon v=>y_ uP @ul? (cf.
(3.16)) with the glven uy? and some basis {u )} of Uit (v). Vlce versa one may
select a basis {u,, Dil<v< r} of US™(v), and obtains v=>"" _ u, )®u( ) with

the given u$? and some basis {u,(jl)} of Uit (vr).

(b) If {u Di1<v< s} is a basis of a larger subspace U; 2 U™ (v), a representa-
tionv=>%"_,u (1) ® u(2) still exists, but the vectors u5,2) are linearly dependent.

(c) If we fix a basis {ul, : 1 < v < r} of some subspace Uy C Vs, there are
mappings {1, : 1 <v <1} C L(V4 ®, Ua, V1) such that ¥, (w) € UM (w) and

w=> 9, (w)@u? forallwe Vi@ U,. 6.7)
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Proof. 1) Assumev=>y " _ )® 02 and choose another basis {u,(,l): 1<v<r}.
Inserting the transformation uf, ) = Zu al,#uf}) (1 <v<r), weget

VZi ﬁf,”@ﬁl(?)—ZZa u(1)®u(2)—2u 1)®Z awu Z
v=1

v=1p=1 = pn=1

with the new basis uL) = ZU lal,#ul(,) If r is minimal [Part (a)], the vectors

uff) are linearly independent (cf. Lemma 6.5); otherwise [Part (b)], they are linearly
dependent.

2) Consider w € V5 ® Us and a basis {ul,2 1<v<r} of Uy C Va. By Part (b),
there is a representatlon W= Z _luftl) ®u( ) with suitable uft ) e V1. Let p, € V4

be a dual system to {u,, 2.q < v <r} (cf. Definition 3.6) and set ¢, :=id ® ¢,.
Application of 1, to w yields

(Zul)®u2)> Z% @) 4D = 37 60l = uld),
p=1

proving assertion (6.7). a

6.2.2 Use of the Singular Value Decomposition

If veU;®,Us holds for subspaces U; C V; of not too large dimension, the singular
value decomposition offers a practical construction of Uin(v) and Uin(v).
Although the singular value decomposition produces orthonormal bases, no Hilbert
structure is required for V; and V5. The approach is restricted to the fields R and C.

Remark 6.9. Let K € {R, C}. Suppose that a representation of v € Uy ®, Us by
v=>"_, vV @ vf? with v € U; and dim(U;) < oo is given.
1) Choose bases {uZ(J )1 <i<n;} of U; (j =1,2) and determine the coefficients

of U(J)

Hence, v=3_") >>72 ) M;; W u(2) has the coefficients M;; := 32", ¢!

v=1"v1 ug
2) Determine the reduced singular value decomposition of the matrix M € K"*"2
by calling the procedure RSVD(nq,ne,r, M, U, X, V), i.e

M=UsvVT =3 o,ab].

3) Define {d,, : 1 <v <r} C Uy and {b, : 1 <v <r} C Uy by’

! a, [i] is the i-th entry of a,, € K™1, etc.
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Gy = Z oy ayi] u” and b, = Zb,,[j] u? forl <wv <r.

They span the minimal subspaces UM% (v) := span{a, : 1 <v <r} C U; and
Unin(v) = span{bl, 1<v<r}CUyandv=>_,a,® b, holds.

4) dim(UM(v)) = dim(U8(v)) = rank(M) = 7.

Proof. Singular value decomposition yields

iiMwu(l ®u ii(Zoyau v ) 1) ug)

-3 (Lt )(Zb )= Yo

Since the vectors a, are linearly independent, also the a, are linearly independent.
Similarly, {6, } forms a basis. O

6.2.3 Minimal Subspaces for a Family of Tensors

The minimal subspaces U ;”i“ (v) serve for representing a single tensor v € V1®, Va.
Now we replace the tensor v by a subset F' C V; ®, V2 and ask for minimal
subspaces U™n(F) and U3 (F) so that v € UMY (F) ®, Un(F) holds for all
v EeF.

The obvious result is summarised in the next remark.

Proposition 6.10. Let F' C V} ®, Vo be a non-empty subset. Then the minimal sub-
spaces UM (F) and US™(F) are?

UM (F) := > UM™(v) and U™(F):= Y Uy™(v (6.8)
vEF vEF

Another characterisation is

UPin(F) = span {(id ® p2) (v) : p2 € V4, v € F},

6.8b
UMin(F) = span { (1 ®id) (v) : p1 € V{,v € F}. ( )

Proof. v € F and v € UP"™(F) ®, U™ (F) require U™ (v) C UM (v)(F) for
j=1,2and all v € F; hence, e, UM (v) C U™ (v)(F). The smallest
subspace containing (J, ¢ U™ (v) is the sum Y o U™ (v), implying (6.8a).
Equations (6.6a,b) prove (6.8b). O

2 The sum of subspaces is defined by the span of their union.
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6.3 Minimal Subspaces of Higher Order Tensors

In the following we assume that d > 3 and generalise some of the features of tensors
of second order.

By Remark 6.1, we may assume v € U := ®;l:1 U; with finite dimensional
subspaces U; C Vj. The lattice structure from Lemma 6.2 generalises to higher
order.

Lemma 6.11. Let X;,Y; C V; for 1 < j < d. Then the identity

(2 ) (o) - oes

Jj=1 Jj=1
holds and can be generalised to infinitely many intersections.

Proof. For the start of the induction at d = 2 use Lemma 6.2. Assume that the
assertion holds for d — 1 and use a®7 1 X = X1 ® X)) with X[pp:= a®J 2X

and a®J Y, =Y1®Y];). Lemma 6.2 states that ve (X1 N Y1)® (X[l] NYp)).B
inductive hypothesis, X717 N Y}y = R i—2(X;NY;) holds proving the assertion. D

Again, the minimal subspaces U m‘“( ) can be defined by the intersection of all
subspaces U; C Vj satisfying v € ®7 U

The algebraic characterisation of U J‘»nm( ) is similar as for d = 2. Here we use
the short notation ), . ; instead of @)1 gy ;- Note that the following right-

hand sides of (6.9a-d) involve the spaces «@);; Vi, (a@yz;Vie)'s a@ps; Vi
(®4; Ve)*, which may differ. Nevertheless, the image spaces are identical.

Lemma 6.12. Lerv € V = ®?:1 V;. (a) The two spaces
I — . /
Uj(v) = {S"(V) PPEa ®k¢j Vi } 5 (6.92)
Mgy . , !
Ui (v) = {w(v) D€ (a®k# Vk) } (6.9b)

coincide: Ujl (v) = UjH (v).
(b) If V; are normed spaces, one may replace algebraic functionals by continuous
functionals:

Iy . . *
U )=o) v e n @, Vi ) (6.90)
I\ — 71 () — p7IT ; ;
Then U; (v) = Uj (v) = U;"(v) is valid.
(c)If 4 ®k7§j Vi, is a normed space, one may define

va(v) = {(p(v) HRGES (®k¢j Vk)*}. (6.9d)

Then Ujl(v) = UjH(V) = Uj[v (v) holds.
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Proof. 1) Since the mappings ¢ are appliedto v € U := ®j:1Uj (cf. Remark
6.1), one may replace ¢ € o @;; Vi by ¥ € « ®y; Uy and ¢ € (a@);z; Vi)'
by ¢ € (a®); Ur)" without changing ¢(v). Since dim(Uy) < oo, Proposition
3.52c states that ®k¢j Uj = (a®k7éj Uy)'. This proves Part (a).

2) As in Part 1) we may restrict ¢ to a®k¢jUé = (a®k7éjUk)’. Since
dim(U}) < oo, algebraic duals are continuous, i.e.,

!/
[ _ *
e QUL = (a®k#U;€) = . QUi
k#j k#j
By Hahn-Banach (Theorem 4.15), such mappings can be extended to , ), # Vi
This proves Part (b), while Part (c) is analogous. O

Theorem 6.13. (a) For any v € V = , ®?:1 V; there exist minimal subspaces
U™ (v) (1 < j < d). An algebraic characterisation of U™ (v) is

mingo\ _ (P1®...Qpj—1®idR Pjit1 @ ... R @aq) (V)
Uimt(v) = span{ with on € V! for k # j (6.10a)

or equivalently
min _ . /
Uj™(v) = {w(V) L p€ a(X)k# Vi } (6.10b)

where the action of the functional ¢ is understood as in (6.10a). U;-nin(v) coincides
with the sets from (6.9a-d).

(b) For a sdubset FcvV=, ®;l:1 V; of tensors, the minimal subspaces V;  with
FCaQjy Vir are

UP(F) = > UM (v), (6.10¢)
veF
(c) For finite dimensional V;, the j-rank is defined in (5.6b) and satisfies
rank; (v) = dim(U™™(v)), (6.10d)
while, for the infinite dimensional case, Eq. (6.10d) is the true generalisation of the
definition of rank; .

Proof. 1) The equivalence of (6.10a) and (6.10b) is easily seen: Linear combina-
tions of elementary tensors ), ; ¢ are expressed by span {...} in (6.10a) and by
¢ € aQppi Vi in(6.10b).

2) We apply the matricisation from §5.2. The isomorphism M from Definition
5.3 maps a®z:1Vk into V;®, V];). Proposition 6.7 states that

U]min(v) _ {<P(V) L pE V[;]} = {(p(v) D p € (a®k¢j Vi )I} (6.11)

is the minimal subspace. The set on the right-hand side is U jH (v) (cf. (6.9b)) and
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Lemma 6.12 states that U/ (v) = U/(v), where U/(v) coincides with the set
on the right-hand side of (6.10b). So far, we have proved v € Ujmi“(v) ®a Vi)
Thanks to Lemma 6.11, the intersection may be performed componentwise yielding
v e ®j:1 Umin(v).

3) For families of tensors, the argument of Proposition 6.10 proves Part (b).

4) Concerning rank; see the discussion in §6.4. O

The right-hand side in (6.10a) is the span of a subset. For d = 2, the symbol
‘span’ may be omitted, since the subset is already a subspace (cf. Proposition 6.7).

Exercise 6.14. (a) For a subset ' C V let Up := span{F'} D F. Show that
Umin(F) = URn(Up). |
(b) Let ' C V be a subspace of finite dimension. Show that dim (U (F)) < oc.

The determination of Ujmi“(v) by (6.10a,b) is not very constructive, since it
requires the application of all dual mappings ¢, € V. Another approach is already
used in the proof above.

Remark 6.15. For j € {1,...,d} apply the matricisation

Mj=M;(v)€V;@a Vy  with V= o) Vi
ke{l,....d}\{7}

The techniques of §6.2.1 and §6.2.2 may be used to determine the minimal sub-
spaces U™ (v) and Uﬁﬁi“(v): M;(v) € UM (v) @ U[r;’]i“(v). In particular, if a
singular value decomposition is required, one can make use of Remark 2.24, since
only the first subspace Ujmi“(v) is of interest.

Remark 6.16. While dim (U™ (v)) = dim (U (v)) holds for d=2 (cf. Corollary
6.6), the dimensions of U}""(v) may be different for d > 3.

6.4 Hierarchies of Minimal Subspaces and rank,,

So far, we have defined minimal subspaces U J‘»“i“(v) for a single index j € D :=
{1,...,d}. We can extend this definition to U™ (v), where ) & a S D are subsets
(cf. (5.3b)). For illustration we consider the example

7
veV=QRV;=ViaV) e eV [Vse Ve V) =V.e VeV,
=1 —_—— ——
=V, =V; =V,
in which we use the isomorphism between V = ®J7.:1 Viand V, ® Vg ®@ V. Ig-
noring the tensor structure of V., Vg, V., weregardV = V,®V3®V,, as tensor

space of order 3. Consequently, for v € 'V there are minimal subspaces unin(y) C
Vo=Vi@ Ve, U(v) C Vg =V3® Vi, and U (v) CV, = V5@ Vs @ V7
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such that v € U™ (v) ® U™ (v) @ UL™(v). These minimal subspaces may be
constructively determined from M, (v), Mg(v), M, (v).

As in the example, we use the notations (5.3a-d) for D, «, a®, and V. By
V =V,®V,e, any v € V gives rise to minimal subspaces U2 (v) C V, and
Unin(v) C Ve.

Proposition 6.17. Let v € V = ®‘;:1Vj, and ) # o« C D. Then the minimal
subspace U™ (v) and the minimal subspaces U;“i“(v) for j € « are related by
Ut (v) c @ Un(v). (6.12)

JEa
Proof. We know that v € U =@®?_, UM (v). Writing U as Ua @ Uge with
U, = @, UM (v) and Uac':: Qjcac UM (v) , we see that U™ (v) must
be contained in Uy = @), U (V) O

An obvious generalisation is the following.

Corollary 6.18. Let v € V= ®?:1Vj. Assume that () # a1,...,qm, 8 C D are
subsets such that 5 = UT:l o, is a disjoint union. Then

Upt(v) c @), Uarv),
In particular, if 0 # o, a1,as C D satisfy a = a3 Uas (disjoint union), then
U™ (v) C U2 (v) @ U (v). (6.13)

If
[ dim(V,) > dim(UZ™® (v)) - dim(U"(v),
HEQC

there are tensors v € V such that (6.13) holds with equality sign.

Proof. For the last statement let {bgl)} be a basis of UM (v) and {b§-2)} a basis of

o
min (1) (2) ; : min min : ;g
U M (v). Then {b; " @ b;”'} is a basis of Up" (v) @ Ug}"(v). For all pairs (3, j)

choose linearly independent tensors w;; € Q) V. and set

peEQ”
vi=> " wyen) et ev
. ij ) ) 7 .
One verifies that UM% (v) = span{bz(-l) ® b§»2)} = Unin(v) @ UZin(v). O
The algebraic characterisation of U™ (v) is analogous to (6.10a,b):
min () — (V) ne = (@), L) _/} .
U™ (v) = span {soa (V) par =@ &V eV eV 614

where @ac ( ®j:1 V) 1= pae ( Qjcar v)) - Qjca V).
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In Definition 5.7, rank, is introduced by rank, (v) := rank (M,(v)), where
M, (v) may be interpreted as a matrix. In the finite dimensional case, rank(M,, (v))
equals the dimension of range(M,(v)). In general, M, (v) is a mapping from V.
into V,, whereas the interpretation of the range of the matrix M, (v) considers
M, (v) as a mapping from V¢ into V,, which is true for the finite dimensional
case, since then V/ . and V. may be identified. As announced in (5.8), the true
generalisation is

rank, (v) = dim(U™"(v)) (6.15)

(cf. Theorem 6.13c), which includes the case of rank, (v) =oo for ve | ®;l:1 V;
with dim (U™ (v)) = occ. For completeness, we define

- 1 iftv#£0,
rankg(v) = rankp(v) = {0 v =0 (6.16)
(cf. Footnote 5 on page 164). The a-ranks satisfy the following basic rules.
Lemma 6.19. (a) The ranks for oo C D and for the complement o coincide:
rank, (v) = rankge (v). (6.17a)
(b) If o C D is the disjoint union o = 3 Uy, then
rank, (v) < rankg(v) - rank,(v) (6.17b)
(c)If
H dim(V},) > rankg(v) - rank, (v), (6.17¢)
peac
then there are v such that equality holds in (6.17b):
rank, (v) = rankg(v) - rank, (v) (6.17d)

In particular, under condition (6.17c), random tensors satisfy (6.17d) with proba-
bility one.

Proof. 1) In the finite dimensional case, we can use M (v) = M, (V)T to derive
(6.17a) from Definition 5.7. In general, use V. = V, ® V. and Corollary 6.6.

2) Definition (6.15) together with (6.13) yields (6.17b).
3) The last statement in Corollary 6.18 yields Part (c). A random tensor yields a
random matrix M, (v), so that Remark 2.5 applies. O

Corollary 6.20. (a) Decompose D = {1,...,d} disjointly into D = aUBU~.
Then the following inequalities hold:

rank, (v) < rankg(v) - rank, (v),

rankg(v) < rank,(v) - rank, (v),

<
<

rank, (v) < rank,(v) - rankg(v).
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M Leta={j,j+1,....5}, 8={L...,j —1},v = {1,...,j}. Then (6.17b)
holds again.

Proof. 1) Since o= 3 U+, the combination of (6.17a,b) proves the first inequality
of Part (a). Since «, 3, v are symmetric in their properties, the further two inequali-
ties follow.

2) For Part (b) note that D = o U S U~°. O

We conclude with a comparison of the a-rank and the tensor rank introduced in
Definition 3.32.

Remark 6.21. rank, (v) < rank(v) holds for v € ,®}_, Vi and a C {1,...,d}.
While rank(-) may depend on the underlying field K € {R,C} (cf. §3.2.6.3), the
value of rank, (+) is independent.

Proof. 1) Rewrite v=>)"._, ®j:1uz(-j) with 7 =rank(v) as
Z uga) ® ugac), where uga) = ® uz(-j).
i=1 JEa
The dimension of U, := span{ug)i : 1 <i <r} satisfies
rank, (v) = dim(U™"(v)) < dim(U,) < r = rank(v).

2) Because rank,, (v) is the matrix rank of M, (v), Remark 2.2 proves indepen-
dence of the field. ad

6.5 Sequences of Minimal Subspaces

Let V= ®?:1 V; be a Banach tensor space with norm ||-|| and assume that
= Il - (6.18)

We recall that all reasonable crossnorms satisfy (6.18) (cf. Proposition 4.68).

The following lemma allows us to define a subspace Ujmi“(v) for topological
tensors v € | ®?:1Vj not belonging to the algebraic tensor space ®?:1‘/}.
Since we do not exclude infinite dimensional spaces U J‘-ni“(v), we use the closure
of the respective sets in (6.19) with respect to the norm of V;. However, whether
U J‘»‘““(v) is closed or not is irrelevant as long as only the Banach subspace

d
U(V) = (111 ®Ujmm(v)

is of interest (cf. Lemma 4.34). In §6.6 we shall discuss the meaning of U;“i“(v)
and U(v) for non-algebraic tensors. ‘
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Lemma 6.22. Assume (6.18). (a) Let v € ®?:1 V. Then the space of linear
functionals V] may be replaced in (6.10) by continuous linear functionals from V:

Uimt(v) = span{
={p(v): g€ a®ke{1,..,,d}\{j} Vi) (6.19)

= {@(V) L pE (”'”®k6{1,...,d}\{j} Vk)*}'

(b) If v € H'H®?:1V3 is not an algebraic tensor, take (6.19) as a definition of
U™ (v). Note that in this case U™ (v) may be infinite dimensional.

PV ®...0 0 VRide et g...® @) (v),
where @) € V* forv e {1,...,d}\{j}

Proof. 1) By Lemma 4.97, the mapping ¢V ®@. ..@pU "D @idoet) .. .@p@
is continuous on (y, ®?:1 Vi, Il ), where ||-||,, may also be replaced by a stronger

norm. By Lemma 6.12b, V) may be replaced by V*.

2) Let U J’-mi“(v) be defined by the first or second line in (6.19) and denote the
subspace of the third line by U J’-mi“(v). Since

@ Vi cC ( : \% )*,
®ke{17...,d}\{j} k I ”®ke{1,...,d}\{j} y

U (v) C U (v) holds. Assuming that U™ (v) is strictly ~larger than U™ (v),
there is some ¢ € (). @y,; Vi)* and u := ¢(v) € U (v) such that u ¢
U™M2(v). By Hahn-Banach, there is a functional ¢() € V* with (/) (u) # 0 and
@\ |ymin(y) = 0. The tensor w := @9 (v) € .| @p; Vi does not vanish, since

b(w) = (p @ 6) (v) = ¢V (0(v)) = () £0.
Hence, the definition of ||w||,, > 0 implies that there is an elementary tensor
PVl = Qs ™) with [ (w)] > 0. Set ¢ := 1) @ il = ®?_, o*). Now,
p(v) = V(7 (v)) = eVl (w) # 0

is a contradiction to ¢(v) = @ (ol (v)) = 0 because of Ul (v) € UM (v) and
o) |trmin(yy = 0. Hence, UPin(v) = Ui (v) is valid.

3) Since p € ®k¢jV,§‘ is continuous, any v € | ®?:1Vj, defined by
v = lim v,,, has a well-defined limit p(v) = lim ¢(v,,). O

Lemma 6.23. Assume (6.18). Forall v,,v € || ®;l:1 V; with vy, — v, we have

P (v,) = QU (v)yinV;  forall oV €, ® Vi
K
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Proof. Let @l ®k€{1 AN o) with (k) ¢ Vi be an elementary tensor.

.....

In order to prove ll(v,) — ¢ll(v), we have to show for all ) € V' that

oD (7 (vn)) = oD (U (v)). (6.20)

However, the composition ¢ o olil = ®?_, x*) belongs to (vQ_, Vi)* and
because of (6.18) also to V* = (H-II®Z:1 Vi)*. Hence v,, — v implies (6.20) and
proves the assertion for an elementary tensor ¢l The result extends immediately
to finite linear combinations ¢! € , ® Kt Vi O

Theorem 6.24. Assume (6.18). If v,, € a®?:1Vj satisfies v, = v € || ®?:1‘/j ,
then ‘

dim(U;—“i“( )) < liminf dlm(Umm( n))  foralll <j<d.

n—oo

Proof. Choose a subsequence (again denoted by v,,) such that dim(U J‘-ni“(vn)) is
weakly increasing. In the case of dim(U;”i“(vn)) — 00, nothing is to be proved.
Therefore, let lim dim(U}*™(v,)) = N < co. For an indirect proof assume that
dim(U"(v)) > N. Since {¢(v) : ¢ € oQyy; Vi) is dense in U (vy,)
(cf. Lemma 6.22), there are /N 4 1 linearly independent vectors

b(i)chgj](v) w1thg0 € ®Vk forl1 <i< N+1.
k#j
By Lemma 6.23, weak convergence be )= cpgj ] (Vi) = b(® holds. By Lemma 4.24,
for large enough n, also (bgf ) :1 <i < N +1) is linearly independent. Because of
by = (v,) € UMn(v,), this contradicts dim (U™ (v,,)) < N. O
If the spaces U™ (v) and U}"™(v,) are infinite dimensional, one may ask

whether they have dlfferent (mﬁmte) cardinalities. The proof of the next remark
shows that U;’““( v) is the completion of a space of dimension < Ny = #N.

Remark 6.25. Even if the tensor space V is nonseparable, the minimal subspaces
U I-m“(v) are separable.

Proof. Let v; — v be a converging sequence with algebraic tensors v; € V.
The subspace U(J ) =U Im“(vz) is finite dimensional. There is a sequence of basis
elements b, and integers n( € N such that

S = Z Ui(j) =span{b, : 1 <v < n¥}.
i=1
The spaces SV : ZOO U, @) = span{b, : v € N} are separable and satisfy
veS:== ® By Remark 4.35, S is separable. Because of minimality,

the inclusion U;’““( ) c S0U) holds and proves the assertion. O
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6.6 Minimal Subspaces of Topological Tensors
6.6.1 Interpretation of U™ (v)

In Lemma 6.22b, under condition (6.18), we have defined U m‘“( ) also for topo-
logical tensors from | ® 1 V. Accordingly, we may define the Banach subspace

= ® Umn(v) . (6.21)

For algebraic tensors we know that® v € U(v). However, the corresponding con-
jecture v € U(v) for topological tensors turns out to be not quite obvious.*

We discuss the property v € U(v) in three different cases.

1. The case of dim(U}"™"(v)) < oo is treated in §6.6.2. From the practical view-
point, this is the most important case. If dim(U™"(v)) < oo results from
Theorem 6.24, we w0u~1d like to know whether the (weak) limit v satisfies’
veU(v)= a®j:1U (), which implies that v is in fact an algebraic tensor.

2. The general Banach case is studied in §6.6.3. We give a proof for v = limv,,

provided that the convergence is fast enough (cf. (4.12)) or that the minimal
subspaces are Grassmannian (cf. Definition 4.4).

3. In the Hilbert case, a positive answer can be given (see §6.6.4).

6.6.2 Case of dim(U™(v)) < oo

Theorem 6.26. Assume (6.18) and dim (U™ (v)) < oofor veV = ®
Then v belongs to the algebraic tensor space U(v) = , ®J LU ().

3 Since dim(U*(v)) < 00, o« @F_, U™ (v) = 1. @%_, Ui*(v) = U(v) holds.

4 To repeat the proof of the existence of minimal subspaces, we need the counterpart of (6.3) which
would be

(X1 Q- XQ) N (Y1 Q-1 Yz) = (X1NY1) @) (X2nYz).

Again, (Xl n Yl) -] (XQ n Yz) C (X1 ®H'H Xz) n (Y1 ®H'|| Yg) is a trivial statement.
For the opposite direction one should have that

(X1®). X2) N (V1 @) ¥2) = (X1 @a X2) N (V1 ®a Y2)

is a subset of

(X1 Ra XQ) n (Yl Ra YQ) (6:3) (X1 N Yl) Ra (X2 N YQ) = (X1 ﬂYl) ®HAH (X2 N YQ) .

However, the closure and the intersection of sets satisfy the rule AN B C A N B, whereas the
previous argument requires the reverse inclusion.

The underlymg difficulty is that a topological tensor v € V is defined as limit of some sequence
Vi € a® _,V; and that the statement v € U(v) requires to prove the existence of another
sequence u,, € ‘1®‘(717 U"‘”‘(v) with u,, =v.
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Proof. 1) Let {b(j) 1 <i <r;} be abasis of U"™(v). There is a dual system
tpgn €V} with the property w(J)(b( ) = &;1. Define a; := ®;l 1%(]]) a®?:1Vj*
and by == ®7_,b7) € U fori = (iy,...,iq) with 1 < i; <r;. Any u € U is

J=1"1;
reproduced by
u= Z a;(u)b;.

We set

Zal )b; € ®U“““ (6.22a)

and want to prove that v =uy € , ®j:1 U (v).

2) The norm ||v — uy||,, is defined by means of a(v — u,) with normalised
functionals o = ®?:1 ald) e, ®?:1 V' (cf. (4.47)). If we can show

d d
av-u,)=0 foralla=)a" e, Q)V;, (6.22b)

the norm ||v — uy||,, vanishes and v = uy is proved. The proof of (6.22b) is given
in the next part.

3) Write o) =o' +3 ;017 with ¢; ;=@ (b)) and o) :=a) =37, ¢;01.
It follows that o’ (b)) = 0 for all i, i.e.,

af! @y =0 forallul? e UM (v). (6.22¢)
We expand the product into

o — ®a<a> _ ® < 0) 4 Zczw)) ® <Zw§”) + R,

7j=1 j=1 > 1

where all products in R contain at least one factor a(j) Consider such a product in
R, where, without loss of generahty, we assume that a(7) appears for j = 1, i.e.,

(1) @y with~y1 €, ®J 2 V. We conclude that (a; 20 @~ (uy) = 0, since
( (1)®zd® ®zd)( )—Oanda()@)'y” Yo (ol ®ide ... ©id).
Furthermore,

( D) o ,},[1]) (v) = aél)(w) for w 1= (id®’ym)(v).

By definition of U™ (v), w € Ui™(v) holds and aél)(w) = (ay Mg ~(v)=0
follows from (6.22c). Together, (aél) @~y (v —uy) = 0is shown. Since this
statement holds for all terms in R, we obtain R(v — uy) = 0.

It remains to analyse (@?:1 (>, cigogj)))(v —uy) = (X;Ga)(v—uy)
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with ¢; == []*

j—1 Ci;- Application to uy yields

(3 cn) () = 3, ity € €

(cf. (6.22a)). Since this value coincides with (>, c;a;) (v) = ), cia;(v), we have

demonstrated that
d
<® (Zcigogj))> (v—uy)=0.
j=1 i

Altogether we have proved (6.22b), which implies the assertion of the theorem. O

6.6.3 The General Banach Space Case

For the next theorem we need a further assumption on the norm |[|-||. A sufficient
condition is that ||-|| is a uniform crossnorm (cf. §4.3.1). The uniform crossnorm
property implies that ||-|| is a reasonable crossnorm (cf. Lemma 4.79). Hence, con-
dition (6.18) is ensured (cf. Proposition 4.68).

The proof of the theorem requires that the speed of convergence is fast enough.
Since there are several cases, where exponential convergence v,, — Vv holds, the
condition from below is not too restrictive. Here, the index n in v,, refers to the
tensor rank or, more weakly, to the j-rank for some 1 < 5 < d. In Theorem 6.27 we
take j = d. Another more abstract criterion used in Theorem 6.29 requires instead
that the minimal subspaces are Grassmannian.

Theorem 6.27. Assume that V. = ||, ® V; is a Banach tensor space wzth a uniform
J_
crossnorm ||-||. If v € 'V is the limit of v, = Z v[d] ol e, ®V with the

1n

rate’
[va = vl < o(n™*/?),

d . d .
then v € U(v) = | Q UM (v), ie, v=Ilimu, with u, € @ U*(v).
Jj=1 Jj=1

Proof. We use the setting V, = Xg_1 ®q Vg from Proposition6 4.90 and rewrite

the norm on Xg4—1 by ||-[|;4 := [Ilx, ,- Thus, each v, € Vy, has a represen-
tation in U™ (v,) @ Um”“( n) with U™ (vin) € Xao1, UP™(vy) C Vg, and
r = dim U[rfd’]i“(vn) = dim UP"(v,,) < n. Renaming r by n, we obtain the

5 The condition can be weakened to o(n—1~11/2=1/P1) if (4.7) applies.

¢ Differently from the setting in Proposition 4.90, we define X4_1 = a®?:1Vj as algebraic
tensor space equipped with the norm ||-|| x,,_,- This does not change the statement of the proposi-
tion because of Lemma 4.34.



190 6 Minimal Subspaces

n_ld] (d )

representation Vi =D i Vi, @0
basis {v )} of UM (v,) and recover

Z”: 5 (v) 0@
=1

. According to Corollary 6.8c, we can fix any

from a dual basis {¢§d>}. Here we use Remark 3.54, i.e., wfd) is the abbreviation
forid®...®id® ¢§d> € L(Vag, X4-1). We choose vgd) and ¢§d> according to
Lemma 4.17 with Hvl(d)Hd = le(d)HZ = 1 and define

=3 e (v) @ v € Uit (v) @4 Va.

i=1
The triangle inequality yields

n

S ()~ 0 (v)) © o

i=1

(6.23a)

[ay, = vall =

@ (v—v,)® vfd)H

> v =) © o

=1 i=1
R O (@
o 2o [0 = v 1

Note that
u,IL € Upy,n ® Vg with Uy ,, := span {1/)( 1< < n} - Um]m( v),

where dim Uyg) ,, < n.
Again by Lemma 4.17, we can choose a basis {v[d]}? 1 of U’[m]i“(vn) C Xd-1
and a corresponding dual system { xg 1 CXJ%_;. An analogous proof shows that

ug = Z ng] ® ng] (v) € X4—1 ®q Ugpn
i=1

satisfies the estimate

[u — v, | < nllv—v,l, (6.23b)

where Uy p, 1= span{xgd] (v):1<i<n}CUP(v). We choose the projection @y
onto the subspace Uy ,, according to Theorem 4.14. We denote id ® ... ® id ® Pq
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again by @4 and define
d
L I min min min

u,, = Pg(u,,) € Ugyn ®a Ua,n C U™ (v) ®a Uy (v)(é%z)ag Uim™(v).
The uniform crossnorm property (4.42) with A; =id (1<j<d—1)and Ag =24
implies the estimate |P4]lvev = [|Pallv,v, < v/n, where the latter bound
is given by Theorem 4.14 because of dim(Uyg,,,) < n. Since P4 (ug) = ull, the
estimates

Iatv0) il = 1 (v = 0l 1| < VAo —wl] < 02w =l
”U-n - le)d(Vn)” = Hd)d (uvlz - Vn) ” < ﬁ”uvlz - Vn” (6%3 | n3/2||V - VnH
.2ia

are valid. Altogether, we get the estimate

[un = v = | [un — Pa(vn)] + [gpd(vn) - uvlzl] + [uvlzl - Vn} + Vo = V]|
< (2713/2 +n+ 1) [[v—va].

The assumption ||v — v,,|| < o(n~3/2) implies ||u,, — v| — 0. U

A second criterion” for v € U(v) makes use of the Grassmannian G(-) from
Definition 4.4.

Lemma 6.28. Let U; € G(V;) for 1 < j < d. Assume that V. = | ®?:1Vj is a
Banach tensor space with a uniform crossnorm ||-||. Then the following intersection
property holds:
d
(N g Vi) = 11 QUi s where Vi = 1 Q) Vi
1<5<d =1 ki

Proof. Since induction can be used (cf. Lemma 6.11), we consider only the case
d = 2. The result for the algebraic tensor spaces implies that

U @) Uz = U1 ®q Uz = (U1 ®, Vo) N (V1 ®, Us)
CUi®,VanVi ®, Us = (U1 T Va) N (V1 I Us)

because of the general rule AN B C AN B. It remains to prove the opposite
inclusion

(Ur e Va) N (Vi @) U2) C U1 ®) Us.

For any v € Uy ® V2 there is a sequence v, € Uy ®, Vo with v, — v. The
projection P; € £(V;,V;) from Lemma 4.13 onto U satisfies (P; ® id) v, = v,.

7 This approach is communicated to the author by A. Falcé.
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By the uniform crossnorm property, P1 ® id is continuous on V. = Vi @ V2 so
that

v =limv, =lim (P, ® id) v, = (P, ® id) (limv,,) = (P ® id) v.

Analogously, v. = (id ® P») v holds. (P; ® id) commutes with (id ® P») and
yields the product P, ® Py = (P} ® id) o (id ® P). This proves v = (P} ® P) v.
Note that u,, = (P ® P2) vy, € Up ®, Uz and v = limu,, ie., v € Uy @) Us,
which implies the desired reverse inclusion. O

Theorem 6.29. Assume that V. = | ®?:1Vj is a Banach tensor space with a
uniform crossnorm ||-||. For v € 'V assume that Ujmi“(v) e G(V;)forl1 <j<d
Then

d
Vv E U(V) = ®U;—nin(v)
j=1

holds.
Proof. Set U; := U;—nin(v). According to Lemma 6.28 we have to show that v €

Uj; @) V[j] forall1 < j <d.LetI; € L(V;,V;)and I € ﬁ(V[j],V[j]) be the
identity mappings. We split v = (I i ® I[j]) v into

v=(Pely) v+ ((l; - P)ely)v (6.24)

with P; € L£(V;,V;) as in the proof of Lemma 6.28. For an indirect proof we
assume that d := ((I; — P;) ® Ij) v # 0. By Lemma 4.79, ||-|| is a reasonable
crossnorm. Therefore, the injective norm ||d||,, is defined, which is the supremum
of all [(¢; ® py;)d| with normalised ¢; and ;] = &Q..; ¢r- Write p; ® ;) as
@j o (1 @ ;) and note that

(L@ epp)d = ((Ij Do) e (L - P @ I[ﬂ)) V= ((Ij —F)ell;e ‘P“])) v

By definition of U™ (v), (I; ® ¢;)v € U; holds proving

(1; = P) (1 @ epy)v) =0,

This shows that ||d|[,, = 0; hence, d = 0. From (6.24), we conclude that v =
(P 1) v e U @ V. 0

The assumption of a uniform crossnorm can be weakened. Instead, we require
that tensor products of projections are uniformly bounded:

forall v € V and

d
alP = Q) Fi» Pj € L(V},V;) projection. (6.25)
=

[Pv] < Cp vl {
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The reason is that the proof from above involves only projections. Also in this case
the norm is not weaker than the injective norm.

Remark 6.30. A crossnorm |-|| satisfying condition (6.25) fulfils ||-|, < Cp |||
(cf. (4.33)).

Proof. Note that the proof of Lemma 4.79 uses projections. O

6.6.4 Hilbert Spaces

Since in Hilbert spaces every closed subspace U is complemented: V; = U © U+,
Theorem 6.29 yields the following result.

Theorem 6.31. For Hilbert spaces Vj let V. = ®j:1 V; be the Hilbert tensor
space with the induced scalar product. Then v € U(v) holds for all v € V with
U(v) from (6.21).

6.7 Minimal Subspaces for Intersection Spaces

Banach spaces which are intersection spaces (see §4.3.6) do not satisfy the basic
assumption (6.18). Therefore, we have to check whether the previous results can be
extended to this case. We recall the general setting. For each 1 < j < d we have a

scale of spaces Vj(n), 0<n < Nj, which leads to tensor spaces

d
v — -l ® Vj("j) for multi-indices n € N' C Ng,

j=1
where the subset N satisfies the conditions (4.51a-c). The final tensor subspace is
VtOp = ﬂ V(n)
neN
endowed with the intersection norm (4.52b).

The algebraic counterparts are denoted by
(n) - (n;) (m)
Ve =a@V,"™  and V= () Vi
J=1 neN

There are different conclusions for algebraic and topological tensor spaces,
which are presented in the next subsections.
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6.7.1 Algebraic Tensor Space

All spaces V(™ are dense subspaces of

d
VO =, QVi . where V; = V"
=1

(cf. Lemma 4.102). Here, we consider algebraic tensors from a®;l:1Vj. Each
multi-index n € A defines another space V[(;]‘) =, ®k€ (o dN\ ) V™) Never-
theless, each n yields the same minimal subspace U™ (v).

Remark 6.32. For all n € Ng with nj, < Nj and v € V., the minimal subspace

is given by

UM (v) ={e(v):p € (V[(;}))’} C Vj(Nj). (6.26)

Proof. By Proposition 4.104, v € V1N « v(®) po1ds for all n with ny, < Nj.

alg alg
Fromv € Vél';) we derive (6.26) and v € ®?:1 UMt (v). By v € VS\Q’”"NG‘) and
minimality of U™ (v), the inclusion U (v) c V" follows. O

6.7.2 Topological Tensor Space

Remark 6.32 does not hold for non-algebraic tensors. A simple counter-example is
f e CYI x J) with f(z,y) = F(z +y) and ' ¢ C?. Choose the functional
@ = 0, € C'(J)*. Then p(f)(x) = —F'(x +n) € C°(I), but ¢(f) is not in
C1(I) in contrast to Remark 6.32.

While in Remark 6.32 we could take functionals from V[(;]l) for any n bounded

by nr < N, we now have to restrict the functionals to n = 0. Because of the
(0)

notation V' = V4, the definition coincides with the one in Lemma 6.22:
. 7 Illo
Ujmv) = {w(v) Pe (“ ®ke{1,...,d}\{j} Ve ) } (6:27)
= span {QD(V) RS ® k) k) € Vk*}H.HO,

ke{l,...d}\{5}
where the completion is performed with respect to the norm ||-||, of V[(g).

In the following we show that the same results can be derived as in the standard
case. Condition (6.18) used before has to be adapted to the situation of the inter-
section space. Consider the tuples N; = (0,...,0,N;,0,...,0) € N from (4.51c)
and the corresponding topological tensor spaces
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V) =Vi@... 0V oV @V ... Vin
endowed with the norm ||- HNJ, We require

) < |- <7 <d. .
1, v(Va.. ijl)vj<zvj>)vj+1wvdmw|\ I, forall1 <j <d (6.28)

Lemma 6.33. Assume (6.28). Let @l € @y, Vi and Vi, v €V with v —v.
(a) Then (p[J] (Vm) RN (,0[]] (V) in ‘/j(NJ)
(b) The estimate

¥ (v = van)llx, < C IV = Vil

holds for elementary tensors oV = ®k¢jgo(k) € aQyy; Vi with ™ ||* =
where C'is the norm constant involved in (6.28).

Proof. Repeat the proof of Lemma 6.23 and note that a functional ¢7) € (V(N ))

composed with an elementary tensor gp[ﬂ ®k #Qp( ) ¢ " ®k# vy yields
w = ®Z:1<ﬂ(k) € a®Z:1(V,€(nj))* , where n; are the components of n = N;.
By (6.28), ¢ belongs to (V(N:))*, 0

Conclusion 6.34. Under assumption (6.28), U™ (v) C Vj(Nj) holds for all v eV
andall1 < j <d.

Proof. Let v, € Vy, be a sequence with v,,, — v € V. By definition (4.52b) of
the intersection norm, ||v,, — VHN — 0 holds for all j. Then Lemma 6.33b shows

that ||l (v — v,,)|l;,n, — 0. Since oll(v,,) € V( ) by Proposition 4.104, also
the limit ! (v) belongs to Vj( 2 O

Theorem 6.35. Assume (6.28) and v, € Vg With v, = v € V. Then

dim(U;”i“( )) < liminf dlm(Umm(vm)) foralll < j <d.

m—roo

Proof. We can repeat the proof from Theorem 6.24. O

6.8 Linear Constraints and Regularity Properties

Let ¢, € V;* be a continuous linear functional. We say that a tensor v & ®j:1 V;
satisfies the linear constraint ¢y, if

(1d® .. Rid®¢rRid®...0id)v =0. (6.29)

A single constraint can be replaced by a family ¢ C V}': v satisfies the linear
constraints @ C V;*, if (6.29) holds for all ¢, € &.
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If, for instance, Vj, = K"+ *"™* is a matrix space, the subset of symmetric matrices
is characterised by ¢,, (M) := M,,, — M, = 0forall 1 < v < p < ng. In the
same way, tridiagonal matrices, sparse matrices with a fixed sparsity pattern, etc.
can be defined by means of linear constraints. The next statement is mentioned by
Tyrtyshnikov [185].

Remark 6.36. Under the assumption (6.18), statements (a) and (b) are equivalent:
(a)v e ®?:1 V; satisfies a linear constraint ¢y,

(b) the minimal subspace U™ (v) fulfils ¢y (UM (v)) = 0, i.e., px (ux) = 0 holds
for all uy, € UM (v).

Proof. The direction (b)=-(a) is trivial. Assume (a) and choose any uy, € U, ,;ni“(v).
There is some ;) € Vi with up = @p (v). Since @) 0 Q) = @[x) © Pk, One

concludes that o (ur) = i (P (V) = @) (Pr (V) = @ (0) = 0. O

In the infinite dimensional case, when v is a multivariate function, regularity
properties of v are characterised by the boundedness of certain functionals. For
instance, v.€ V = H!(I) defined on I := I x ... x I4 is differentiable (in the
weak sense) with respect to xy, if

[(id® .. ®id® e, @id®...Q1id) V|2 < oo forgy =0/0xy.

The formulation corresponding to Remark 6.36 is: If @i = (V, |||l o () — L2(I)
is bounded, also ¢y, : (UM (v), - & (7,,)) = L?(I},) is bounded.
The more general formulation of this property is Conclusion 6.34: If

id®.. ®idoe,Qide...@id: VN 5 v(©)

is bounded, U™ (v) € V™" holds. Note that U™ (v) is defined via (V{)))".
Therefore, considering v € V as a function v € V(©) we obtain the same minimal
subspace UMt (v) C Vk(o). This leads to the next observation.

Remark 6.37. Let the Banach tensor space V(@ = ®?:1 V; with norm [|-[|
satisfy (6.18). Then the minimal subspace of v € V(®) satisfies U (v) C Vj("j),
whilev € V = ﬂneNv(n) leads to U;_nin(v) c Vj(Nj).
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The numerical treatment of tensors is based on a suitable tensor representation.
The first four chapters are devoted to two well-known representations. Chapter 7
describes the r-term format (also called canonical or CP format), while Chap. 8
is concerned with the tensor subspace format (also called Tucker format). In both
chapters, tensors are exactly represented. Quite another topic is the approximation
of tensors. Chapter 7 studies the approximation within the r-term format. Here, it
becomes obvious that tensors of larger order than two have much less favourable
properties than matrices, which are tensors of order two. Approximation within the
tensor subspace format is addressed in Chap. 8. Here, the technique of higher order
singular value decomposition (HOSVD; cf. §10.1) is very helpful, both theoretically
and practically.

While the r-term format suffers from a possible numerical instability, the storage
size of the tensor subspace format increases exponentially with the tensor order d.
A format avoiding both drawbacks is the hierarchical format described in Chap. 11.
Here, the storage is strictly bounded by the product of the maximal involved rank,
the maximal dimension of the vector spaces Vj, and d, the order of the tensor. Again,
HOSVD techniques can be used for a quasi-optimal truncation. Since the format is
closed, numerical instability does not occur.

The hierarchical format is based on a dimension partition tree. A particular choice
of the tree leads to the matrix product representation or TT format described in
Chap. 12.

The essential part of the numerical tensor calculus is the performance of fensor
operations. In Chap. 13 we describe all operations, their realisation in the different
formats, and the corresponding arithmetical cost.

Chapter 14 contains the details of the tensorisation technique. When applied to
(grid) functions, tensorisation corresponds to a multiscale approach.

Chapter 15 is devoted to the generalised cross approximation, which has several
important applications. If a tensor can be evaluated entry-wise, this method allows
to construct a tensor approximation in the hierarchical format.

In Chap. 16, the application of the tensor calculus to elliptic boundary value
problems and elliptic eigenvalue problems is discussed.

The final Chap. 17 collects a number of further topics. Section 17.1 considers
general minimisation problems. Another minimisation approach described in Sect.
17.2 applies directly to the parameters of the tensor representation. Dynamic prob-
lems are studied in Sect. 17.3, while the ANOVA method is mentioned in Sect. 17.4.



Chapter 7
r-Term Representation

Abstract The r-term representation v. = > _, ®?:1 v,(/ ), i.e., a representation
by sums of r elementary tensors, is already used in the algebraic definition (3.11) of
tensors. In different fields, the r-term representation has different names: ‘canoni-
cal decomposition’ in psychometrics (cf. [30]), ‘parallel factors model’ (cf. [96]) in
chemometrics.! The word ‘representation’ is often replaced by ‘format’. The short
form ‘CP’ is proposed by Comon [38] meaning ‘canonical polyadic decomposition’.
Here, the notation ‘r-term representation’ is used with ‘r’ considered as a variable
from Ny, which may be replaced by other variable names or numbers.

Before we discuss the r-term representation in Sect. 7.3, we consider representations
in general (Sect. 7.1) and the full representation (Sect. 7.2). The sensitivity of the
r-term representation is analysed in Sect. 7.4. Section 7.5 discusses possible rep-
resentations of the vectors v,(/ ) € V;. We briefly mention the conversion from full
format to r-term representation (cf. §7.6.1) and modifications (cf. Sect. 7.7).

The discussion of arithmetical operations with tensors in r-term representation is
postponed to Chap. 13. In this chapter we restrict our considerations to the exact
representation in the r-term format. Approximations, which are of greater interest
in practice, will be discussed in Chap. 9.

7.1 Representations in General

7.1.1 Concept

For any practical implementation we have to distinguish between the mathematical
objects and the way we represent them for the purpose of a computer implemen-
tation. To give a simple example: any rational number » € Q may be represented
by a pair (p, q) of integers. Here we need the semantic explanation that » = p/q.

! The combination of both names has led to the awful abbreviation ‘CANDECOMP/PARAFAC
decomposition’.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 199
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_7,
© Springer-Verlag Berlin Heidelberg 2012
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From this example we see that the representation is not necessarily unique. The
representation concept may be iterated, e.g., in the previous example we need a
representation of the integers by a bit sequence together with a coding of the sign.
Let .S be a mathematical set. In general, a representation of s € S is based on a
mapping
ps - Ps — S (7.1)

where usually the set Pg consists of tuples p = (p1, ..., pn) of parameters which
are assumed to be realisable in computer language implementations. The mapping
ps is only the explanation of the meaning of p € Ps and is not a subject of imple-
mentation.

First we discuss surjectivity of pg. Since most of the mathematical sets are
infinite, whereas a real computer has only finite size, surjectivity cannot hold in
general. There are two ways to overcome this problem.

Like in the concept of the Turing machine, we may base our considerations on a
virtual computer with infinite storage. Then, e.g., all integers can be represented by
bit sequences of arbitrary length.

The second remedy is the replacement of .S by a finite subset Sy C S such that
ps : Ps — Sy becomes surjective. For instance, we may restrict the integers to an
interval Sy = Z N [—imax, imax)- A consequence is that we have to expect problems
when we try to perform the addition ¢y,ax + 1. Another type of replacement Sp C S
is known for the case S = R. Here, the set Sy of machine numbers satisfies a density
property: Any real number?> z € S = R can be approximated by ¢ € Sy such that
the relative error is smaller than the so-called machine precision eps.

From now on we assume that the mapping pgs : Ps — S is surjective (since infinite
storage is assumed or/and S is replaced by a subset which again is called 5).

There is no need to require injectivity of pg. In general, the inverse pgl(s) of
some s €S is set-valued. Any p e pgl(s) may be used equally well to represent s €.S.

7.1.2 Computational and Memory Cost

An important property of s € S is the storage size needed for its representation. For
instance, a natural number n € S = N needs 1 + |log, n| bits. In general, we have
to deal with the storage needed for a parameter tuple p = (p1, ..., pn). We denote
the necessary storage by

chm (p)

Since s € S may have many representations, we associate s with the memory size*

Niem(8) := min {chm(p) ip € pgl(s)} )

2 Here, we ignore the problems of overflow and underflow, which is a difficulty of the same kind
as discussed above for integers.

3 The memory size Nmem (p) is assumed to be a natural number. Any subset of N has a minimum.
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Practically, when pg'(s) is a large set, it might be hard to find p € pg'(s) with
Nmem(p) = Nmem(S).

Usually, we want to perform some operations between mathematical objects or
we want to evaluate certain functions. Assume, e.g., a binary operation [-] within the
set S. The assignment s := s; [ s3 requires to find a representation p of s provided
that representations p; of s; (¢ = 1, 2) are given. The corresponding operation [-] on
the side of the parameter representations becomes

pi=piEp = ps(p) = ps(p1) B ps(pz2) (7.2)

(note that p € pg'(ps(p1) & ps(p2)) is in general not unique). The right-hand side
in (7.2) explains only the meaning of CJ. It cannot be used for the implementation
since pg and pgl are not implementable. We assume that there is some algorithm
mapping the arguments p1,p2 € Pg into some p = p; B p2 € Pg with finite
Nmem(p) such that this computation requires a finite number of arithmetical opera-
tions. The latter number is denoted by Nz and may be a function of the arguments.
In standard considerations, where mainly the arithmetical operations +, —, *, / of
real numbers (machine numbers) appear, these form the unit of Np.

The same setting holds for an n-variate function
(pZSlX...XSn—)So.

Assume representations p; : P; — 5; for 0 < i < n. Then, on the level of represen-
tation, ¢ becomes

Q:Prx...x Py — Py with po(A(p1,--.,0n)) = @(p1(p1), - - - Pu(pn))-

The required number of arithmetical operations is denoted by V.

7.1.3 Tensor Representation versus Tensor Decomposition

The term ‘decomposition’ is well-known, e.g., from the QR decomposition or singu-
lar value decomposition. One may define a decomposition as an (at least essentially)
injective representation.

As an example we take the singular value decomposition. We may represent
a matrix M by the three matrix-valued parameters p; = U (unitary matrix),
p2 = X (diagonal matrix), and V' (unitary matrix). The semantic explanation is
psvp(U, X, V) = M := UXVT. However, the representation of M is not the
purpose of SVD. Instead, the parameters U, X,V of psyp(U, X, V) = M are
of interest, since they indicate important properties of M. Injectivity of psyp is
necessary to speak about the singular vectors u;, v; and the singular values Y;;.
We know from Corollary 2.21b that injectivity does not hold for multiple singular
values. Therefore, the vague formulation ‘essentially injective’ has been used above.
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In a certain way, ‘representation’ and ‘decomposition’ play opposite roles like
synthesis and analysis.

e ‘representation’: The parameters in pg(p1,...,pn) = s are only of auxiliary
nature. In the case of non-injectivity, any parameter tuple is as good as another.
Only, if the data sizes are different, one may be interested in the cost-optimal
choice. The representation of s is illustrated by the direction

P1y---sPn 7 S.

e ‘decomposition’: For a given s € S one likes to obtain the parameters p; in
ps(p1,...,pn) = s. Therefore, the direction is

S+ Ply--yPn-

‘Tensor decomposition’ it is applied, when features of a concrete object should
be characterised by parameters of tensor-valued data about this object. The r-term
representation can be considered as decomposition, since often essential injectivity
holds (cf. Remark 7.4b). The HOSVD decomposition from §8.3 is another example.

Since our main interest is the calculation with tensors, we are only interested in
representations of tensors.

7.2 Full and Sparse Representation

Consider the tensor space

of finite dimensional vector spaces V;. As mentioned before, in the finite dimen-
sional case we need not distinguish between algebraic and topological tensor spaces.
After introducing bases {b{, b5, ...} of V; and index sets I; :={1, ..., dim(V;)}
we reach the representation of elements from ® 1V by elements from KI =
R =1 K%, where

I=1 x...x1.
This representation p : P = K! — § = ®‘ii:1 Vi (cf. (7.1)) is defined by

pran(@) = aib) @ @b? withae Klandi= (i1,...,i) €L (7.3)

1,
iel

In the case of V; = K7, the bases are formed by the unit vectors.

Notation 7.1. The full representation uses the coefficients a; € K! with the inter-
pretation (7.3). The data size is
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d d
N = #I = dim <® Vj> = T dim(v;). (7.4)
j=1

Jj=1

In the model case of dim(V;) =n for all 1 < j<d, the storage size is n?. Unless
n and d are very small numbers, the value of n? is too huge for practical realisations.
In particular when d — oo, the exponential growth of n? is a severe hurdle.

In the case of matrices, the format of sparse matrices is very popular. For com-
pleteness, we formulate the sparse tensor format. A concrete example will follow in
§7.6.5.

Remark 7.2. Given a subset I € T and a; € K for all i € i, the sparse representa-
tion consists of the data I and (a;);.j and represents the tensor

Psparse (i, (ai)iei) =Y atle.. o (7.5)
ict
The data size is N3P2Is¢ = 2#i.

mem

The traditional understanding in linear (and multilinear) algebra is that their
objects are completely given. A vector v € K’ needs knowledge of all v; (i € I) and,
correspondingly, all coefficients v; should be stored simultaneously. In the field of
analysis, the alternative concept of functions is dominating. Note that K’ for arbi-
trary, possibly infinite sets [ is isomorphic to the set of functions I — K. Although
a function f, say from I = [0, 1] to K is defined as the set {(z, f(x)) : z € [0,1]}
of all pairs, implementations of f do not suffer from the fact that there are infinitely
many function values. Instead of requiring all values to be present, one asks for the
possibility to determine f(z) only for a given x € I.

Accordingly, the full functional representation of some a € KI needs the imple-
mentation of a function
function a(iy,ia, ..., iq) (7.6)

which returns the entry a; € K for any single index i = (i1, . ..,%4).

Often tensors which can be represented by (7.6), are called function related
tensors. This naming is a bit vague: In principle, any tensor a € K! with finite I
can be implemented by (7.6). A typical function related tensor is

f(i1hyigh, ... igh) fori; € {0,1,...,n}and h = 1/n,

which describes the restriction of a function f : [0,1] — K to a uniform
grid G, C [0,1]? of grid size h (this restriction we call ‘grid function’). The
evaluation time of f(x) for an = € K¢ is assumed to be independent of the grid size
h. The uniform grid may equally well be replaced by f (:cgll), xg), cee 551(':) ), where
{:rz(-J ) iiel i} is a non-equidistant grid in the j-th direction.

The functional representation is of particular interest, if partial evaluations of
a € K! are required (cf. §15).



204 7 r-Term Representation

7.3 r-Term Representation

The set R, defined in (3.22) is fundamental for the r-term representation.

Definition 7.3. For variable » € Ny, the r-term representation is explained by the
mapping

r € Ny,
pr_term(r, (Ul(]) 1<7<d) = Z@”(J) c ®V with {Uz(/j) cv;. (7.7a)

1<v<r =1 =1
For fixed r € Ny, the r-term representation
Praerm : No X Upen, (V1 X .. % Vd)r —R,,
Pr-term (T, (Ul(fj))lﬁjﬁd) Z ® v

1<v<r v=1j=

(7.7b)

refers to all tensors from R,.. We call r the representation rank.

Note that the representation rank refers to the representation by the parameters
(v,ﬂﬂ))lggdlgygr, not to the represented tensor. Because of R,, C R,41, a tensor
expressed with representation rank r can also be expressed by any larger represen-
tation rank.

The relation between the representation rank and the tensor rank is as follows:

(i) If v € V is represented by a representation rank r, then rank(v) < r.
(ii) Let 7 := rank(v). Then there exists a representation of v with representation
rank r. However, finding this representation may be NP-hard (cf. Proposition 3.34).

Remark 7.4. (a) The r -term representation is by no means mjectlve e.g., vl(f) may

be replaced by A, l,v,, ) with scalars Aj € Ksatisfying H Ajv = 1. To reduce
this ambiguity, one may consider the modified representatlon

r d
=> a, Qv with [v||y, = 1forall 1 <j < d
v=1 J=1

with normalised vl(,n and factors a,, € K. Still the sign of v(J ) is not fixed (and in the

case of K=C, o) may be replaced by \; Lo with |Aj,»]=1and ]_[7 A =01.
For large d, this representation is not the best choice for practical use, s1nce over-
or underflow of the floating point numbers a,, may occur. A better normalisation4 is

T d
v=> Qv with [vP v, = [0y, forall 1 < j, k < d.

v=1 j=1

Another trivial ambiguity of the r-term representation is the ordering of the terms.
(b) The representation v.= > _, ®?:1 v is called essentially unique, if the
scalar factors and ordering of the terms mentioned in Part (a) are the only ambigui-
ties. Under certain conditions, essential uniqueness holds (cf. Kruskal [133]). For a

detailed discussion see Kolda-Bader [128, §3.2] and De Lathauwer [40].

4 Cf. Mohlenkamp [149, Remark 2.1].
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The second formula in Example 3.45 shows that there are tensors which allow
more than countably many representations which are essentially different. As long
as we are only interested in a cheap representation of tensors and cheap realisations
of tensor operations, (essential) uniqueness is not relevant. This is different in appli-
cations, where the vectors v(J ) are used for an interpretation of certain data v.

d

r-term — (49)
N (p) =7 Zj_l size(vy). (7.8a)
Here, the representation is iterated: we need some representation of v(J ) € V; and
the related storage size is denoted by szze(vl(, )) More details about size(- ) will
follow in §7.5.
(b) For the standard choice V; = K% with n; := #1; the full representation of a
vector vl(, 1) ¢ V; requires szze(vl(,7)) = n;. This results in

d
r-term _ . .
Nterm () — ZFI n;. (7.8b)

(c) Assume n; = n forall 1 < j < d. Then the characteristic size is

NIt () — p . d - n. (7.8¢)

mem

By Corollary 3.37, an isomorphism @:V — W is a bijection R,. (V) =2 R,. (W),

i.e., the r-term format remains invariant: v € R, (V) & w := d(v) € R, (W).
The following remark is a reformulation of Remark 6.1.

Remark 7.6.v = Y | ®;j 1 v$ is an element of ®d U, with subspaces

Uj = span{v(J) 1 <v<r}forl < j<d. Inparticular, U}"(v) C U; holds.

We state two results involving the minimal subspaces U m‘“( ) C V; from §6.
Given some r-term representation v.= > _ 1® = 1v,(/ ), the first statement shows
that the vectors v/} may be projected to 3 € Urt(v)andv=>,_ 1®

(J)

still a correct representation. This implies that the search for candidates of v’ may
immediately be restricted to U Imn( ).

Lemma 7.7. ForveV:= ®7 \Vj let P;e L(V};,V;) be a projection onto Umm( ).
(9 ; (J)

(a) The vectors v;”’ in the r-term representation may be replaced by P;v;

V_Z®’U(J) Z@P’U(J) (7.9)

=1 j=1 =1 j=1
(b) Equation (7.9) is also valid, if some of the P; are replaced by the identity.

Proof. SetP := ®?:1 Pjanduse v = Pv. O
The second result concerns representations v.= > _, ® =1V o5 with minimal

r = rank(v) and states that in this case equality U“““( ) = U; must hold. Hence,
(J) € U“““( ) is a necessary condition for a representation with minimal r.
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Proposition7.8. If v = > _| X i1 ¥ v is a representation with r = rank(v),
the subspaces from Remark 7.6 are U; = Umi“(v) (cf- (6.10a)).

Proof. Let j € {1,...,d}. P; is some projection onto U m”“( ). By Lemma 3.38,
v=>"_ 1v,(, 7 ®v,[,] holds with linearly independent vl € «®p»; Vi Apply

P; (regarded as a map from L(V,V), cf. Notation 3.50) to v By Lemma 7.7b,
v="Pv=Y"_(Pw?)@vl is valid 1mply1ng 0=3"_ Y- Ppd)eovll

Linear independence of v/ proves v/’ — P;v?) = 0 (cf. Lemma 3.56), i.e., all v
belong to Ujm‘“( v). O

A consequence are the following conclusions from §6.8.

Remark 7.9. Suppose thatv = 7 _, ®J Lo with 7 = rank(v).

(a) If v satisfies a linear constraint oy, (as defined in §6.8), then ¢y (vy (k )) = 0 holds
forall 1 < v < r (cf. Tyrtyshnikov [185, Theorem 2.1]).

(b) Let V = ﬂne NV(n) be the intersection Banach spaces from §4.3.6. Then
v e VO [(V]implies v € V" (V"] forall 1 < v < 7.

7.4 Sensitivity

We have started in §7.1 with general comments about representations ps(p1, - . . , D)
by means of parameters p;. From the numerical point of view it is important to know
how pg behaves under perturbations of p;. The derivative dpg/0p; may be called
sensitivity with respect to p;. There are several reasons why one is interested in these
numbers. Since we are almost never working with exact data, the true parameter p;
may be perturbed by rounding or other effects. Another reason are approximations,
where the parameters p = (p1, ..., p,) are replaced by approximate ones. Whether
such perturbations lead to dangerous effects for ps(p1,...,pn) is detected by the
sensitivity analysis.
In the case of the r-term representation

r d
v=> v, (7.10a)
v=1 j=1

we use v,(]) as parameters (cf. (7.7b)). For all v,(]) we allow perturbations dl(,j)‘

§= Z@ ( n d<ﬂ>) (7.10b)

v=1 j=1
It is convenient to consider the relative error

s a1

(7.10¢)
[
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Proposition 7.10. Let ||-|| be any crossnorm on V = H.H®levj (cf- Definition

4.31 and (4.40)). Write the tensor v € V from (7.10a) as v = Zzzlvy with the

elementary tensors v, := ®d_1v1(,3) Then the following error estimate holds:

4 d
¥ - vl < 2_315,,|\vy|| wirh o, = [T _,

Jj=

(1+5§j>)} —1. @11
For small 5 the first order approximation is 6, ~ Zd 5.

Jj=1

Proof. The term v, is only effected by d, 2 (1 <7 < d). Induction by d will prove

d d ) d )
(s +4¢) - @+ < [[L 0+ ITL, 11

Jj=1
For d = 1 the statement is trivial. Assume that the statement holds for d — 1, i.e.,
for the products ®;l:2 -+ . Then

é( (J)_|_d]) Rl
j=1

d d
( 1>+d<1>)® ®( 7>+d7>) Qv +d1>®®vo> <
rt rt 9 (4.40)
J J Jj=
d
< o) 440 ((a) dy ) Dl 4 [|dD) D] < i duetive
< o +d7|| g v+ ® + IIHllv < inauctive
d d
(D p D (7)) — () (1) [l ()
< 1+ 60 o) | T]0+9) }H‘j_zw I+ 60 1o T 1ot
j=2 j=2
— { (1+5 7)) } |U(J)H
proves the statement. O

T

The error estimate (7.11) should be combined with the stability estimate

() )
P ®J 1 ZJ Z®J 1 ZJ

which will be discussed in more detail in Definition 9.15. Note that the best (small-
est) stability constant is >r = 1. Together, we can estimate the relative error of v:

, (7.12)

< % with § := max{d, : 1 < v <r}.

Since the condition »r may be as large as possible (cf. §9.4), there is no guarantee
that a small relative perturbation in U(]) leads to a similarly small relative error of v.

Finally, we consider the ¢? norm \/ 2o _1( (7))2. In the case of general errors
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d?, s, = H?Il(l + 6,@) 1= Z?:l 557 is the best result, so that [v—=v| <0
with § =~ \/H\/Zf,zl [v.|? 2?21(59))2. The estimate improves a bit, if the

error dl(,J )isa projection error.
Remark 7.11. Let V = ®?:1‘/} be a Hilbert tensor space with induced scalar

product. Consider orthogonal projections P; : V; — V; and the resulting errors
d9) .= (Pj — ) ) (0 from (7.10a)). Then the following error estimate holds:

2

d
R o)

j=1

I =vl<vr levul\ Z P2 with v, || =

7j=1

Proof. We repeat the inductive proof. The first and second lines from above are
®;1 1( (4) + d( )) ®j LV (J) — ( (1) + d(l)) .+ d(l) . Since
o? +dY =Pl and d = (Pj — 1)y &) are orthogonal and HPlvl,l)H < |lvw 1)H,

the squared norm of ®;l:1( D4 qy )) ®;l: ) is bounded by

d d d 2
vl ® () 4+ d)) ®U + (69))? ®
j=2 j=2 j=1
Induction leads us to ||, — v, [|2 < ||v, |2 3¢ . 1( ) Schwarz’ inequality of
the sum over v proves the assertion. O

7.5 Representation of V;

In (7.7a), V = prterm (7, (v,(f ))7 ») is described as a representation of the tensor v.
However, representations may be become recursive if the parameters of the repre-
sentation need again a representation. In this case, the involved vectors v( eV;
must be implementable. If V; = K’ with n;:=#1;, we might try to store the vector

(J ) by full representation (i.e., as an array of length n;). But depending on the size
of n; and the nature of the vectors vl( there may be other solutions, e.g., repre-
sentation as sparse vector if it contains mostly zero components. Another approach
has been mentioned in §5.3 and will be continued in §14: usual vectors from K"
may be interpreted as higher order tensors. Under certain assumptions the storage
of such tensor representations may be much cheaper than n; (possibly, it becomes
O(log n;)). These considerations are in particular of interest, if approximations are
exceptable (see §9).

The spaces V; may be matrix spaces: V; = KZ%*7/i_ Full representation of
large-scale matrices is usually avoided. Possibly, one can exploit the sparsity of
v € KI5 Another possibility is the representation of v\’ as hierarchical
matrix (cf. Hackbusch [86]). In all these cases, the required storage size may
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strongly deviate from dim(V;). We shall therefore use the notation

size(v?) for v\ €V
as already done in (7.8a).

Remark 7.12. Many computations require scalar products (u,v) ; foru,v e Vi
We denote its computational cost by /V;. The standard Euclidean scalar product in
V; = K" costs N; = 2n; — 1 arithmetical operations. N; may be smaller than
2n; — 1 for certain representations of u, v € Vj;, while it may be larger for a scalar
product (u,v); = vH Aju involving some positive definite A;.

Full representations are obviously impossible if dim(V;) = co. This happens,
e.g., for V; = C([0, 1]). Really general functions cannot be represented in a finite
way. A remedy is the approximation, e.g., by interpolation. Such an approach will be
studied in §10.4. In this chapter we discuss exact representations. Often, the involved
functions can be described by well-known function classes, e.g., v(J )E C(]0,1]) are
polynomials, trigonometric polynomials or sums of exponentials exp(a:c). Then we
are led to the following situation:

D=0 ev;cv; with Uj =span{b)) :v € Bj}. (7.13)
VEBj

Now, v( 7 s represented by its coefficients (3;; G ))Ue B, While the basis functions b
are fully characterised by v € B, (e.g., the monomial 2" is completely described by
the integer n € Ny). In §8.2.4 we shall obtain (7.13) in a different way and call it
‘hybrid format’.

Representation (7.13) via a basis of a subspace U; may even be of interest when
Vi= K’ contains standard vectors (of large size n; =#1;). If more than one tensor
shares the same subspaces U}, the costly storage of the basis vectors is needed only
once, while the storage for the coefficients 3;;; 7- is of minor size. Having precom-
puted the Gram matrix 1) € KBi*Bi of the scalar products 1) == (b b@),
we can reduce a scalar product (v,u) of v,u € Uj to the scalar product (I'By, Bu)
of the respective coefficients in K. The resulting costis N; = 2(#B;j)* + #B,.
A similar situation is discussed in the next remark.

Remark 7.13. Assume that, according to (7.13), {v(j) 1<i<r}cV;=Kb
is represented by coefficients 3, 3 , where r; := #D5; and n; = drm(V) If the
task is to compute the Gram matrix M W1th entries M, 1= <vl(,7) , vfﬁ} the direct
approach would cost 3r(r + 1)N; ~ r?n;. The computation of ') ¢ KBixBj
mentioned above requrres r2n7 operatrons The Cholesky decomposmon ro =
LW LK can be determined by 31"7 operations. The coefficients 3,/ () define the
vectors Bi = (5(7))1,63 (1 <4 < 7). Using

<vl(/J) (J)> <F(J)[-}(J) ﬁ > <L(J)Hﬂl(/J)aL(J)Hﬂff)>KBj7

we compute all M,,, by rj 7 + r?r; operations. The total cost of this approach is
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2, 1,3 2 2
TN+ 3T T vty

It is cheaper than the direct computation if (> — 73)n; > £r3 +r2r +r?r;.
Remark 7.14. In the case of V; = K’s, the standard method for producing a basis
b,(,j ) and the coefficients ﬂ,ﬁﬂf from (7.13) is the reduced QR decomposition. Form
the matrix A := [v§j) . --v,(«j)] and decompose A = QR with Q € KLix"i
r; = rank(A), R € K™ *" (cf. Lemma 2.19). Then v”) = 37 _ Q. , R,,; holds,
ie., b = Qovs [3,93 = R,;, and B; := {1,...,r;}. The computational cost is
NQR(’RJ‘, ’I’).

7.6 Conversions between Formats

In this section, we consider the tensor space V := ®?:1 K’ with index sets of size
n; := #1;. The tensor index set is I := I; x ... xI;. An interesting number is

d
N = <jHan> / max m, (7.14)

which appears in Lemma 3.41 as bound of the maximal rank in V. To simplify the
notation, we assume that nqy = max{n; : 1 < i < d} and introduce the index set

Ui=ILx..xI (7.15)

of size N = #T'.

In particular if » > N, it can be interesting  conversion | arithmetical cost
to convert a tensor from r-term format into an- F > Ry|O
other one. We discuss the conversion from full R~ 7 | 2/n? foranyr,
format (abbreviation: F) or r-term format (R+) R, — Ry | 2Rn? if R > N.
into other ones. At the right we give a summary
of the costs using n := max; n;.

7.6.1 From Full Representation into r-Term Format

Assume that v € V is given in full representation, i.e., by all entries v[ij .. .144)

(i; € I;). The associated memory size is Nl = H;l:1 n;. Theoretically, a shortest

r-term representation v = ZZ:1®?:1U1(/J ) exists with 7 := rank(v) and memory

size NLem — Z?Zlnj. However, its computation is usually far too difficult (cf.

Proposition 3.34). On the other hand, we have constructively proved in Lemma 3.41
that the tensor rank is always bounded by N from (7.14).
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Remark 7.15. Given v € V in full representation, the N-term representation with
N from (7.14) is realised by

(1) 11 (1) — ! i | =
=SS wan 1 S e g
_e(J,l)EKJ for2 < j <d,

i'el’ j=1
where e(7%) is the i-th unit vector in K% | i.e., eU:) [k] = &;1.. Note that no arithmeti-
cal operations occur.

Unfortunately, conversion to N-term format increases the storage requirement.

Even, if we do not associate any storage to the unit vectors e(/"?) j > 2. the vectors
1(/1), i’ € I’ (cf. (7.15)), have the same data size as the fully represented tensor v.

Because of the large memory cost, the transfer described above, is restricted to
d = 3 and moderate n;. Further constructions leading to smaller ranks than N will
be discussed in §7.6.5. Even smaller ranks can be reached, if we do not require an
exact conversion, but allow for an approximation (cf. §9).

7.6.2 From r-Term Format into Full Representation

Conversion from 7-term format into full representation can be of interest if » > N,
since then the full format is cheaper. Given v =" _ 1®? WP 0P e K, the
expressions v[i]=>""_, Il . 1v,(/ )[ j] have to be evaluated for all i € I.

. . . d
Lemma 7.16. Conversion of an r-term tensor into a full tensor requires 2r szlnj
operations (plus lower order terms).

Proof. Note that ol ][ .= Hj 5 vl(,J)[ %] can be obtained for all i’ € I’ (cf. (7.15))
by r(d — 1) H = 1 operations. This is a lower order term compared with the

operation count for Y/ _, (1)[ 1] - vl[,l][i’]. O

7.6.3 From r -Term into N-Term Format with r > IN

Here, we assume that v = ZZ:1®? LV v €V is given with r > N, where N from
(7.14) is the upper bound N of the max1ma1 rank. Such a situation may occur after
operations, where the number of terms is the product of those of the operands (see,
e.g., §13.5).

Remark 7.17. Let vl(,J ) for 2 < j < d be the unit vectors from (7.16). Then the
tensor v = 22:1®j v is equal to
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d T d
v = Z ®vi(,j) € Ry  with ’Ui(,l) = Z Hvl(/)[z’]] o,

irel’ j=1 v=1 \j=2

The number of terms is #I' = N. The computational cost is 2r H;'l:1”j plus lower
order terms.

The performed operations are identical to those from §7.6.3, only the interpreta-
tion of the result as N-term format is different.

Another conversion for the particular case d = 3 is related to [119, Remark 2.7].
Below, e'1%) (i € I) is again the 4-th unit vector in K'*.

Remark 7.18. Without loss of generality, assume that 7y = min; n;. Write v as
Ziehe(l’i) ®w!" with tensors wl[»l] € Vo ® V3 defined by w!! [i2, i3] := V[i, i2,13].

@ %

For v= ZZ:1®?:11;9 ), all w!") have the form
wz[-l] = Z vl(,l)[z'] . vl(,Q) ® vl(,3).
v=1

Evaluation of wl[l] for all 4 in full format costs 2rninans + (r — n1)neng opera-
tions. Note that the leading term is the same as above. The reduced singular value
decomposition wl[-l] = Y™ @, @y, is an m,-term representation, where the
n= ’ ’

(matrix and tensor) rank m; = rank(wlm) is bounded by min{nz,n3}. The cost
of the SVDs is O(n; - Nsvp(nz2,n3)) = O(n*), where n = max; n;. Because of
r > N = O(n?), O(n?) is a lower order term compared with 2rn;nans. Thus, this
method needs almost the same computational work, while the resulting N’-term
representation is

v = Z e @ Tiy @y, with N = Z m; < nymin{ns,n3} = N.
(i,1) i€l

7.6.4 Sparse Grid Approach

The sparse grid approach is used to interpolate functions in higher spatial dimen-
sions or it serves as ansatz for discretising partial differential equations. For a review
of sparse grids we refer to Bungartz-Griebel [29]. Here, we only sketch the main line
and its relation to tensor representations. To simplify the notation, we assume that
the tensor space V. = ®?:1 V; uses identical spaces V' = V};, which allow a nested
sequence of subspaces:

V=V DdVi-1) D...DVioy D V). (7.17)

A typical example are finite element spaces V() of functions, say, on the interval
[0, 1] using the step size 2~¢. For sparse grids in Fourier space compare Sprengel
[174]. While the usual uniform discretisation by V = ®dV(g) has a dimension of
order 27%¢, the sparse grid approach uses the sum of tensor spaces
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Vo= Y ®j:1 Viey)- (7.18)

4| y=t+d—1

The background is the estimation of the interpolation error® by O(2~2¢/4~1) for
functions of suitable regularity (cf. [29, Theorem 3.8]). This is to be compared with
dim(Vy) =~ 2e€d*1 (cf. [29, (3.63)]). The basis vectors in V¢ are elementary
tensors ®;l:l bg}j, where ¢; denotes the level: b,(j %j € V(g;)- Since the number of
terms is limited by the dimension of Vg ¢, the tensor v € Vg, ¢ belongs to R, with
r=dim (V) ~ 2700471,

For the practical implementation one uses hierarchical bases (cf. [29, §3]). In
V(1) we choose, e.g., the standard hat function basis b1 := (b;), <;<,,, - The basis bs
of V() is by enriched by nq /2 hat functions from V(2)- The latter additional basis
functions are indexed by n; + 1 < ¢ < ny + ny/2 = no. In general, the basis
by C V( A) consists of by_; and additional n) /2 hat functions of V( A)- The index
£; corresponds to the dimension n; = 24 of Vi¢;)- The additive side condition
Z‘;:l l; < L:={¢+d—1in (7.18) can be rewritten as H?:l nj < N := 2k
It follows from i; < n; that the involved indices of the basis functions bi]. IS V( )
satisfy H;l:1 i; < N. For ease of notation, we replace Vg, ¢ by

d
Vg := span {®j—l b, : H i; < N} .
Since Vg O Vg ¢, the approximation is not worse, while dim(ng) has the same

asymptotic behaviour 27¢/9=1 as dim(Vyg ¢). The inequality H;l:l i; < N gives
rise to the name ‘hyperbolic cross’.

d

Jj=1

Remark 7.19. The typical hyperbolic cross approach is the approximation of a
function f with the (exact) series expansion f = 3 7; ya Vi ®?:1¢Z—j by

d
fN = anilijgjv Vi ®¢ij'
= Jj=1

The behaviour of the number o4(N) of tuples i involved in the summation with

respectto N is

o4(N) = O(Nlog" ' (N)). (7.19)

In the previous example, O(N 2 log? ! (N)) is the accuracy of fx. The follow-

ing table shows the values of o2(N) and o1¢(N) for different N as well as values
of 04(10) for increasing d:

N 2 4 8 16 32 64 128 256
d=2 | o4(N) 3 8 20 50 119 280 645 1466

N 2 4 8 16 32 64 128 256
d=10 | og(N)| 11 76 416 2056 9533 41788 172643 675355

d 2 3 5 10 20 50 100 1000
ca(N)| 27 53 136 571 2841 29851 202201 170172001

3 Any LP? norm with 2 < p < oo can be chosen.
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7.6.5 From Sparse Format into r-Term Format

Finally, we consider the sparse format v = pspam(i, (Vi)iei) from (7.5). By defi-
nition, v.= 3, § Vi @?:1 bgf ) holds. The latter expression is an r-term representa-
tion of v with 7 :=#1 nonzero terms.

The function f from Remark 7.19 is a tensor isomorphically represented by the
coefficient v € ®9KN, where the tensor space is to equipped with the suitable
norm. The tensor vy, corresponding to the approximation fx has sparse format:
Veg = psparsc(i, (Vi)iei) With io: {i € N4 : H?:lij < N}. This ensures an 7-
term representation with r := #1. The representation rank r can be reduced because
of the special structure of I. Here, we follow the idea from the proof of Lemma 3.41:

for fixed i; with j € {1,...,d}\{k} we can collect all terms for i, € N in

k—1 d
(@bg‘j)) ® <Zwb§f)> ® < X bE‘?) € Ri. (7.20)
j=1 i

j=k+1

The obvious choice of (i1,...,4k—1,%k+1,---,%q) are indices such that the sum
Zik contains as many nonzero terms as possible.

First, we discuss the situation for d = 2. Fig. 7.1 shows
the pairs (i1,45) € I with H;lzlij < N = 16. For the first
choice £ = 1 and 75 = 1, the indices i involved in (7.20)
are contained in the first column of height 16. The second
choice kK = 2 and 7y = 1 leads to the lower row. Here,
the sum in (7.20) ranges from 2 to 16, since v[1, 1] belongs
to the previous column. Similarly, two further columns and
rows correspond to ¢ = 2,3 and ¢; = 2, 3. Then we are
left with a single index i = (4, 4) so that we have decom- ¥ig. 7.1 Sparse grid in-

o . . . dices
posed I into seven groups. Each group gives rise to one
elementary tensor (7.20). This finishes the construction of a 7-term representation
of ve. Obviously, for general N we can construct a representation in R, with

r<2[VN] <2VN

and even r < 2v/N —1if vV/N € N. i
For general d, the decomposition of I can be achieved as follows. Let

=@

[
000000000
8 16

d-1 ., d-1 d-1 }
o . . . <
T: {(tl,...,td_l) eN .I;lzalx{tj} HFl ti <N
be a set of (d — 1)-tuples. For each ¢ := (t1,...,tq—1) € T and 1 < k < d define
it,k = {(tl, e b1, T, TRy - ,tdfl) S i with 75, > I%lal%({tj}} .
J:

We claim that |, U¢_, T:x = . For a proof take any i = (i1, ...,i4) € I and
let k and m be indices of the largest and second largest i;, i.e.,
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ig > iy >1; forallj € {1,...,d}\{k,m} with k # m.

Inequality i,,, < i and i € I imply that i,, - [] ki < H?:l i; < N. Therefore
the tuple ¢ := (i1,...,%%—1,%k+1,---,%q) belongs to T and shows that i € it,k.
This proves ic UteT UZ 1 it &, while direction ‘D’ follows by definition of it -

We conclude that {it,k teT,1 <k <d}isa (not necessarily disjoint)
decomposition of I, whose cardinality is denoted by 74(N). Each® set It k gives rise
to an elementary tensor (7.20) and proves vy, € R, where’

r=T1q(N) < d-#T.

It remains to estimate #T. Fort := (t1,...,tq—1) € T let m be an index with
b = max ~{t,}. From ¢? H#mt < N we conclude that 1 < ¢,, < +/N.In

the followmg, we distinguish the cases t,, < N'/¢ and NV < t,, < N/2,
Ift,, < N/ also t; <N 1/d holds and all such values satisfy the condition

max7 “H H tj < N. The number of tuples ¢t € T' with max;{t;} < N1/4

is bounded by
Nd=1)/d

Now we consider the case N'/¢ < t,, < N'/2. The remaining components
tj (j # k) satisty J[; . t; < N/t2, . We ignore the condition ¢; < t,,, and ask
for all (d — 2)-tuples (t; : j € {1,...,d — 1}\{m}) with [T, t; < N/t7.
Its number is oq_o(N/t2, ) = O( n logd S(& )) (cf. (7.19)). It remains to bound

the sum ZNl/d<t<N1/2 =l (%) Instead, we consider the integral

1/2

NN N N e
/ — log? 3 (—Q)dx < Nlogdi?’(N(d_Q)/d)/ —
N1/d T X N1/d X

< Nlogd_3(N(d72)/d)[N71/d—N71/2] < N(d*l)/dlogd—3(N(d72)/d)'

Therefore, any tensor v = psparse(i, (Vi)iei can be written as v € R, with

representation rank 7 < O(N(4=1/d1og?"3(N)). This proves that although #I
is not bounded by O(N), the rank is strictly better than O(N).

Proposition 7.20. For an index set 1 € {i € N¢ : H?:l i; < N}, any tensor v =
psparsc(i, (Vi)iei) can be explicitly converted into v € R, with a representation
rank r = 74(N) <O(N@=D/d1og?=3(N)).

The factor log? 3 may be an artifact of the rough estimate. Numerical tests show
that the asymptotic behaviour appears rather late. The next table shows

vd(N) = logQ(Td(N)/Td(N/Q)) for N = 2™,

6 Since the sets it,k may overlap, one must take care that each v; is associated to only one it, k-

7 714(N) < d - #T may occur, since it,k = it,k« may hold for k& # k’. An example is the
decomposition from Fig. 7.1, where 72 (16) = 7.
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~4(N') should converge to (d — 1)/d.

n 36 9 12 15 18 21 24 27 30
73(2)[1.0 0.88 0.78 0.73 0.71 0.693 0.684 0.679 0.675 0.672 — =

~v4(2)[1.4 1.15 0.96 0.89 0.85 0.825 0.806 0.794 0.784 0.777 — %

Finally, we compare the quantities o4(N) (cardinality of the sparse grid) and 74(N)
ford =3 and d = 6:

N| 10 100 1000 10000 100000 1000000
(N)| 53 1471 29425 496623 7518850 106030594
(N)| 12 102 606 3265 16542 81050

06(N)|195 14393 584325 17769991 439766 262 -
(N)| 51 2047 36018 502669 5812401 59730405

7.7 Modifications

Restricting V; to certain subsets A; C V;, we can define a modified r-term format
Ry ((Aj);l:l) by

RT((Aj)?:l) = {Z vWe.. . .@od: o) e AJ} (r € No).
v=1

Examples of A; are

o V; =R",A; = {v €V, : v > 0} Hence, A; contains the non-negative
vectors.

o V; = LP(I;), then A; = {v € V; : v(z) > 0 for z € I;} describes the
non-negative functions.

o V,=Cm">" A; ={M € V;: M Hermitean matrix }.
o V;=C"*" A; ={M € V;: M positive semidefinite}

We shall refer to these modifications in §9.6, §9.7.1, and §9.7.2.5.1.

A challenging problem is the representation of (anti-)symmetric tensors. Assume,
e.g., that v € (V) C ®?V is an antisymmetric tensor (cf. §3.5). A possible repre-
sentation uses a usual tensor v/ € @<V with the property v = Py (v'). Note that an
elementary tensor v’ leads to the Slater determinant v requiring d! terms (cf. Lemma
3.70). The difficulty of this approach comes with the operations. For instance, the
scalar product (v, w) of two antisymmetric tensors v, w € (V') is to be expressed
by means of their representations v/ and w’. For a solution of this problem compare
Beylkin-Mohlenkamp-Pérez [16].



Chapter 8
Tensor Subspace Representation

Abstract We use the term ‘tensor subspace’' for the tensor product U :=
a ®?:1Uj of subspaces U; C V. Obviously, U is a subspace of V :=, ®‘;:1Vj ,
but not any subspace of V is a tensor subspace.? For d = 2, r-term and tensor sub-
space representations (also called Tucker representation) are identical. Therefore,
both approaches can be viewed as extensions of the concept of rank-r matrices to
the tensor case d > 3. The resulting set 7, introduced in Sect. 8.1 will be charac-
terised by a vector-valued rank r = (71, ..., 74). Since by definition, tensors v € Ty
are closely related to subspaces, their descriptions by means of frames or bases is
of interest (see Sect. 8.2). Differently from the r-term format, algebraic tools like
the singular value decomposition can be applied and lead to a higher order singu-
lar value decomposition (HOSVD), which is a quite important feature of the tensor
subspace representation (cf. Sect. 8.3). Moreover, HOSVD yields a connection to
the minimal subspaces from Chap. 6. In Sect. 8.5 we compare the formats discussed
so far and describe conversions between the formats. In a natural way, a hybrid
format appears using the r-term format for the coefficient tensor of the tensor sub-
space representation (cf. §8.2.4). Section 8.6 deals with the problem of joining two
representation systems, as it is needed when we add two tensors involving different
tensor subspaces.

8.1 The Set T,

Consider an algebraic tensor space

! “Tensor subspace’ is to be understood as ‘subspace and tensor space’.

2 For instance, choose two linearly independent vectors a, b € V. Then U := span{a ®a, b® b}
is a two-dimensional subspace of V' ® V/, but the smallest tensor subspace containing U is Vo ® Vo
with V := span{a, b} and has dimension four.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 217
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_8,
© Springer-Verlag Berlin Heidelberg 2012
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and a fixed tensor v € V. We want to find possibly lower dimensional subspaces
U; C Vj such that

d
veU:=,QU;  withr; := dim(U;) (8.1)
j=1

holds. In §8.2 we shall represent v by means of chosen bases of U;. A possible
choice of U; C Vj for all 1 < j < d are the minimal subspaces U J‘-ni“(v) described
in §6. Note that in this chapter only exact representations are considered. Approxi-
mations in possibly even smaller subspaces will be discussed in §10.

Above, we have started with v € 'V and have been looking for a subspace family
{U,} with property (8.1). Now, we reverse the viewpoint and fix the dimensions r;
of Uj,

r:=(ry,...,rq) € N, (8.2)

and ask for all v satisfying (8.1) for subspaces U; which may depend on v. The
dimensions® r; play a similar role as the parameter 7 of the r-term representation.
Therefore, we refer to r as the fensor subspace representation rank. Since it is
vector-valued, it cannot be confounded with the tensor rank from §3.2.6.

Definition 8.1 (7;). Let V= ®?:1‘/} X i= (ry,...,7¢) € N&, and set

T = (V) = {v v there are subspaces U; C V; such that } 83)

. d
dim(U;) = rjandv € U = Q;_, U;
For v € T, we say that v possesses an (r1, . . ., 7q)-fensor subspace representation.

The symbol 7, is used if the reference to the underlying tensor space V is ob-
vious; otherwise, 7, (V) is preferred.
An equivalent definition is
d

Te= U XU;.

U; CVj subspaces with dim(U;)=r; (1<j<d) j=1

The letter 7 may also be read as ‘“Tucker format’ (cf. Tucker [184]).

Note that the subspaces U; involved in (8.3) vary with v. The set 7, corresponds
to R, from (3.22). The parameters r1, ..., rq are not necessarily the optimal ones,
i.e., the subspaces U; may be larger than necessary.

Exercise 8.2. (a) If 7; = 0 for some j, then 7. = Ry = {0} is the trivial subspace.
(b) Coincidence 73 = R4 holds for 1 = (1,...,1) € Nd.
(c) If d = 2, the identity 7. = R, holds forr = (r,...,r) and all r € Ny.

Except for the cases from Exercise 8.2, the sets 7, and R, do not coincide.
Relations and conversions between both formats will be discussed in §8.5.

Assume that v € 7 holds with v € U := ®?:1Uj and dim(U;) = r;. For

3 Obviously, only integer 7; < dim(V};) are of interest.
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any s; > r; there are larger subspaces W; O U; with dim(W;) = s;. Obviously,
veW: = ®?:1Wj holds and shows that also v € Ts is valid, i.e.,*

veTl, = veTg fors>r.

This proves the following statement.

Corollary 8.3. In definition (8.3) we may replace dim(U;) = r; by dim(U;) < r;
without changing the set 7.

T satisfies similar properties as R in (3.23a):

{0} =T if r; = O for at least one j,
Te CTs forr <s, 8.4)
Te+Ts C Toys forallr,s € N&.

Note that 7; is not a subspace! Two different tensors v,w & 7, may belong to

different systems of subspaces: v € ®?:1 Uj and w € ®?:1 W;. In the worst

case, U; N W, = {0} holds and the sum v + w requires the subspace U; + W with

dim(U; + W;) = r; + s; for its tensor subspace representation, proving the last

line of (8.4). Differently from (3.23b), 7, + 75 is a proper subset of 7, if r,s # 0.
Summarising the results of §6.3, we can state:

Remark 8.4 (Tucker rank). Given v € V, there is a minimal v = ry,i,(v) € N
with v € Ty. This rp;,(v) has the components

rj = rank;(v) = dim (U;nin(v))

(cf. (5.6b)). The corresponding subspaces from (8.3) are U, := Ujmi“(v). The vector
Timin (V) is called the fensor subspace rank or ‘Tucker rank’ of v (although this rank
is much earlier introduced by Hitchcock [100]).

Example 8.5. (a) Let P,, C V; := L*([0, 1]) be the subspace of polynomials of
degree at most p;. All multivariate polynomials f(z1,...,2zq) € V= a®j:1Vj
with polynomial degree < p; with respect to x; belong to U := ®;l:173pj Cc Tr
with T =Dpj + 1.
(b) The particular polynomial f(z,y, z) = xz + 2%y belongs to T(2,2,2) involving
the subspaces Uy := span{z, 22}, Uy := span{1, y}, Us := span{1, z}.

The next property of 7, will become important for approximation problems.

Lemma 8.6. Ler V = | ®?:1 V; be a Banach tensor space with a norm not
weaker than ||-||,, (cf. (6.18)). Then the subset T, C 'V is weakly closed.

Proof. Let v, € T be a weakly convergent sequence with v,, — v € V. From
v, € T we infer that U ;“i“(vn) has a dimension not exceeding r;. By Theorem
6.24, dim(U™"(v)) < r; follows, implying v € Ty (cf. Theorem 6.26). O

4 Inequalities s > r for vectors from Ng are understood componentwise: s; > r; forall 1 <j <d.
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8.2 Tensor Subspace Formats

8.2.1 General Frame or Basis

The characterisation of a tensor by v € U := ®?:1 U;jCV:= ®‘;:1Vj corre-
sponds to the (theoretical) level of linear algebra. The numerical treatment requires
a description of the subspaces by a frame® or basis. Even if a basis (in contrast to a
frame) is the desired choice, there are intermediate situations, where frames cannot
be avoided (cf. §8.6). By obvious reasons, we have to suppose that dim(U;) < oo
(cf. Remark 6.1). Without loss of generality, we enumerate the frame vectors of U;
by W 1<i< r;, and form the r;-tuple

i

B; = [b@, o). bD| e (V). (8.52)

Set
J=Jix...xJg with Jj={1<i<r;} forl<j<d.

Bj € (V)" can be considered as an element from the set L(K5, V;). In the case
of V; = K%, Bj; is a matrix:
Bj € KIixJi, (8.5b)

The elementary Kronecker product

d
B:= ® B; € LK, V) (8.5¢)

j=1

becomes a matrix from K™J,if V; = K% and V = K. In the following, the frame
data will be described by B; € (V;)" or B; € KIi*/i for 1 < j < d, which
includes the information about r; = #.J;. These quantities define B by (8.5c).

A column of B corresponding to a multi-index i € I'is b; = ®?:1 bgf ), Hence, all

columns of B form the frame [or basis] of U C V. For later use we add that for any
index subset§ & a G {1,...,d} aframe of U, = @, ,U; is denoted by

B, i= [b{”),b{"), .. b()] € (Vo). (8.5d)

We specify the following data:

Bj e (V;)™ frame or basis of U; for 1 < j < d,,
Ji={1<i<r;} forl < j <d, (8.6a)
ac @ K =K' forJ=J1x...xJg

3 The frame is a system of vectors generating the subspace without assuming linear independence.
When the term ‘frame’ is used, this does not exclude the special case of a basis; otherwise, we use
the term ‘proper frame’. Note that a frame cannot be described by a set {b,(,J )1 <v <l

since by) = b,(j) may hold for v # pu.
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so that

d
v=Ba=) &) b§j> (8.6b)

ieJ j*l
_ Z Z Z 1112 b(l) ® b(2) ® b( )
11 17,2 1 Zd 1

Note that r; > dim(U;). Equality ; = dim(U;) holds if and only if B; is a basis.
According to §7.1, the representation is the mapping

prs(a, (By)l,) =) a ® ) = Ba. (8.6¢)
ieJ Jj=1
The coefficient tensor a is also called ‘core tensor’ (Tucker [184, p. 287] uses the
term ‘core matrix’).

Formally, representation (8.6¢) looks very similar to the full representation (7.3).
However, there are two important differences. First, the index set J is hopefully
much smaller than the original index set I. Second, the frame vectors {b } are
of different nature. In the case of the full representation (7.3), B; is a fixed basis.
For instance, for the space V of multivariate polynomials, b(J ) = xj may be the
monomials, or for V. = KI the basis vectors b(J ) are the unit vectors e € K
(cf. (2.2)). Because of the fixed (symbolic) meaning, these basis vectors need not
be stored. The opposite is true for the representation (8.6¢). Here, we have chosen a
special frame B; of U; and must store the frame vectors b;”’ explicitly.

A tensor v € T, may still be represented in different versions. A general one is
given next, orthonormality is required in (8.8a), while a special orthonormal basis
is used in Definition 8.23.

Remark 8.7 (general tensor subspace representation). (a) The storage require-
ments of the vectors bgj ) depend on the nature of U; (cf. §7.5). Denoting the storage
of each frame vector by size(U), the basis data require

d
NESE((B))d,) = ijl rj - size(U;). (8.6d)

(b) The coefficient tensor a € K is given by its full representation (cf. §7.2) and
requires a storage of size

d
Nk (@) =[] - (8.6¢)

(c) For the optimal choice U; = U J‘-nin (v) together with bases B; of U}, the numbers
r; are given by r; = rank;(v) (cf. Remark 8.4).

(d) If, at least for one j, B; is not a basis, the coefficient tensor a € K7 is not
uniquely defined.

The counterpart of Remark 7.9 reads as follows.

Remark 8.8. Suppose a representation of v with r; = rank;(v) for 1 < j < d.

(a) If v satisfies a linear constraint ¢y, (as defined in §6.8), then g (b( )) = 0 holds
for all basis vectors b( ) from Bj,.
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(b) Let V(™) be the intersection Banach spaces from §4.3.6. Then v € V(™) implies
b" € V") for all b from By

Let n := max; size(U;) and r := max; r;. Then the memory costs (8.6d,f) sum
to rdn +r?. How rdn and r¢ compare, depends on the sizes of 7 and d. If  is small
compared with n and if d is small (say d = 3), 7% < rdn may hold. For medium
sized d, the term r¢ becomes easily larger than rdn. For really large d, this term
makes the representation infeasible.

The frame B; may be transformed using B}“" = [bg‘{icw, e b(Jn)Lw new | and an
iV X rj matrix T( 9
Bj = B}TW e, Z TDb0) ., forl<i<r;,  (8.7a)
d d _
or, more shortly, B = B,,.,,T with B = ® Bj,Bpew = Q BV, T = ® 7)),
=1 j=1 j=1

In the case of bases B; and B“C"V W1th r;’CW = rj, the transformation matrix
T\ is regular and the inverse transformatlon is bk e = il 7) b(J ) with
SU) = (TW)~1, In general, the inclusion® range(B;) C range(B;ew) following

from (8.7a) ensures that all v=DBa can be expressed by means of B¢y

Lemma 8.9 (frame transformation). Let v € U be described by (8.6a,b) and con-
sider the transformation of B}V to the frames B; by means of (8.7a) with matrices
T, e, B =BpeyT. The corresponding transformatlon of the coefficients is

anew :=Ta  withT = ® a2 (8.7b)
=1
Then ’
PTS (a7 (Bj)_(ji:l) = PTS (aneW7 (B‘neW)J 1) (870)
Proof. Ba = (BpewT)a = Bphow(Ta) = Bpewanew proves (8.7¢). O

The elementwise formulation of (8.7b) reads as
Anew [ili2 te Zd] (87d)

T1 T2 Td
- Z Z Z TOliy, k)T ig, ko) - - TD[ig, ka) alkiks - - - ka.

k1=1ko=1 kq=1

One can interpret (8.7¢c) also in the reverse direction (then, the affices ‘old’ and
‘new’ are to be exchanged).

Corollary 8.10. Let v = prs(a, (B;)4 G 1) be given. If the coefficient tensor allows
the formulation a = S a,,cy, the tensor subspace format can be transformed into

v = 18 (news (B), ) with By := BS.

6 This inclusion does imply that 7; < r3°%. If B; is a proper frame and B} a basis of the
range of Bj, even 7% < r; holds.
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8.2.2 Orthonormal Basis

Let V= ®‘;:1Vj be a [pre-]Hilbert space with scalar product (-, -) induced by the
scalar products (-, ~>j of V. Consider again the representation (8.6a,b) of v € U with
a basis (B;)1<;<aq- In the Hilbert space setting, an orthonormal basis is obviously
the desirable choice. An orthonormal basis is characterised by B; € L(K”7,V;)
with the property

BiB;=IecK%*/  for1<j<d

A consequence is B*B = id € K7*J. Note that in the matrix case B} and B* are
written as B}" and BM. This setting yields the next representation.

Definition 8.11 (orthonormal tensor subspace representation). (a) If the bases
B; of Uj are orthonormal, the representation (8.6a,b) of ve U= ®?:1 U; is called
an orthonormal tensor subspace representation in U.

(b) The detailed parameters of the representation are

rj = dim(U;) forl <j <d,
Bj e (V;)™ orthonormal basis of Uj, 6.
Ji={l<i<r;} forl<j<d, (8.82)
ac @ K=K’ forJ=Jx... xJg
with J
porin (2, (B))1_y) == a ®b§j> — Ba. (8.8b)

icd  j=1

In the following, V; = K% is assumed. If, starting from general frames B;, we
want to obtain orthonormal bases, we have to find transformations such that B;?ew
is an orthogonal matrix. For this purpose, two standard approaches can be applied.
We recall Exercise 4.133: a QR decomposition of B or a Cholesky decomposition
of BHB are equivalent to the respective decomposition of Bjor B}" B;.

Lemma 8.12. Let v = Ba be given. (a) The QR decomposition B = QR yields
v=Qa,., with anew = Ra.

By definition, Q is an orthogonal matrix representing an orthonormal basis.
(b) Let B represent a basis. The Cholesky decomposition B'B = LLH ¢ KI*J
defines the transformation

v = (B L_H) Anew with anew := LMa.

B LM is an orthogonal matrix.

Proof. Under the assumption of Part (b), the Gram matrix B"B is positive definite
and a decomposition LL" exists. Orthogonality follows from (BL~"H(BL™") =
L' (B"B)LH =L (LL")L" = id. 0
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Corollary 8.10 can be supplemented with orthogonality conditions.

Corollary 8.13. Let v = porin (a, (B;)9—,) be given. Assume a = S ayey with an
orthogonal S, i.e., S"S = I. Then also the new tensor subspace representation is
orthonormal:

V = Porth (ancwa (B;ICW)?:l) with Bncw :=BS.

Proof. Use BH_B,., = S"BHBS = s"s = 1. i

new

In the case of Corollary 8.13, range(B}") C range(;) holds. If both ortho-
normal bases span the same subspace, transformations must be unitary. Given
unitary transformations Q) of Bj into B}":

ZQM D) o b,?fmw—z QU for1<i<r;, 1<j<d, (8.9a)
i=1

the Kronecker product Q := ®;l:1 QU is also unitary and the coefficients trans-
form according to a,ew = Qa, i.e.,

Porth (a, (Bj )?:1) = Porth (ancvw (B;'lcw)j':l) (89b)

(cf. (8.7c) with T = Q and (QU))~1 = QUH),

Above, the new coefficient tensor aycy, is obtained from a by some transforma-
tion Ta. Alternatively, the coefficient tensor can be obtained directly from v via
projection.

Lemma 8.14. (a) Let v € U and orthonormal bases B; (1 <j<d) be given:
v =Ba with B := ®?:1 Bj. Then the coefficient tensor a of v has the entries
d

a; := <V, ®J . bg)>, ie,a=DB"v. (8.10)

(b) For a general basis, the coefficient tensor from (8.6b) equals a = G~ 'b with
by = <v, ®?:1 b,(fj)>, G = ®;l:1 GY) | where the Gram matrix GY) (cf. (2.16))
has the entries

GP =P by for1<ik<r;, 1<j<d (8.11)

Exercise 8.15. (a) Prove that the orthonormal tensor subspace representation v =
Sieyai ®7, b§” (cf. (8.8b)) implies that
vl = llall5,

where ||-|| : V — R is the norm associated with the induced scalar product of V,
while ||-||, is the Euclidean norm of K7 (cf. Example 4.126).
(b) If a second tensor w = >, ;c; ®j 1 bE” uses the same bases, the scalar
products (thatis (-,-) in V, (-,-), in K7) coincide:

(v,w) = (a,c),.

More details about the computation of orthonormal bases in the case of V; = K%
will follow in §8.2.3.2.
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8.2.3 Tensors in K!

8.2.3.1 Representations and Transformations

Here, we consider the tensor space V = K! = ® (K with T =11 x ... x I
and U = ® ;—1U; with subspaces U; C K%, Accordlng to (8.5b), the quantity B;
representing a frame or basis is the matrix

B; = [bgj),bgj), LW eRE (1<j<a), (8.12a)

where the index sets J; := {1,...,r;} form the product J=J; X ... xJy. Note that
r; = dim(U;) in the case of a basis; otherwise, r; > dim(Uj).

For the sake of simplicity, we shall speak about ‘the frame B; or basis B;’,
although B; is a matrix and only the collection of its columns form the frame
or basis. Note that an “orthonormal basis B;” and an “orthogonal matrix B;” are
equivalent expressions (cf. (2.3)).

The matrices B; generate the Kronecker product

d

B:=(X) B, € K"’ (8.12b)
j=1
(cf. (8.5¢)). !
We repeat the formats (8.6a-c) and (8.8a,b) for V; = K% with the modification

that the frames are expressed by matrices B;.

Lemma 8.16 (general tensor subspace representation). (a) The coefficient tensor
ac QK" =K' fordJ=J1x...xJa, (8.13a)

and the tuple (Bj)1<j<a of frames represent the tensor v.= Ba with the entries

T1 T2 Td
=Y > > Bilir, ka|Balia, ko] - Balia, kal alkika - - - ka

ki1=1ko=1 kdfl

- i TZZ Z b b( )[ alalkiks - kg, (8.13b)

k1=1ko=1 ka=1

using the columns b,(cj) = Bje, k] of Bj. Equation (8.13b) is equivalent to v=DBa.
The representation by

prame(a, (B;)7—,) = Ba (8.13c)

is identical to (8.6¢), but now the data Bj are stored as (fully populated) matrices.

(b) The storage required by B and a is

d

Niem (B) = Nmem ((Bj)_ljizl) = er : #Ij7 Nmem (a) = H ry. (8.13d)

Jj=1 Jj=1

U
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Orthonormal bases are characterised by orthogonal matrices B; (cf. §8.2.2):
BYBj=1€K"*"5. This property holds for all 1 <j<d, if and only if BPB=1.
Because of numerical stability, orthonormal bases are the standard choice for the
tensor subspace representation.

Lemma 8.17 (orthonormal tensor subspace representation). Assume that B; are
orthogonal matrices. B; and the coefficient tensor (8.13a) are the data of the
orthonormal tensor subspace representation:

d

Vv = porn (2, (Bj)1_y) = <® Bj> a with B'B; = 1. (8.14a)

j=1

The required memory size is the same as in (8.13d). The coefficient tensor a can be
obtained from v by
a=B'v. (8.14b)

Proof. Use (8.10). A direct proof is a = B"Ba = B"v. ad
BHB=I

8.2.3.2 Orthonormalisation and Computational Cost

Here, we assume’ that a tensor v = pfame(a, (Bj)‘le) is given with a proper frame
or non-orthonormal basis 3,-. Lemma 8.12 propbses two methods for generating
orthonormal bases ;. Another possibility is the computation of the HOSVD bases
(cf. §8.3 and §8.3.3). These computations are more expensive, on the other hand they
allow to determine orthonormal bases of the minimal subspaces U Jmi“(v), whereas

the following methods yield bases of possibly larger subspaces U; := range(B ).

We start with the QR decomposition. Given frames or bases (BJ )4 =1, procedure
RQR(n;,7j,7;, B;,Q;, R;) from (2.29) yields the decomposition

BJ — QJRJ (B] c K’n,jX’f'j7Qj c Knjxrj,Rj c K’I‘jX’f‘j)

with orthogonal matrices () ;, where r; is the rank of 3,-, Q;, and R;. Defining the
Kronecker matrices

d d d
E:®B]7 Q:®Qja and R := ®Rja
j=1 j=1 J=1

we get v = Eé:QRé (cf. (8.6¢)). Besides the exact operation count, we give a
bound in terms of

7:=max;#; and  n:=max;n;. (8.15)

7 Also tensors represented in the 7-term format are related to subspaces U ;, for which orthonormal
basis can be determined (cf. Remark 6.1). We can convert such tensors into the format prg accord-
ing to §8.5.2.2 without arithmetical cost and apply the present algorithms.
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Remark 8.18. Use the notations from above. The computational cost of all QR
decompositions B; =(); R; and the cost of the product a:=R4 add to

d J d
Z Nor(nj, 7;) H LA | <207 + 7 ®8.16)
j=1 k=1 k=j

Proof. The second term describes the cost of Ra considered in (13.27a). Because
of the triangular structure, a factor two can be saved. O

The second approach from Lemma 8.12 is based on the Cholesky decomposition,
provided that (B )4 -1 represents bases. Because of the latter assumption, 7; = 7;
holds. Note that, in particular for the case » < n, the resulting cost in (8.17) is
almost the same as in (8.16).

Remark 8.19. With the notations from above, the computational cost of the
Cholesky approach in Lemma 8.12b is

d

> |2 + 373 +7; Hrk] < d(2n+ 3)7:2 +drtt (8.17)
j=1 k=1

Proof. The product BY B; takes 3(2n; — 1)r;(r; + 1) ~ n;r? operations. The
Cholesky decomposmon into L; LH requires ér operations (cf. Remark 2.18).
Further njr operations are needed to build the new basis B; := B L; H The trans-
formation a = LHa costs (ijl rj) H;l 1 Ty operations (cf. Remark 2.18). O

For larger d, the major part of the computational cost in Remark 8.18 is dr¢+1,
which is caused by the fact that & is organised as full tensor in K. Instead, the
hybrid format discussed in §8.2.4 uses the r-term format for 4. The resulting cost
of Ra (R, & as in Remark 8.18) described in (13.28b) is given in the following
corollary.

Corollary 8.20. Let the coefficient tensor & € R, be given in r-term format. The
following transformations yield the new coefficient tensor a in the same format.

(a) Using the QR decompositions from Remark 8.18, the cost of a:=Ra is

d

rz rj (27, —rj) S dr?Q,
j=1

while the QR cost Z‘;ZINQR(TLJ-, 7;) does not change. The total cost is bounded by
d2n + )7

(b) In the Cholesky approach from Remark 8.19 the coefficient tensor a:= LHé can

be obtained by rz =1 rj operations, yielding the total bound d(2n + § + )i
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8.2.3.3 Generalisation

The [orthonormal] tensor subspace representation (8.13) [or (8.14a)] can be used to
represent several tensors simultaneously in the same tensor subspace:

d

vl o vim eU = _ 1Uj.

J:
In this case, the data (B;)1<;j<a need to be stored only once. Each tensor v(*)
requires a coefficient tensor al®) (1 < i < m). The required data size is 7dn +m7?,
where n := max; #I; and 7' := max; r;.

8.2.4 Hybrid Format

Letv=>ya ®;l:1bg ) be the standard tensor subspace representation pts or
Porth- An essential drawback of this format is the fact that the coefficient tensor
a € K7 is still represented in full format. Although J = .J; x ... x .J; might be
of much smaller size than I = I; x ... x I, the exponential increase of #J with
respect to d proves disadvantageous. An obvious idea is to represent a itself by one
of the tensor formats described so far. Using again a tensor subspace representation
for a does not yield a new format as seen in Remark 8.21 below.

An interesting approach is the choice of an r-term representation of the coeffi-
cient tensor a. Often, such an approach goes together with an approximation, but
here we consider an exact representation of a by

T d
a=>» Ra ek’  withal)) € K. (8.18)

v=1 j=1

The tensor subspace format v = prs(a, (B, )?:1) combined with the r-term rep-
resentation a = pr-erm (7, (@' )1<j<d,1<v<r) from (8.18) yields the hybrid format,
which may be interpreted in two different ways.

The first interpretation views v as a particular tensor from 7, (with r; = #.J;)
described by the iterated representation

Phybr (7‘7 (@) 1<j<a; (Bj)?:l) = prs (Pr-term (T“a (a,(;j))ls.de)a (37‘)?-1)

lsvsr 1<v<r
r d d
Y (e @K e
ieJ v=1j=1 j=1

with prs from (8.6¢) and & = pyem(. ..) from (7.7a). Similarly, we may define

pgiﬁf (Tv (argj))v (Bj)?:l) ‘= Porth (pr»term(T7 (a,(jj))), (Bj)?:l), (8.20)

provided that B; describes orthonormal bases.
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The second interpretation views v as a particular tensor from R,

v = ZZ@M Jb7) = Z@ (Z a9 b<a>>

v=1ieJ j=1 v=1 j=1 icJ;

The right-hand side may be seen as v = ZV 1® 1'01/7), where, according to

modification (7.13), v(J) is described by means of the basis {b 0. e J;}, which
yields the matrix B;. The format is abbreviated by

p?yt‘g;“m(r J,(a7)1<j<a, (B ) Z@ <Za<ﬂ> ) 8.21)

lsvsr v=1j=1 \i€J;

Note that the formats (8.19) and (8.21) are equivalent in the sense that they use the
same data representing the same tensor.
Another characterisation of a tensor v in the hybrid format is

veR,NT:

withr, r = (r1,...,7q), 7; = #J; from (8.19) and (8.21).

The hybrid format is intensively used in Espig [52, Satz 2.2.4] (cf. §9.5.1) and in
Khoromskij-Khoromskaja [119].

Finally, we discuss the situation of a coefficient tensor a given again in tensor
subspace format.

Remark 8.21. (a) Consider the following nested tensor subspace formats:

d d
=Y@KW a-Ya®dl 62
ieJ j=1 keK j=1
wherev € V=Kl with I = I; x ... x Ip, b)) € V; =K' a € K7, ,g? € K7,
c € KK with K = K; x ... x Kg4. Then, v has the standard tensor subspace
representation

ith b € K/ defined b
v= T e @i | £ deneby 522
keK  j=1 Zierﬁk [i]b;" (k€ Kj).

(b) Using B; = [+ b)) (rj := #J;). B := ®§ B, B; = 8- 8]
(sj:==#K,), B:= ®;l:l B, and Bj := [bgj) bg |, we rewrite (8.22a,b) as

v=Ba, a=pfc, v= Bc with B := Bg. (8.22¢)

The equations in (§.220) can be interpreted as transforma}ion: set apew = C,
S =7, and B, =B in Corollary 8.10. The computation of B, i.e., of all products
B; = B;3; requires 2 Z;l:l n;7;s; operations, where n; 1= #1;.

(c) Orthonormal tensor subspace representations for v and a in (8.22a) yield again
an orthonormal tensor subspace representation in (8.22b).
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8.3 Higher-Order Singular Value Decomposition (HOSVD)

In the following, matrices denoted by U, V' or even U}, V; appear in the singular
value decomposition. These matrices are to be distinguished from the (sub)spaces
U;,U J‘»“i“ and V; with similar or even equal names.

As stated in Remark 3.46a, there is no true generalisation of the singular value
decomposition (SVD) for d > 3. However, it is possible to extend parts of the SVD
structure to higher dimensions as sketched below. Considering a (reduced) singular
value decomposition of a matrix, we observe the following properties:

() M=UXVT= ZZZI crl-ul-viT can be exploited, e.g., for truncations.
(ag) In fact, M, := Zle crl-ul-viT is the best approximation of rank s.
(b1) We may use u; and v; as new basis vectors.

(b2) The basis transformation from (b;) maps M into diagonal form.

HOSVD will also be helpful for truncation (as in (a;)), and, in fact, this property
will be a very important feature in practice. However, the result of truncation is not
necessarily optimal, i.e., (ag) does not extend to d > 3. As in (b;), HOSVD will
provide new bases, but the tensor expressed with respect to these bases is by no
means diagonal, not even sparse, i.e., (bz) has no tensor counterpart.

8.3.1 Definitions

We start with the tensor space V = ®?:1K1f . Given v € V, we consider the
matricisation M := M (v) which is a matrix of size I;; x Ij;) with I[j; = X._.; Ix.
Its reduced singular value decomposition is

M=UxvVT = Z: oy € KIxTul, (8.23)

where u; and v; are the columns of the respective orthogonal matrices U € K% X"i
and V € K111 "3 g1 >0y >...> 0 are the singular values, and r; = rank(M) =
rank;(v) (cf. (5.6b)). While U may be of reasonable size, V € K/t1*"i is expected
to have a huge number of rows, which one does not like to compute. Moreover, it
turns out that the matrix V' is not needed.

We recall the ‘left-sided singular value decomposition’: as mentioned in Remark
2.24b, we may ask only for U and X' in the singular value decomposition M =
UXVT, and the computation of U and X may be based on M M" = US2UH. The
diagonal matrix X' controls the truncation procedure (see item (a;) from above),
while U defines an orthonormal basis (item (b;)). We remark that range(U) =
range(M) = U (v) (cf. Remark 8.4).

Different from the case d = 2, we have d different matricisations M (v) lead-
ing to a tuple of d different decompositions (8.23), called ‘higher-order singular
value decomposition (HOSVD)’ by De Lathauwer et al. [41]. To distinguish the
matricisations, we ornament the quantities of (8.23) with the index j referring to
M;v)eV;® V[j].
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In the next definition, V is a general Hilbert tensor space. This space as well as
all Vi;) =), ; Vi are equipped with the corresponding induced scalar product. All
scalar products in 'V, V;, and V[;) are denoted by (-, -) .

Definition 8.22 (HOSVD basis). Let v € . ||® Urn(v) C g ®?:1Vj. An
orthonormal basis B; (bg DY )} of U™ (v ) is called j-th HOSVD basis for
v, if the following (smgular value) decomposmon is valid:

M) =Y 0P8 @ m@  with

] =1
o >6 > >0 and
orthonormal {m” : 1 < i < r;} € V= 1 @jops Vi -

(8.24)

crzlj) are called the singular values of the j-th matricisation. For infinite dimensional
Hilbert spaces V; and topological tensors, r; = 0o may occur.

Similarly, for a subset § # o G {1,...,d}, an orthonormal basis (bz(.a));;l of
UMin(v) is called an a-HOSVD basis for v, if
M (v) = z b @ m ™ with

(0‘) > aéa) 2 >0 and
orthonormal {mi Yi1<i< ri} C Vae.

(8.25)

Definition 8.23 (HOSVD representation). A tensor subspace representation
V= porth (&, (Bj)1<j<d) 18 a higher-order singular value decomposition (HOSVD)
(or ‘HOSVD tensor subspace representation’ or shortly ‘HOSVD representation’)
of v, if all bases B; (1 < j < d) are HOSVD bases for v.8 For B satisfying these
conditions, we write
v = prosvp (@, (Bj)1<j<d)- (8.26)

The storage requirements of HOSVD are the same as for the general case which
is described in Lemma 8.16b.

The next statement follows from Lemma 5.6.

Lemma 8.24. (a) A tensor v=Ba with B= ®j \Bj yields M ;(v)=B;M;(a )
with Bjj = ®k;lé By.. If;, at least for k # j, the bases By, are orthonormal the
matricisations of v and a are related by

M;(v) M;(v)? = B [M;(a) M;(a)"] BY. (8.27a)

J

(b) If also Bj contains an orthonormal basis, a diagonalisation M ;(a) M;(a)l =
[L—E? UJH vields the left-sided singular value decomposition

MM =U; 2208 with U, == B,U;. (8.27b)

8 Because of the orthogonality property (8.24) for all 1 < j < d, such a tensor representation is
called all-orthogonal by De Lathauwer et al. [40], [106].
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As a consequence, HOSVD representations of v and a are closely connected.

Corollary 8.25. Let v € ®?:1KIJ' be given by an orthonormal tensor subspace
representation (8.14a): v = poren(a, (Bj)1<j<a) With B;'B- =1I. Then, (Bj)i< <d
describes the j-th HOSVD basis of v if and only if

Mj (a) ./\/lj (a)H = 2]2 with

Y= diag{ag‘j),ay) ...} and agj) > aéj) >...>0.

3

8.3.2 Examples

We give two examples of the HOSVD for the simple case d = 3 and the symmetric
situation 7y =ro =r3 =2, Vi = Vo =V3 = V.

Example 8.26. Let 2,y € V be two orthonormal vectors and set’
Vi=rQr@rt+oy@yey eV =3V (8.28)

(8.28) is already the HOSVD representation of v. For all 1 <35 <3, (8.24) holds with

=1, oéj) =0, bgj) =z, bgj) =1y, mg)—x@)x mé)—y@)y

Ty = 2, 0q

While v from (8.28) has tensor rank 2, the next tensor has rank 3.

Example 8.27. Let x,y € V be two orthonormal vectors and set
V=ar®r@r+PBrery+fry@r+fyRr®c € V = @°V. (8.29a)

For the choice

20+02 and fB:=1/0/V2, (8.29b)

the singular values are again agj ) = 1, aéj ) = o. The HOSVD basis is given by

. \/7:5+,/ —0 ,/ F

\/1—1—0 1—0 \/1—|—0 1—0

(8.29¢)

In principle the HOSVD can also be performed in Hilbert tensor spaces V :=
I ® i—1V; with induced scalar product. In the general case, the HOSVD bases are
infinite (cf. Theorem 4.114). If v := a® 1Vj 1is an algebraic tensor, finite bases
are ensured as in the next example referrmg to the polynomial from Example 8.5b.
Note that here V; is the function space L?([0, 1]).

° The coefficient tensor a has the entries a[1, 1, 1] = 1, a[2, 2, 2] = o, and zero, otherwise.
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Example 8.28. The HOSVD bases and the corresponding singular values'® of the
polynomial f(z,y,2) = xz + 2%y € V := a®;.l:1Vj, V; = L?([0,1]), are

b = 0.99953z + 0.9632722, oV = /190 | L/16 =~ 0.54964,
by = 6.8557x — 8.892227, oy = /302 _ L\/A6  ~0.025893,

(2) _ (2) 109 1 ~
by = 0.58909 + 0.77158y, 01" =1/ 755 + 350V 2899 &= 0.54859,

b? = 1.9113 — 3.3771y, o) = /183 — 515/2899 ~ 0.042741,
b® = 0.44547 + 1.0203z, (3) =af?,
b{¥ = 1.9498 — 3.3104z, 053) = o3,

Proof. The matricisations M (f) define integral operators ICJ =M;(f)M;(f) €

L(L?([0,1]), L?([0, 1])) of the form (K fo (¢/)d¢’ (cf. Example
5.16). The involved kernel functions are

1 1
(z,2") //fxy, (', y, 2 )dydz-—x:z: —|—4:cx —|—4:c:17 +3x2:172

1 1 1 1 1 1
k I k N - s - /'
(v, y)= 9+8y+8y+5yy, 3(2,2') = g + g2+ g2 + gz
The eigenfunctions of /C; are x — —(\/ +1)2? and z + (/46 — 1)z with the
eigenvalues \; 2 = %gg + 1 15 V46. Normalising the elgenfunctlons and extracting
the square root of A\ 2, we obtaln the orthonormal basis functions b( ) and 1(1)
(z = 1, 2) from above.

Similarly, the eigenfunctions 1 + =Y2899£8y, of Cy and 1 + 8£¢2899 5 of Ky
yield the indicated results. O

8.3.3 Computation and Computational Cost

Let V; = KL withn; = #I and V= ® 1 Vj. Forsubsets ) # o G {1,...,d},
we use the notations a° := {1,...,d}\« and Vao=a®)cq Ve The usual ch01ce is
a={j}. We introduce the mapping

(Ba, Xo) := HOSVD, (V) (8.30a)
characterised by the left-side singular value decomposition

Ma(VIMo(VH =B, 2%BY, B, cK">" 0< ¥, cK*" BB, =1,

[e3 )

10 Since 212:1 (crgj))2 = 109 forall 1 < j < 3, the values pass the test by Remark 5.12b.
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where 7, := rank,(v) = dim(U™"(v)). Since the singular value decomposition
is not always unique (cf. Corollary 2.21b), the map HOSVD,, is not well-defined in
all cases. If multiple solutions exist, one may pick a suitable one.

Performing HOSVD;(v) forall 1 < j < d, we obtain the complete higher order
singular value decomposition

(Bl,El,BQ,EQ,. AN ,Bd,Ed) = HOSVD(V) (830b)

The computational realisation of HOSVD; depends on the various formats.
Here, we discuss the following cases:

(A) Tensor v given in full format.

(C) v given in the orthonormal tensor subspace format po, i, (a, (Bj)?zl), where
the coefficient tensor a may have various formats.

(D) v given in the general tensor subspace format pgrame (a, (Bj)le), which means
that B; is not necessarily orthogonal.

As review we list the cost (up to lower order terms) for the various cases:

format of v | computational cost | details in
full ndtl Remark 8.29
r-term d[2nr min(n, T) +nr?+2n7? +2r2F+3r7% + 37| | Remark 8.30
orth a7 +2dF (n+4F) (8.35¢)
pgﬂf 2dnri+(d+2) 27 +2dr min (7, r)+3r7 13—4dF3 (8.36)

8.3.3.1 Case A: Full Format

Set n; = #I;, Ijj) = Xy, Iy, and n := max; n;. The data HOSVD,(v) =
(Bj, X;) can be determined by procedure LSVID (#1;, #1;), 75, M;(v), BJ, X))
from (2.32), where

ry = dim(UP(v))

describes the size of B; € Ki*"i. The cost Nysvp(nj, #1 j]) summed over all
1 < j < dyields
d

Z [—-I—an} <dnd+1+8d 3

d
o e#r Ok % (ny + 1)+

j=1

For d > 3, the dominant part of the cost is dn9*?

matrix entries of M; := M, (v)M;(v)":

arising from the evaluation of the

Mj[”? /’L]: Z V[il, o ',Z'j_l,l/, z'j-l-lu o '7id] V[ilu o '77;]'—17M7ij+17 o '7id]'
iel}
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If the HOSVD tensor subspace format of v is desired, one has to determine the
coefficient tensor a. Lemma 8.17 implies that

d
a=B"v  withB:= ®Bj. (8.31)
j=1

i.e., a[kl, ey kd] = Zheh s ZidEId Bl [kl, Zl] s Bd[kd,id] V[ilig s Zd] The
cost for evaluating a is

d
j=

j d
(2n; —1)- H T - H ng < 2rnd.
k

1 =1 k=j+1

In this estimate we assume that r; < n;, so that the terms for j > 1 containing
2r17on?t, 2r rora3n®=2, ... are much smaller than the first term. Obviously, the
summation should be started with j* = argmin{r; : 1 < j < d}.

Above, we have first determined the HOSVD bases and afterwards performed
the projection (8.31). In fact, it is advantageous to apply the projection by B; B}"
immediately after the computation of B, since the projection reduces the size of
the tensor:

start: | vg:i=vVv

loop: |[forj:=1toddo

begin (Bj, ZJ) = I‘IOS\/D7 (Vj_l);
vii=(id®..®ideBY®ide ... ®id)v;

(8.32)

end;
return:| a := vy

Set B4 .= Bl ®‘j:2id and B(h4=1) .= BH ®‘j:3id. Lemma 5.6 implies
the identity M (v1) = My(BEDv) = My(v)BH? T Since B(Ld-DHB(1.d-1)
is the projection onto the subspace U (v) ® ®;l:2 V; which contains v, one has
BLd-DHBLd=1)y — v This proves

-\ H
Ma(vi)Ma(vi)t = Ma(v) (Mg(v) B(Ld-1T B(Ld—l))
H
= My(v) (Mz(B(l’d‘l)H B(l’d_l)v)) = Ma(v)Ma(v)".

Similarly, one proves the identity M (v;_1)M;(v;_1)" = M;(v)M;(v)" im-
plyll’lg (Bj, EJ) = HOSVDj(ijl) = HOSVDJ(V)

Remark 8.29. The cost of algorithm (8.32) is
d j—1 d 8

Z (n‘j+27‘j)-Hrk-an+§n§? .

j=1 k=j

k=1
Under the assumptions r; < n; and d > 3, the dominant part is n; szl nk.

(8.33)
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8.3.3.2 Case B: r-Term Format

In §8.5 we shall discuss conversions between format. The present case is already
such a conversion from r-term format into HOSVD tensor subspace representation
(other variants will be discussed in §8.5.2).

Letv=>Y"_ ®* p ) € R, be given. First, all scalar products (v, v{)
(1<5<d, 1<y, u<r) are to be computed. We discuss in detail the computation
of (By, Y1) = HOSVD;(v). The first matricisation is given by

T

d
Miv) =S v @ul  with oYl = &)
=2

v=1

By definition, By and X from HOSVD;(v) results from the diagonalisation of
My := My (v)M1(v)" = B; X2BH. We exploit the special structure of M (v):

ZZ< {9, 0010) o0 ol ZZ <H< G, L)>)v£1)(v£1))H.

v=1 pu=1 v=1p=1
M, has the form
Ay = [v§1) vél) ---oM] and

M, = A;C1 A with d
1 10147 wi O = @7:2 G, with G == (<U(J) U(J)>)

v,u=1

(here, @?:2 denotes the multiple Hadamard product; cf. §4.6.4). As explained

in Remark 2.36, the diagonalisation M, = B;X?BY is not performed directly.
Instead, one uses M; = AlOlA'l" = QlRlc’lRlHQT and diagonalises RlClRlH.
In the following algorithm, the index j varies from 1 to d:

form Gram matrices G := (<vl(, , ff)>) ;|G e KT

v y, 1
compute Hadamard products Cj = Oy Gry  |Cj €K™
i o] = QiR; Q€ R0, By € KI70; | vy =rank(Q; ;)

e R S I S

(@ (8.342)
form products A; := R;C; R}, ; Aj e KrixT
diagonalise A; = U;A; UH, Uj, A; € Krixms
return X = /1;/2 and B, := Q;Uj; B; € Kix7i
In Line 3, rank r; = dim(U J‘-nin(v)) is determined. Therefore, r = (71,...,74) is

the Tucker rank which should be distinguished from the representation rank r of
v € R,. Line 6 delivers the values (B;, X;) = HOSVD;(v).

It remains to determine the coefficient tensor a € ®;l:l K" of v. As known
from Theorem 8.36, also a possesses an r-term representation. Indeed,

r d
a=Y Quf  withud[i] = 0P 07y = (R{U;) [v,i].  (8.34b)

v=1 j=1
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Hence, one obtains the hybrid format (8.19) of v. If wanted, one may convert a into
full representation. This would yield the standard tensor subspace format of v.

Remark 8.30. The computational cost of (8.34a,b), up to lower order terms, is
d d
r [nj (r +2min(n,;, 7)) +r; (2r + 3Tj)] + Z (%7’]— + 2nj) 7’]2»

—

J Jj=1
<d (2nr min(n,r) + nr? + 207 + 2r%F 4 3ri? + %F?’)

with n := max; n; and ¥ := max; r;.

Proof. The cost of each line in (8.34a) is “F 5™ | (2n; — 1) (line 1),
(d—1)r(r + 1) (line 2), 3¢ Nor(nj,r) = 2r >0 njmin(n;,r) (line 3),
d

d d

(2r—1) > ri(r+ T];rl) (line 4), %Z r;’-’ (line 5), and r; (14 n;(2r; — 1))
i= i=1 j=1

(line 6), while (8.34b) requires Z;l:l rj(2r; — 1) operations. O

This approach is in particular favourable, if r,7; < n;, since n; appears only
linearly, whereas squares of r and third powers of r; are present.

For later purpose we mention an approximative variant, which can be used for
large r. The next remark is formulated for the first step j = 1 in (8.34a). The other
steps are analogous.

Remark 8.31. Assume that the norm'! of v =" _, ®?:1v,(f ) € R, is known,
say, ||v]| ~ 1. Normalise the vectors by Hv,@H = 1for 2 < j < d. Instead of the
exact QR decomposition [vgl) e vﬁl)] = (1 Ry apply the algorithm from Corollary
2.39 and Remark 2.40. According to Corollary 2.39, we may omit sufficiently small
terms and reduce 7 to rg (called mq in Corollary 2.39). Alternatively or additionally,
one may use the approximate scalar product (-, -) p from Remark 2.40 for the cheap

approximate computation of G;.

8.3.3.3 Case C: Orthonormal Tensor Subspace Format

Let v € V be represented by v = poren(&, (Bj)1<j<d), i-e., v = Ba. According
to Lemma 8.24b, the HOSVD bases of v can bf: derived from the HOSVD bases of
the coefficient tensor 4. Having determined (U, X;) := HOSVD,(4a), we obtain
(Bj, %) := HOSVD,(v) by means of B; := B,U;.

Case C1: Assume that & € K7 is given in full format with J = X;-lzl jj,
J; ={1,...,7;}. The computation of (U;, X;) := HOSVD; (&) together with the
evaluation of the coefficient tensor a € K7, J = X1 Jdj, Jj ={1,...,r;}, with
the property & = fJa, U= ®?:1Uj, requires

1 Because of the instability discussed later, the norm of v may be much smaller than the sum of
the norms of all terms (cf. Definition 9.15).
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d j—1 d 8
> [(fj +2r) - [T e ] 7+ 5@3} (8.35a)
j=1 k=1 k=j

operations (cf. (8.33)), where r; = dim(U"™(a)) = dim(U}*™(v)). Because of

r; <i;, we get the estimate by Z?: [37; - [Tpy 7 + & 28] < 3d7 T + %d?3
with 7 := max; fj
The cost of B; BUforalllgjgdis
d
> (@F = 1)ngr;. (8.35b)
j=1
In total, the computational work is estimated by
_ _ 4 _
37 4 2d7 (n n gf) with n, 7 from (8.15). (8.35¢)

Case C2: Assume that A€ K” is given in r-term format A=Y _,a, ®7 lv,jj).

By Remark 8.30 (with n; replaced by 7;), the cost of (U;,%;) := HOSVD;(a)
including the computation of a with & = Ua amounts to

d d
8
TZ [fj (r+2min(#;,r)) +r; (2r + 37°J + Z ( —r; + 273)

j=1 j=1

_ - - — 14 —
< (d +2)r%F + 2dr7 min(F, r) + 317 + ?df?’.
Adding the cost (8.35b) of B; := Bj U ;, we obtain the following operation count.

Remark 8.32. If the coefficient tensor & in v = porin (4, (Bj)lg j<d) is represented
as & = prerm(r, (’Ul()]))lgjgd)lgygr), the computation of the HOSVD bases B;
and of the coefficient tensor a € R, in v = puosvp(a, (Bj)i<;<a) requires

8
Z [Tf’j (r +2min(#;,r)) +rry (2r + 3r;) + (grj + 2@-)7’5— + 2njfjrj}

j=1

_ o o 14 _
< 2dnrT + (d + 2) 727 + 2dr7 min(7, r) + 317 + gdf*g (8.36)

operations, where 7 := max; #; and n := max; n; as in (8.15).

8.3.3.4 Case D: General and Hybrid Tensor Subspace Format

In the case of Vv = pgrame(a, (Bj)?zl) with non-orthonormal bases, the simplest
approach combines the following steps:
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Step 1: convert the representation into orthonormal tensor subspace format v =
Porth (2, (B})ff:l) by one of the methods described in §8.2.3.2.

Step 2: apply the methods from §8.3.3.3 to obtain v = prosvp(a, (B;)1—,).

Alternatively, one may determine pposvp(a, (Bj)?zl) directly from the full
tensor & and the bases (Bj)?zl in v.= prrame(a, (Bj)?zl). However, this
approach turns out to be more costly.?

The situation differs, at least for » < n;, for the hybrld format, when the coeffi-

cient tensor a is given in r-term format: & = Zu:l v ®J 1 v (J) € R,. First, the
Gram matrices

QU .— (<b<a> b<a>>) eK*%  (1<j<d) (8.37)

v,p=1
are to be generated (cost: ) 1 f’?—). A different kind of Gram matrices are G; € K" *"
with G;[v, p] := (GO v7)), whose computation costs 2?21(21"?]2- + r27;). If
B represents a basis, a modification is possible: compute the Cholesky decomposi-
tions G'7) —L(J)L(7)H and use G;[v, p] = (LOHpP  LOHy7)) Then, the opera-
tion count Z ( Ty HEE rjr +r rj) is reduced because of the triangular shape of

LM The matrices G ;j correspond to the equally named matrices in the first line of
(8.34a). Since the further steps are identical to those in (8.34a), one has to compare

the costs d(nr + U Z7) or d(nr + 1f S 27) from above with the
sum of d7 (2n + r) from Corollary 8.20 plus dr?n for (8.34a;) (n, 7 from (8.15)).

Unless 7 > n, the direct approach is cheaper. We summarise the results below. For
the sake of simplicity, we compare the upper bounds.

Remark 8.33. Let v = pgrame(4, (Bj)?zl) with B; € K" %7 and assume that
a has an r-term representation. Then the direct method is advantageous if n > 7.

Its cost is by d[ (n —r) 7y (n— 7) 72| cheaper than the combination of Step 1
and 2 from above. The Cholesky modification mentioned above is even cheaper by

d[(n—7/3)7F + (n—7) r?].

8.4 Sensitivity

We have two types of parameters: the coefficient tensor a and the basis vectors bgj )

Perturbations in a are very easy to describe, since they appear linearly.
A perturbation

a:=a-+tda

leads to a perturbation dv = ) . a; ® j=1bs b of v. In the case of a general

12 Starting from (8.37) and Kronecker products Gl7] := = Qx G(F) | one has to determine
matrices M; with entries <G[3 la, a>[ . using the pamal scalar product in ® vy K75 (cf. §4.5.4).
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crossnorm and a general basis, we have

lov] < Z |62 H [

b(J)

For an orthonormal basis and Hilbert norm, we can use that the products ® j=1bi;

are pairwise orthonormal and get

lovll < (/> l6asl* =: [|3all,

where the norm on the right-hand side is the Euclidean norm.

For perturbations of the basis vectors we give only a differential analysis, i.e., we
consider only a small perturbation in one component. Furthermore, we assume that
the b(j ) form orthonormal bases. Without loss of generality we may suppose that
b(l) is perturbed into b +0; () Then

14

T=vt Y allia,....ig 8" @b @b @ @b

ie., ov= ZQ,,,ida[l, i9,. .., 4] 5%1) ® ®;l:2 bz(f) Terms with different (is, ..., 4q)
are orthogonal. Therefore

v = 687 Z all,ia, . .., 14|

.....

As a consequence, for small perturbations 5§j ) of all bl(j ), the first order approxi-
mation is

]| ~ Z ZWH Z |a[z-1,..,ij,1,£,¢j+1,...,z-d]|2

<||v|\2 ROIA LR MRV L (8.38)

Here, we have used the Schwarz inequality

E:Haﬁn\ 3 |afis, ... i1, 0 041, . id)|*

117 )l] lxl]+17 ) d
j 2
<3, 1601 /3

together with ), lai|* = ||v||® (cf. Exercise 8.15). The last inequality in (8.38) is
again Schwarz’ inequality.
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8.5 Relations between the Different Formats

So far, three formats (full representation, R, 7;-) have been introduced; in addition,
there is the hybrid format R, N 7;. A natural question is how to convert one format
into another one. It will turn out that conversions between R, and 7, lead to the
hybrid format introduced in §8.2.4. The conversions R,, — 7T, and 7, — R, are de-
scribed in §8.5.2 and §8.5.3. The mapping from R, into the HOSVD representation
is already mentioned in §8.3.3.2. For completeness, the full format is considered in
§8.5.1 (see also §7.6.1).

8.5.1 Conversion from Full Representation into Tensor Subspace
Format

Assume that v € V := ®?:1K"i is given in full representation. The translation
)

= e € K% from (2.2). Here, the tensor v and its coefficient tensor are

identical. The memory cost of the tensor subspace format is even larger because

of the additional basis vectors. In order to reduce the memory, one may determine

the minimal subspaces U J‘-ni“(v) C K™, e.g., by the HOSVD representation. If
rj=dim(U™"(v)) <n;, the memory cost H;l:lnj is reduced to H;l:lrj.

into tensor subspace format is v =, yvi Q with the unit basis vectors

B

8.5.2 Conversion from R, to T,

The letter ‘r’ is the standard variable name for all kinds of ranks. Here, one has
to distinguish the tensor rank or representation rank 7 in v € R, from the vector-
valued tensor subspace rank r with components r;.

8.5.2.1 Theoretical Statements

First, we recall the special situation of d=2 (matrix case). The matrix rank is equal
to all ranks introduced for tensors: matrixz-rank = tensor-rank =rank; =ranks.
Therefore, there is an 7-term representation v=>._, vEl) ®v§2) with r =rank(v).
Since {vgl) :1<i<r}and {1152) : 1 <4 <r} are sets of linearly independent
vectors, they can be used as bases and yield a tensor subspace representation (8.6b)
for r = (r,r) with the coefficients a;; = J;;. The singular value decomposition
yields another r-term representation v = 22:1 o;u; ® v;, which is an orthonormal
tensor subspace representation (8.14a) (with orthonormal bases {u;}, {v;}, and
coefficients a;; = d;;0;). The demonstrated identity R, = (r,r) Of the formats
does not extend to d > 3.
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Given an r-term representation

r d ]
=3 R, (8.39)
i=1 j=1
Remark 6.1 states that v € , ®7_,U; (cf. (6.1)) with U; := span{v”), ..., v} }.
This proves v € Ty forr = (r1,...,7q), r; := dim(U;). We recall the relations
between the different ranks.
Theorem 8.34. (a) The minimal tensor subspace rank r = (r1,...,rq) of vV

is given by r; =rank;(v) (cf. (5.6b)). The tensor rank r =rank(v) (cf. Definition
3.32) satisfies v > r;. The tensor rank may depend on the field: rg > rc > 15 (cf.
Proposition 3.40), while rj =rank;(v) is independent of the field.

(b) The inequalities of Part (a) are also valid for the border rank from (9.11) instead
ofr, rr, TC.

Proof. Part (a) follows from Remark 6.21. In the case of (b), v is the limit of a
sequence of tensors v,, € R,. There are minimal subspaces U m”“(vn) (1<j<d,
n e€N) of dimension r; ,, satisfying r:=rank(v) >7, . By Theorem 6.24 the mini-
mal subspace U"™(v) has dimension 7 := dim(U"™ (v)) < liminf,, o0 7,0 <7
Hence, r > r; is proved. O

Using a basis B, of U; = span{v(J ) vc(lj )}, we shall construct a tensor sub-
space representation v = st( a, (B; );l:l) in §8.5.2.3. In general, these subspaces
U; may be larger than necessary; however, under the assumptions of Proposition
7.8,U; = Ujmi“(v) are the minimal subspaces. This proves the following statement.

Remark 8.35. If v is given by the - term representatlon (8.39) with r = rank(v),
constructions based' on U; := span{v\”, ..., v} yield v = = prs(a, (B))l,)
with 7; = rank;(v).

Having converted v = prierm(...) into v = prs(a, (B;)4_,), the next state-
ment describes the r-term structure of the coefficient tensor a. This helps, in
particular, to obtain the hybrid format from §8.2.4.

Theorem 8.36. Let v = prs(a, (B, )Sl 1) be any tensor subspace representation
with the coefficient tensor a € K and bases'* B;. Then the ranks of v and a
coincide in two different meanings. First, the true tensor ranks satisfy

rank(a) = rank(v).

13 Representations with r; = rank;(v) can be obtained anyway by HOSVD. These decomposi-
tions, however, cannot be obtained from U alone.

14 For general frames B; the coefficient tensor is not uniquely defined and, in fact, different (equiv-
alent) coefficient tensors may have different ranks. However, the minimum of rank(a) over all
equivalent a coincides with rank(v).
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Second, given (8.39) with representation rank r, the r-term representation of a (with
same number r) can be obtained constructively as detailed in §8.5.2.3. The resulting
tensor subspace representation of v is the hybrid format (8.19).

Proof. Consider v as an element of ®j:1Uj with U; :span{v%‘j), e vl(ij) 2K,
By Lemma 3.36a, the rank is invariant. This proves rank(a) = rank(v). The second
part of the statement follows from the constructions in §8.5.2.3. a

8.5.2.2 Conversion into General Tensor Subspace Format

A rather trivial translation of v = "7, ®?:1v§j ) e R, intov € Ty withr =

(r,...,r) can be obtained without any arithmetical cost by choosing the frames
By =Y, .. 0 (8.402)

and the diagonal coefficient tensor
afi,...,ij=1for1 <i<r, and a[i] = 0, otherwise. (8.40b)

Obviously, v = prterm (7, (vgj ))) = prs(a, (B;)?_,) holds. Note that there is no
guarantee that the frames are bases, i.e., the subspaces U; = range(B,) from (6.2b)
may have a dimension less than r (cf. Remark 3.39).

The diagonal tensor a is a particular case of a sparse tensor (cf. (7.5)).

8.5.2.3 Conversion into Orthonormal Hybrid Tensor Subspace Format

LetV; = K’s. An orthonormal basis of the subspace U; from above can be obtained

by a QR decomposition of the matrix A; := [v%j VoY )] € K", Procedure

RQR from (2.29) yields A; = B;R; with an orthogonal matrix B; € K%*"i,

where r; = rank(A;) = dim(U}). The second matrix R; allows the representations
v = B;R;[e,k] =377, Ek)bm From this we derive

r d
V=Z®’U(J) Z@Zrm b (8.41a)

k=1 j=1 k=1 j=11;=1
-3 z[znrm]@bw
11=1 ig=1 “k=1j5=1
a[il"'id]

proving v = porth (a, (Bj)‘f:l) with the coefficient tensor a described in the r-term
format ‘
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r d )
a= W, = (1) e, (8.41b)
k -

=1j=1

This yields the orthonormal hybrid format v = phybr( (r,(j) ), (B; )?:1) (cf. (8.20)).

orth

The conversion cost caused by the QR decomposition is Z;;l Nar(nj,r) with
n; = #I;. If r < n := max; n, the cost is bounded by 2nr?.

The construction from above can equivalently be obtained by the following two
steps: (i) apply the approach of §8.5.2.2 and (ii) perform an orthonormalisation of
the frame as described in §8.2.2. Note that the transformation to new orthonormal
bases destroys the sparsity of the coefficient tensor (8.40b).

8.5.2.4 Case of Large r

As seen from (8.41a,b), the representation rank  of v € R, (KI) is inherited by the
coefficient tensor a € R, (K‘] ). In §7.6.2, the conversion of v € R, into full format

is proposed, provided that r > N := (szl n;)/maxi<;<qn;. Now, the same
consideration can be applied to a € R, provided that
d
r>R:= (HJ . rj)/ 112?<Xdr“ (8.42)
where 7; is obtained in §8.5.2.3 as size of the basis B; € KLi*/i J; = {1,...,7r;}.

Lemma 7.16 and Remark 7.17 show that a conversion of a € R,.(K?) into full
format or R-term format a € Rz (KY) requires 2r H?Zl’]ﬂj operations. The cost to
obtain a € R, is Y 7 Nqr(nj,r) < 2r> 7 n;min{r,n;} (cf. §8.5.2.3). This
yields the following result.

Lemma 8.37. Assume v = p;_term (T (vl(/))) with r satisfying (8.42). Then, v can
be converted into v = poytn (a, (B; )?:1) or a hybrid format with a € Rp(K”)

requiring 2r ( H?erj + Z?:lnj min{r, n;}) operations.

8.5.3 Conversion from T, to R,

The tensor subspace representation

— Z Z Z [kiks - b(l) ® b(2) R ® b(d)

k1=1ko=1 kd 1
from (8.6b) or (8.14a) is an r-term representation of v with r:= H;l:lrj terms. To
reach the format (7.7a): v = >, Q- i—1 ”1(< ), the vectors vf{l) for j = 1 could be
defined by alkiky -+ - kalby,, while v’ := b!) for j > 1. Following the proof of

Lemma 3.41, an improvement is possible. Choose the largest r,. Without loss of
generality, assume 71 > r; for all j. Rewrite v as
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V_Z Z(Z [kyks - k]b“)@b“ ebY. (8.43)

ko=1 ka=1 ki=1

= I;(l)[kQ e kd]
This is an r-term representation of v with r := H?:z r; terms.

Because of the presumably very large number 7 of terms, the storage requirement
r Z _, size(U;) of the r-term representation of v seems huge. An 1mprovement
can be based on the fact that the 7 factors v (1<v<r)inv=>_ 1®J Lo 9 for
J > 2 are not r different vectors, but can be expressed by the basis (bg ))1:1’ which
is already stored (cf. (7.13)). This leads again to the hybrid format, now considered
as a particular case of the r-term format (cf. (8.21)).

Next, we assume that v € 7y is given in the hybrid format from (8.19):

o= 33 (L) @0

11=1 iq=1 v=1j=1
Using the reformulation (8.43), we have to compute the vectors

1 T d

ii=1 \v=1j=1

As above, the direction & = 1 is chosen because of the assumption ry > r; for all 7,
so that the resulting representation rank N = H j—2 Tj is minimal.

Remark 8.38. Let v be given in the hybrid format from (8.19) with 7;, r as above.
Conversion into N-term format with N = H7 ,n; requires N ((d — 1)r + 2nyry)
operations.

8.5.4 Comparison of Both Representations

We summarise the results from above.

Remark 8.39. (a) f veER,, then ve T, withr = (r,...,7).

(b) If v € R, a hybrid format R,. N 7, can be constructed with r = (rq,...,74),
rj = rank;(v). .,
. _ . L i—1Tj

(©Ifv e T withr = (ry,...,7rq), thenv € R, with r := m

For simplification, we assume in the following that V; = K" (i.e., dimension n
independent of j).

The transfer between both representations is quite non-symmetric. According to
Remark 8.39a, v € R, yields v € T, withr = (r,r,...,r). Note that vectors of
same size have to be stored:
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Nrterm — g = NISR((B))1<j<a) (cf. (7.8¢c) and (8.6d)).

mem

Additionally, the tensor subspace representation needs storage for the coefficient
tensor a:

NTSR

mem

(@) =1

(cf. Remark 8.7b). This large additional memory cost makes the tensor subspace
representation clearly less advantageous. The hybrid format from Remark 8.39b
needs the storage

d
hybr __ E .
chm - (n + T) T]’
j=1

which may be smaller than N[ ;fer™ if r; < 7 < n.
On the other hand, if a tensor v € 7y withr = (r,--- ,r) is converted into the
r4=1_term representation from (8.43), the latter format requires storage of size

NN-term _ ri=t.d.n.

Since 7 < n (and usually 7 < n), the inequality NISE = . d.n + ¢ <
rd=1.p < pd=1.d.n = NIt indicates that the tensor subspace representation
is by far better.

The previous examples underline that none of the formats R, or 7, are, in
general, better than the other. It depends on the nature of the tensor what format

is to be preferred. Often, the hybrid format is the best compromise.

8.5.5 r-Term Format for Large r > N

In §7.6.3, we have discussed the case of » > N, where NN is the bound of the
maximal rank from (8.44b). In particular in the case of d = 3 one may use an
intermediate tensor subspace representation (and, possibly, approximation tools for
this format; see §10). Here, we assume that a tensor is represented in the r-term
format, r
v=> oV g e Knxnxna, (8.44a)
i=1
with rather large r. The term ‘rather large’ may, e.g., mean

r > N := min{nina, ninz, nons}. (8.44b)

Instead of a large r, one may also assume N to be rather small.
In this case, the following procedure yields an exact N’-term representation with
N' <N <.

Step 1.  Convert v from r-term format into tensor subspace format (hybrid variant
from §8.2.4).

Step 2. Convert v back into N’-term format with N/ < N (N from (8.44b); see
68.5.3).
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8.6 Joining two Tensor Subspace Representation Systems
8.6.1 Setting of the Problem

Let v/ = prs(a’, (B})_,) and v"" = prs(a”, (B})}_,) be two tensors from V =
®?:1 V; involving different subspaces U} and U}’. Obviously, the sum v/ + v
requires the spaces U; defined by

Uj=U,+U)  forl<j<d. (8.45)

A common systems B; spanning Uj is to be constructed. A subtask is to transform
the coefficient tensors a’ of v/ and a” of v into the new coefficient tensors referring
to the new bases B;.

8.6.2 Trivial Joining of Frames

The least requirement is that
B, = [b'(J) b'(]) b;(;)] c (UJ/_)TJ and
B;»/ _ [b’l/( ) b”(J) - b”(J)] (U{/)Tj
are frames spannmg the respectlve subspaces U; t and Uy /. The respective 1ndex sets
are J' = X;_ lJ’ and J” = X;_ 1J” with Ji={1,...,7%} and J} = {1,.
Since no linear independence is required, the simple deﬁmtlon
B; = [B, B!] = {b'l(j),b’z(j),...,b’r(j),b’l’(j),b’z'(j),...,b'T’g_(j)} :
Jj=A{1,...,rj} withrj .= 7 + r}’,
yields a frame associated with the subspace U; := U} + U}". The representation
rank r; is the sum of the previous ones, even 1f the subspaces Uj and U}’ overlap.
An advantage is the easy construction of the coefficients. The columns of
B;= [bgn, . ,b%)] are bl@ = bi(n for 1 <i </ and bgr)ﬂ =b; "0) for1<i< Y.
The coefficient a’ of !

V= a ® i b e ®j:1 of (8.46a)

ey

becomes
v = ; aj ® ®J Uj (8.46b)
with a; := a] fori € J’ and a; := 0 for i € J\J'. Analogously, a coefficient a” of
v/ = Z;”eJ” al, ®d b” ) becomes a4 :=al forieJ” withr' =(rq,..., 7))

and a; :=0 otherwise.

Remark 8.40. The joining of frames requires only a rearrangement of data, but no
arithmetical operations.
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8.6.3 Common Bases

Now, we assume that B;- and B;-’ are bases of UJ’- and UJ’-’ . We want to construct a
new, common basis B; for the sum U; = U J’ + Uj” . Applying the procedure
JoinBases(B, B}, r;, B;, T}, Tj') (8.47a)

from (2.35), we produce a common basis B; = [bgj), NN bg)] of dimension r; and
transformation matrices 77/ and 7" with the property

B =B;T, and B =BT} (8.47b)
(cf. (2.34)).

Lemma 8.41. Let a’ € K?' be the coeﬂicient tensor of v’ from (8.46a) with respect
to the bases B;. .. The coefficient tensor al,,,, € KJ of v/ with respect to the bases B,
satisfying (8. 47b) is given by

new

o= (@)

(cf- (8.46D)). Similarly, the coejﬁctent tensor a’ € K> representing v' € ®J U
transforms into ajl,,, = (® \Ta" e KY with respect to the bases Bj. A posszble
option in procedure J 01nBases is to take B' as the first part of B, which leads to

Tj = [0]

Remark 8.42. Assume V; = K". The cost of (8.47a) is Nqr(n;, r;- + 7’;-’). The
coefficient tensor a/,,, is without arithmetical cost under the option mentioned
in Lemma 8.41, while a’,, requires 2 Z‘;:l [(TTo, 7)o ;7¢)] operations. If
n; < nandr; <r,the total cost can be estimated by 8dnr? + 2drd*1,

The cost for the basis transformation is much less, if v/ and v’ are given in hybrid
n_ ' d 1(5) " d I\ !
format Here,weuse thata” =37 | @;_; a» " andthatag,, =(Q);_, T} )a" =

new
11(3) : n(G) g, 11(5) " ) .
ZU 1 ®J 1 al, hew With @y néew = Tj'ay ™ costs 2r ijl rjrj operations.

Remark 8.43. In the case of hybrid tensors v/ and v, the computation of common
bases and the transformation of the coefficient tensors cost Nqr(n;, 75 + 77) +

2/ 54 =177 If all ranks are bounded by r and n; < n, the total cost can be
estimated by 8dnr + 2dr®.

In the case of a tensor subspace representation with orthonormal bases, proce-
dure JoinBases is to be replaced by JoinONB.



Chapter 9
r-Term Approximation

Abstract In general, one tries to approximate a tensor v by another tensor u re-
quiring less data. The reason is twofold: the memory size should decrease and,
hopefully, operations involving u should require less computational work. In fact,
u € R, leads to decreasing cost for storage and operations as - decreases. However,
the other side of the coin is an increasing approximation error. Correspondingly, in
Sect. 9.1 two approximation strategies are presented, where either the representa-
tion rank 7 of u or the accuracy is prescribed. Before we study the approximation
problem in general, two particular situations are discussed. Section 9.2 is devoted
to r =1, when u € R, is an elementary tensor. The matrix case d = 2 is recalled
in Sect. 9.3. The properties observed in the latter two sections contrast with the
true tensor case studied in Sect. 9.4. Numerical algorithms solving the approxima-
tion problem will be discussed in Sect. 9.5. Modified approximation problems are
addressed in Sect. 9.6.

9.1 Two Approximation Problems

In (7.8c¢), the storage requirement of an r-term representationu=> ,_, ®?Zlv(j ) e

K2

R, under the assumption n; =n for all 1 < j <d is described by N ;50 (p) =r-d-n.
On the other hand, the size of r is bounded by r < n?=1 (cf. Lemma 3.41). If we
insert this inequality, we get an upper bound of N:*™(p) < d - n¢ which is worse
than the storage size for the full representation (cf. (7.4)).

The consequence is that the r-term representation makes sense only if the
involved rank r is of moderate size. Since the true rank » may be large (or even
infinite), an exact representation may be impossible, and instead one has to accept

approximations of the tensor.

Let V.= ®j:1‘/} be a Banach tensor space. The approximation problem
(truncation problem) can be formulated in two different versions. In the first version
we fix the representation rank r and look for approximations in R,

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 249
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_9,
© Springer-Verlag Berlin Heidelberg 2012
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Givenv € V and r € Ny,

determine u € R, minimising ||v — ul| . ©-D

Here, ||-|| is an appropriate norm' on V.
We shall see that, in general, a minimiser u € R, of Problem (9.1) need not
exist, but we can form the infimum

e(v,r):=¢(r) :=inf{|lv—ul:ueR,}. 9.2)

In §9.3 we shall discuss modified formulations of Problem (9.1).
In the next variant, the roles of r and £(r) are reversed:

Givenv € Vand e > 0,

. . . 9.3
determine u € R, with ||v — u| < e for minimal r. ©-3)

There are two trivial cases which will not be discussed further on. One case is
r=0, because Ro= {0} leads to the solution u=0. The second case is d=1, since
then R, =V forall » > 1 and u := v is the perfect minimiser of (9.1) and (9.3).

Remark 9.1. Problem (9.3) has always a solution.

Proof. Let N, := {||v—u| :u e R,} C [0,00) be the range of the norm. Given
€ > 0, we have to ensure that there are some r € Ng and &’ € N, withe > &’. Then

N(e) := {r € Ny : there is some ¢’ € N,. with&’ < &}

is a non-empty subset of Ny and a minimum r := min{n € N (&)} must exist.

First we consider the finite dimensional case. Then there is a finite 7, With
V=R,,... Hence, ¢/ :=0¢€ N, satisfiese’ <e.

In the infinite dimensional case, a®?:1‘/} is dense in V. This implies that there
isau®e a®j:1Vj with ¢’ :=||v — u®|| <e/2. By definition of the algebraic tensor
space, u® has a representation of 7 elementary tensors for some r € Ny. This proves
thate > ¢’ € N,. O

Solutions u € R, of Problem (9.3) satisfy ||v — ul| < e for a minimal r. Fixing
this rank r, we may still ask for the best approximation among all u € R,. This
leads again to Problem (9.1).

Lemma 9.2. Let (V}, (-,-);) be Hilbert spaces, while (V,(-,-)) is endowed with
the induced scalar product (-,-) and the corresponding norm |-||. If a minimiser
u* € R, of Problem (9.1) exists, then

d .
u* € U(v):= ®j:1 Uim™(v).

If, furthermore, v satisfies linear constraints (cf. §6.8), these are also fulfilled by u*.
If V = V© s subspace of a Hilbert intersection space V™ and v € V™), then
also u* € V™ (¢f. Uschmajew [188]). In the case of Problem (9.3), one of the
solutions satisfies u* € U(v) and the conclusions about possible constraints.

! Some results are stated for general norms, however, most of the practical algorithms will work
for Hilbert tensor spaces with induced scalar product.
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Proof. LetP : V — U(v) := ®;l:1 U™ (v) be the orthogonal projection onto
U(v). Because of ||v — ul|? o |v — Pul|* + ||(I - P)u||® and Pu € R, the

minimiser u must satisfy (I — ls)u = 0, i.e., u € U(v). The further statements
follow from u € U(v). O

9.2 Discussion for »r = 1

Because of Exercise 8.2b, the following results can be derived from the later proven
properties of 7. Nevertheless, we discuss the case R, as an exercise (cf. Zhang-
Golub [201]) and as demonstration of the contrast to the case r» > 1.

Let v € V be given. Problem (9.1) with = 1 requires the minimisation of

d

HV _ ®j:1 o)

In the following we assume that the vector spaces V; are finite dimensional
(corresponding results for infinitely dimensional spaces follow from Theorem 10.8
combined with Exercise 8.2b). Note that the choice of the norm is not restricted.

: 94

Lemma 9.3. Let V = ®‘;:1Vj be a finite dimensional normed tensor space.

Then for any v € V there are tensors Uy, = ®?:1u(j) € R1 minimising (9.4):

d

v-®

Ifd > 2 and dim(V;) > 2 for at least two indices j, the minimiser Ui, may be
not unique.

: 9.5)

[|lv = umin|| = min
uDeVy,...,uldeVy

Proof. 1)If v =0, u = 0 € R, is the unique solution.
2) For the rest of the proof assume v # 0. Furthermore, we may assume,
without loss of generality, that there are norms ||| ; on V; scaled in such a way that

H ®j:1 o0 2 szl lo@ll; (. (4.27)). 9.6)

3) For the minimisation in mingex, ||[v—u]|, the set R; may be reduced to the
subset C' := {u € Ry : |Ju|| < 2||v]||}, since otherwise

v —ul > fluf| = [v]f > 2[v[]| = [Iv] = [lv]l = llv = Off,
(4.2)

i.e., 0 € Ry is a better approximation than u. Consider the subsets

Gy = {u? € V;: o] < @|vI)*} < V;

and note that C C C":= {@;.l:lu(j) culd) e C'j} because of (9.6). We conclude that
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d ,
inf |v—ul= inf |[v—ul|= inf Hv ~®° .
uceRy ueC’ u(j)ecj Jj=1
d
Let u” := @ u’” (u?" € C;) be a sequence with ||v —u”|| — 1nf ||v —ul.
Jj=1
Since the sets C; are bounded and closed, the finite dimension of V 1mphes com-

pactness. We find a subsequence so that udv —>u§< 7 €V;and u, := ®j 1u>(k7) ER1

satisfies ||v — u,|| = infyer,||[v —u] .
4)Ford=1,veV belongs to R; so that u, :=v is the only minimiser. Already
for d =2, the matrix [ ] has the two different minimisers u, = [[| @ [3] = [} 0]

01
and W, = m ® m [g (1)] with respect to the Frobenius norm. O

The practical computation of u,i, from (9.5) is rendered more difficult by the
following fact.

Remark 9.4. The function &(u), ... u(®) = ||v — ®?:1 u9)|| may have local
minima larger than the global minimum. ‘

For Problems (9.1) and (9.3) with » > 2 we have to distinguish the cases d = 2
(see §9.3) and d > 3 (see §9.4).

9.3 Discussion in the Matrix Case d = 2

First we discuss the general case of finite dimensional vector spaces V) and V5 and
the tensor space V="V;®V; with arbitrary norm ||-||. Introducing bases {b; WD jer; i}
in V1 and V3, we obtain isomorphisms V; = K’ . Similarly, the tensor space V is
isomorphic to K/**/2 Given a norm ||-|| on V, we define the equally named norm

M| := M,, bV @ b2 for M e KI><Iz,
HnZy I
vely pels

This makes the isomorphism V 22 K/1*/2 jsometric. Therefore, Problem (9.1) is
equivalent to
Given a matrix M € KI'*!2 and r € Ny,
determine R € R, minimising |M — RJ|,

with R, = {M € K''*!2 : rank(M) < r} from (2.6).

9.7

Proposition 9.5. For d = 2, Problems (9.1) and (9.7) have a solution, i.e., the
minima mingeg,. ||v — u|| and minger, |M — R|| are attained.

Proof. Since the problems (9.1) and (9.7) are equivalent, we focus to Problem (9.7).
As in the proof of Lemma 9.3 we find that the minimisation in (9.7) may be reduced
to the bounded subset R, s := R, N{R € K™*7 : ||R|| < 2||M||}. We consider a

sequence R(¥) € R,. s such that
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[M—R®| — inf |[M—R|.
ReR,

Since { Re K™/ ||R|| <2||M]||} is a compact set, there is a subsequence (denoted
again by R(®)) with lim R*) =: R* € KI**/2_ Continuity of ||-|| (cf. §4.1.1) implies
that inf pe .. || M — R|| = ||M — R*||. It remains to show that R* € R,. Lemma 2.4
proves that indeed rank(R*) =rank(lim R*®)) <lim inf;_,, rank(R*)<r. O

Next, we consider the Frobenius norm? ||-|| = ||| .

Proposition 9.6. In the case of Problem (9.7) with the Frobenius norm ||-|| = ||-||¢ ,
the characterisation of the solution is derived from the singular value decomposition

M=UXvH= Zleaiuiv'-" (cf- (2.21)). Then

K2

min{r,s}

R := E g; Ujg ’U?
i=1

is a solution to Problem (9.7). It is unique if r = s or 0,41 < 0,. The remaining

error is 3
IM = Rlle = /> o2

Proof. Use Lemma 2.30. a
For ||-|| = |||, also Problem (9.3) has an immediate solution. The result is
deduced from (2.26b).

Remark 9.7. The problem

Given M € K%/ and ¢ > 0,

determine R € R, with ||M — R||¢ < ¢ for minimal r ©.8)

has the solution R := i | oyuof, where M = 37| oyu;0H with s := rank(M)
(cf. (2.21)) is the singular value decomposition and

rezmin{re {O""’S}:Zj:,_+1012 §€2}.

There is a connection between the case r = 1 from §9.2 and Problem (9.7) for
|-l = [|-|lr - We may determine the solution R € R, of (9.8) sequentially by a
deflation technique, where in each step we determine a best rank-1 matrix RV € R :

1) let R € R, be the minimiser of min || S]¢ and set M®:=M—-RW;
seR1

2) let R € R, be the minimiser of min | M-S || and set M) := M—R(3);
€R1

r) let R(") € R, be the minimiser of Juin [ M= —S||g, set R:= > RW eR,.
1 i=1

2 We may also choose the matrix norm ||-||, from (2.13) or any unitarily invariant matrix norm.
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Remark 9.8. The solution of the previous deflation algorithm yields the approxi-
mation R € R, which is identical to the solution of Proposition 9.6. The error
|M™|g = ||M — R|| is as in Proposition 9.6.

The solutions discussed above satisfy an important stability property. We shall
appreciate this property later when we find situations, where stability is lacking.

Lemma 9.9. The solutions R :=_;_, o;u;vt' to Problems (9.1) and (9.3) satisfy*
r 2
> Mowil|lc = IRl (9.9)

i.e., the terms o;u;v!! are pairwise orthogonal with respect to the Frobenius scalar
product.

Proof. The Frobenius scalar product (2.10) yields the value <aiuiv;", ajujv;-"> =
F

oio; (uivl!, ujv;'> = 0,0, trace ((ujv;')H(qui")) = 0,0, trace (vju;'uiv;") )

Since the singular vectors u; are orthogonal, u';ul = 0 holds for i # j proving

the orthogonality <aiuiv£", crjujv;-">F =0. a

9.4 Discussion in the Tensor Case d > 3

9.4.1 Non-Closedness of R,

In the following we assume that the tensor space of order d > 3 is non-degenerate
(cf. Definition 3.24).

A serious difficulty for the treatment of tensors of order d > 3 is based on the
fact that Proposition 9.5 does not extend to d > 3. The following result stems from
De Silva-Lim [44] and is further discussed in Stegeman [175], [176]. However, an
example of such a type can already be found in Bini-Lotti-Romani [19].

Proposition 9.10. Let 'V be a non-degenerate tensor space of order d > 3. Then,
independently of the choice of the norm, there are tensors v € V for which Problem
(9.1) possesses no solution.

Proof. Consider the tensor space V = V; ® Vo ® V3 with dim(V;) > 2 and choose
two linearly independent vectors v;,w; € V;. The tensor

v =D 0@ 2uw® £ M g w? 2@ &M gy gy®
has tensor rank 3 as proved in Lemma 3.42. Next, we define

v i= (0D + o) @ (0 + Lu®) & 1O

9.10
+ ’U(l) ® U(Q) ® (’U}(3) — ’I’L’U(g)) fOr’rL S N ( )

3 Eq. (9.9) has a similar flavour as the estimate Y, |lu; @ vs||, < (1+¢)||v|, for a suitable
representation v = . u; ® v; with respect to the projective norm ||-|| , from §4.2.4.
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Exercise 3.43 shows that rank(v,,) = 2. The identity v—v,, = —2uwM@uw@ gu®
is easy to verify; hence, independently of the choice of norm, one obtains
lim v, = v.
n—roo

This shows
3 = rank(v) = rank(lim v,,) > rank(v,) = 2

in contrary to (2.7).
The tensor space of order 3 from above can be embedded into higher order tensor
spaces, so that the statement extends to non-degenerate tensor spaces with d > 3.0

The proof reveals that the set R is not closed.

Lemma 9.11. Let V = ®‘j:1 V; be a non-degenerate tensor space of order d > 3.
Then R1 C V isclosed, but R CV for 2 <r < 1I<nji£1d dim(V;) is not closed.*
Proof. 1) Consider a sequence v,, := ®‘j:1uj’" € Ry with v:=1lim,,_,o v, € V.
Hence, infyer, ||v — u|| <inf,||v — v, ||=0. On the other hand, Lemma 9.3 states
that the minimum is attained: minyeg, ||[v — u||=||v — Wpin|| for some u,in €ER1.
Together, we obtain from 0 =inf,,||v — v, || =V — Wnin|| that v=umi, € Ry, ie.,
R is closed.

2) The fact that Rs is not closed, is already proved for d = 3. The extension to
d > 3 is mentioned in the proof of Proposition 3.40c.

3) For the discussion of > 2 we refer to [44, Theorem 4.10]. O

De Silva and Lim [44] have shown that tensors v without a minimiser u* € R,
of inf,er, |[v — ul| are not of measure zero, i.e., there is a positive expectation that
random tensors v are of this type.

9.4.2 Border Rank

The observed properties lead to a modification of the tensor rank (cf. Bini et al.
[19]), where R, is replaced by its closure.

Definition 9.12. The tensor border rank is defined by
rank(v) := min {r tv e WT} € Np. 9.11)

Concerning estimates between rank(v) and the tensor subspace ranks r; see
Theorem 8.34b. A practical application to Kronecker products is given in the
following remark.

* The limitation 7 < min; {dim(V;)} is used for the proof in [44, Theorem 4.10]. It is not claimed
that R is closed for larger 7.
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Remark 9.13. For AY) BU) ¢ L(V;,V}), the Kronecker product

A :=AVeBYg.. . @BW+BVeAP.. @BW+.. +BYeB?g.. . @A@
has border rank rank(A) < 2.

Proof. A is the derivative 2 C(t) of C(t) := ®?:1 (BY +tAW) at t = 0. Since
rank(C(t))=1 forall ¢ and 3 (C(h) — C(0)) — A, the result follows. O

9.4.3 Stable and Unstable Sequences

For practical use, it would be sufficient to replace the (non-existing) minimiser
u € R, of |[v—ul by some u. € R, with ||[v—u.|| < infyer, [v—ul +¢
for an £ small enough. However, those u. with ||v — u.|| close to infuyer,. ||v — ul|
suffer from the following instability (below, ¢ is replaced by 1/n).

Remark 9.14. v;, from (9.10) is the sum v,,=V,, 1 +V;, 2 of two elementary tensors.
While ||vy, 14+ Vp,2|| < C stays bounded, the norms ||v,, 1] and ||v,, 2| grow like
n: ||V 1lls [|Vn,2ll = C'n. Hence, the cancellation of both terms is the stronger the
smaller ||v — v, ]| is.

Cancellation is an unpleasant numerical effect leading to a severe error amplifi-
cation. A typical example is the computation of exp(—20) by >, (712,?)1/ with
suitable n. Independently of n, the calculation with standard machine precision
eps = 10716 yields a completely wrong result. The reason is that rounding errors
produce an absolute error of size ). | (—20)" /v!|-eps~exp(+20) - eps. Hence,
the relative error is about exp(40) - eps ~ 2.41917 - eps.

In general, the ‘condition’ of a sum ) a, of reals can be described by the

quotient
>l /Y, al.

A similar approach leads us to the following definition of a stable representation
(see also (7.12)).

Definition 9.15. Let V = , ®?:1 V; be a normed tensor space.

(a) For any representation 0 #£ v =Y _| Q% v we define’

j=1Yi
. r T d
() - (s @)/ | ser
S i=1 i=1 j=1

Jj=1
5 The first sum on the right-hand side of (9.12a) resembles the projective norm (cf. §4.2.4). The
difference is that here only r terms are allowed.

. (9.12a)

(b) For v € R, we set
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x(v,r) = inf{%((v;j))}zg:f) TV Z@J . fj)}. (9.12b)

(c) A sequence v,, € R, (n € N) is called stable in R, if

#((Vi)nen, ) := sup »(vy, r) < oo; (9.12¢)
neN

otherwise, the sequence is unstable.

The instability observed in Remark 9.14 does not happen accidentally, but is a
necessary consequence of the non-closedness of Rg.

Proposition 9.16. Suppose dim(V;) < oo. If a sequence v, € R, C a®§l:1Vj is
stable and convergent, then lim,_, . v,, € R,.

Proof. SetC := 2((vy,,),r)and v := 1imnﬁoo v,,. After choosing a subsequence,

® WO < Clvl]

7j=1

v,, — v holds with representations Z ®vm- such that Z
1=17=1 z:l
( )

can be scaled equally so that all {v ) e V; :n € N} are uni-
formly bounded. Choosmg agam a subsequence limits v( 7, —hrn _mov(J ) existand

v =limv, =lim}7;_ 1®7 1V n P = e 1®7 1hm”(J) = Zi:l@j:lvin €Rr

proves the assertion. O

holds. The vectors v,

A generalisation of the last proposition to the infinite dimensional case follows.

Theorem 9.17. Let 'V be a reflexive Banach space with a norm not weaker than
|-l (cf- (6.18)). For any bounded and stable sequence v,, € 'V, there is a weakly
convergent subsequence v,,, — v € R,. Moreover, if v, = Zl 1®7 lv ) i ER,

holds with balanced® factors Uff )Z-, ie.,

sup {max||v<ﬂ)||vj/m‘in|vfz)i|Vj} <oo  foralll <i<r,
i :

(@)

then there are v;

r d r d
o =P and v, = > ®Uff)z ~v=Y ®v§j>. ©.13)

i=1 j=1 i=1 j=1

€V; and a subsequence such that

Proof. 1) By definition of stability, there are v(J ) € V; such that v, ,, := ®j L Z(J,z
satisfies v, = >0 v, and ||v,| < C’anH e.g., for C' := s((vy),r) + 1.
Corollary 4.26 states that v; ,, = v; and v,, = v = Z _,V; are valid after restricting
n to a certain subsequence. Note that v; , € Ry = Ty . 1) and that Ty 1y is

weakly closed (cf. Lemma 8.6). Hence, v; € R; implies that v = Z::lvZ €R,.

% This can be ensured by scaling the factors such that H’U(J) lv, = H’u(k) || forall 1 < j,k < d.
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d  (j)
) ‘ j:lvi,n — v; € R4 holds,
ie., v; = ®j:1f;§”. Since v; = 0 is a trivial case, assume v; # 0. Choose func-

tionals ¢7) € V7 with @) (f;gj)) = 1 and define $* := ®#k<p(j) :V = V.

2) Taking the subsequence from Part 1), v;, = Q

The weak convergence v; , — v; implies o!F! (Vin)— ol¥ (vi)= @fk) (cf. Lemma
6.23). By construction, ® (v, ,,) = ol vz(];) holds with alf! .= Iz @) (vﬂz)
fLJZHVJ € [a,b] for some 0 < a < b < oo, also the sequénce {aiM) s
bounded. For k£ = 1, w(e extract a convergent subsequence such that a% F 5 all

%

Since ||v
and hence a[l]vg,z — 5. Since f;gl) #0, ol' cannot vanish and allows to define
vgl) = (1/all )@§1> as weak limit of vz(l,z Restricting the considerations to this sub-
sequence, we proceed with the sequence {oﬁl2 ]} and derive the weak convergence
vl(lyz 41}52) = (1/al )6§2), etc. The now defined vgj) satisfy statement (9.13). Note
that vgj) and 3\ differ only by an uninteresting scaling, since H;l:l all=1. O

%

9.4.4 A Greedy Algorithm

Finally, we hint to another important difference between the matrix case d = 2 and
the true tensor case d > 3. Consider again Problem (9.1), where we want to find an
approximationu € R, of v e V.

In principle, one can try to repeat the deflation method from §9.3:

1) determine the best approximation u; € R to v € V according to Lemma 9.3,
setvy :=v —uy,

2) determine the best approximation uz € R to vi € V according to Lemma 9.3,
set vo 1= v] — uy,

r) determine the best approximationu, € Ry tov,_; € V.

Then @t := u; + vz + ... 4+ u, € R, can be considered as an approximation of
v € V. The described algorithm belongs to the class of ‘greedy algorithms’, since
in each single step one tries to reduce the error as good as possible.

Remark 9.18. (a) In the matrix case d = 2 with ||-|| = [|-|¢ (cf. §9.3), the algorithm
from above yields the best approximation Gt € R, of v € V, i.e., @i solves (9.1).
(b) In the true tensor case d > 3, the resulting i € R, is, in general, a rather poor
approximation, i.e., ||[v — || is much larger than infyecz, ||[v — ul|.

Proof. 1) The matrix case is discussed in Remark 9.8.

2)If infyer, ||v — ul| has no minimiser, i cannot be a solution of Problem (9.1).
But even if v € R, so that u := v is the unique minimiser, practical examples (see
below) show that the greedy algorithm yields a poor approximation . a
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As an example, we choose the tensor space V = R? ® R? ® R? and the tensor

1 1 1 3 3 3
el BBl e o
with Euclidean norm ||v|| = v/2078 =~ 45.585.
The best approximationu; € Ry of v € Vis

1 1 1
uy = 27.14270606 - [0.7613363832] © [0.7613363836] © {0.3959752430} '

The approximation error is ||[v — uy || = 2.334461003.
In the second step, the best approximation us € Ry of v —u; turns out to be

1 1 1
u2 = 0.03403966791 {—4.86171875} ® [—3.91015625] © {2.469921875] '

It yields the approximation error ||[v — (u; + ug)|| =1.465604638, whereas the best
approximation in Ry is u = v with vanishing error.

The reason why the algorithm fails to find the best approximation, becomes
obvious from the first correction step. The correction u; is close to the second term
in (9.14), but not equal. Therefore v —u; belongs to R3 and it is impossible to reach
the best approximation in the second step.

Nevertheless, the algorithm can be used as an iteration (cf. §17.1). Concerning
convergence compare [47] and [58].

9.5 Numerical Approaches for the r-Term Approximation

If infyer, ||v—u|| has no minimum, any numerical method is in trouble. First, no
computed sequence can converge, and second, the instability will spoil the compu-
tation. On the other hand, if minyer,. ||V —u|| exists and moreover essential unique-
ness holds (see Remark 7.4b), there is hope for a successful numerical treatment.

9.5.1 Use of the Hybrid Format

When v € V is to be approximated by u € R,, the computational cost will de-
pend on the representation of v. The cost is huge, if v is represented in full format.
Fortunately, in most of the applications, v is already given in R-term format with
some IR > r or, possibly, in a tensor subspace format. We start with the latter case.

We consider the case of V; = K/ and V. = KL, I = I} x ... x I, equipped
with the Euclidean norm ||-[|. Assume that v = po:en (@, (Bj)}—,) with orthogonal
matrices B; € KIi*7i anda € K?, J = J; x ... x Jg. Also the Euclidean norm
in K7 is denoted by ||-||. Set B := ®;l:1 B; and note that v = Ba (cf. (8.6b)).
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Lemma 9.19. Let v, a, B be as above. Any ¢ € K” together with u := Bc € K!
satisfies ||a —c|| = ||v —ul||. Furthermore, ¢ and u have equal tensor rank.
Minimisation of ||a — c|| over all ¢ € R, (K7) is equivalent to minimisation of
|v —ul overallu € R,.(K').

Proof. The coincidence of the norm holds because orthonormal bases are used:
BHB = I. Theorem 8.36a states that rank(c) = rank(u). O

Therefore, the strategy consists of three steps:

(1) Given v = portn (a, (B; )?:1) € KT, focus to a € K7,
(i) approximate a by some ¢ € R,.(K?),
(iii) define u:= Bc € R, (K!) as approximant of v.

This approach is of practical relevance, since #J < #1I holds and often #J < #I1
is expected. The resulting tensor u = Bc has hybrid format v = p(})’f&r( ...) (cf.
(8.20)). This approach is, e.g., recommended in Espig [52].

The previous step (ii) depends again on the format of a € K. In the general case
of V.= porth (a, (Bj)f:l), the coefficient tensor a is given in full format. A more
favourable case is the hybrid format v = p(})’f&r( ...), where a is given in R-term
format.

Next, we assume that v € V is given in R-term format with a possibly large
representation rank R, which is to be reduced to » < R (either r fixed, or indirectly
determined by a prescribed accuracy). §8.5.2.3 describes the conversion of the tensor
V= prterm (R, - . .) into the hybrid format v = pi‘fﬁf(. ..) = Ba, i.e., witha € KY
given again in the R-term format a = p; term (R, . . .). According to Lemma 9.19,
the approximation is applied to the coefficient tensor a.

We summarise the reduction of the approximation problems for the various
formats:

format of original tensor v| format of coefficient tensor a

Porth (a, (Bj)?zl) full format .
pgﬁf (R, (a(j ) ), (B, )?:1) R-term format .
R-term format R-term format

The equivalence of minimising ¢ in ||a — c|| and u in ||v — ul| leads again to the
statement that the minimiser u* of miny ||v — ul| belongs to ®?:1 U™ (v) (cf.
Lemma 9.2).

The hybrid format is also involved in the approach proposed by Khoromskij-
Khoromskaja [120]. It applies in the case of a large representationrank rinv € R,
and d = 3, and consists of two steps:

Step 1: convert the tensor v € R, approximately into an HOSVD representation
v/ = prosvp (a, (Bj)1<j<d);

Step 2: exploit the sparsity pattern of a to reconvert to v/ € R, with hopefully
much smaller 7/ < 7.



9.5 Numerical Approaches for the -Term Approximation 261

For Step 1 one might use methods like described in Remark 8.31. Because of the
HOSVD structure, the entries of the coefficient tensor a are not of equal size. In
practical applications one observes that a large part of the entries can be dropped
yielding a sparse tensor (cf. §7.6.5), although a theoretical guarantee cannot be
given. A positive result about the sparsity of a can be stated for sparse grid bases
instead of HOSVD bases (cf. §7.6.5).

9.5.2 Alternating Least-Squares Method

9.5.2.1 Alternating Methods in General

Assume that @ is a real-valued function of variables x := (z.,),,c , With an ordered
index set {2. We want to find a minimiser x* of &(x) = @(x,, , Ty, - - -). A standard
iterative approach is the successive minimisation with respect to the single variables
... The iteration starts with some x(°). Each step of the iteration maps x("*~1) into
x(™) and has the following form:

Start |choose :c&o) forw € (2.
Iteration fori:=1,...,4#82 do
m=1,2,... :C(ST) :=minimiser of &(. .. ,:vffi)l, ,xg;:l), L) wrt. € (9.16)

Note that in the last line the variables ng_l) for ¢ > 4 are taken from the last iterate

x(m=1) while for £ < i the new values are inserted.

The underlying assumption is that minimisation with respect to a single variable
is much easier and cheaper than minimisation with respect to all variables simulta-
neously. The form of the iteration is well-known from the Gauss-Seidel method (cf.
[81, §4.2.2]). Obviously, the value @(x(m)) is weakly decreasing during the compu-
tation. Whether the iterates converge depends on properties of ¢ and on the initial
value. In case x(") converges, the limit may be a local minimum.

Next, we mention some variations of the general method.

(o) Minimisation may be replaced by maximisation.

(B) Usingi:=1,2,...,#02 — 1, #02, #2 —1,...,2asiloopin (9.16), we en-
sure a certain symmetry. Prototype is the symmetric Gauss-Seidel iteration (cf. [81,
§4.8.3]).

() Instead of single variables, one may use groups of variables, e.g., minimise
first with respect to (z1,2), then with respect to (x3,x4), etc. After rewriting
(X1 := (21, 22),...) we get the same setting as in (9.16). Since we have not fixed
the format of x;, each variable 2; may be vector-valued. The corresponding variant
of the Gauss-Seidel iteration is called block-Gauss-Seidel (cf. [81, §4.5.2]).

(0) The groups of variables may overlap, e.g., minimise first with respect to
(21, x2), then with respect to (x2, x3), etc.
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() Usually, we do not determine the exact minimiser, as required in (9.16). Since
the method is iterative anyway, there is no need for an exact minimisation. The weak
decrease of @(x(™)) can still be ensured.

(¢) Previous iterates can be used to form some nonlinear analogues of the cg,
Krylov, or GMRES methods.

Forany 1 < k < p, let &(z1,...,x,) with fixed z; (j # k) be a quadratic
function’ in zj. Then the minimisation in (9.16) is a least-squares problem, and

algorithm (9.16) is called alternating least-squares method. This situation will
typically arise, when @ is a squared multilinear function.

9.5.2.2 ALS Algorithm for the r-Term Approximation

Let V € ®?:1‘/} and V; = K/ be equipped with the Euclidean norm® and set
I: =1 x...x I For v€ V and a representation rank r € Ny we want to
minimise’

2

iel

v —u|?* = (9.17a)

R

v=1j=1

with respect to all entries ud )[ ).

(abbreviation: ALS), we identify the entries uf )[ | with the variables z,, from above.
The indices are w = (k,v,i) € 2:={1,...,d} x{1,...,r} x I). For this purpose,
we introduce the notations Iy := X ;4 I; and uLk] = ®#kul(,j) (cf. (3.21d)), so
thatu =3 _ 1u5, ) @ u™ and

To construct the alternating least-squares method

T 2
[v—ul®= V[l b1y g, La) = Y ulP (] - ulle
i€l L€y, v=1
For fixed w = (k, v, 1) € {2, this equation has the form
[v —ul® = a, |xw|2—2§Re (ﬂwxw)—l-'yw with (9.17b)
xw—u ', o, = Z ’ k] , Bu= ZuLk][Z]v[...,ék,l,i,ékJrl,...]
ZEI Zel[k]

and is minimised by x,, = .,/ a,. We add some comments:

7 In the case of a Hilbert space V over K = C, ‘quadratic function in z, € V’ means () =
(Azp, ) + (b, k) + (x1, b) + c, where (-, -) is the scalar product in V', A = A" b € V, and
ceR.

8 More generally, the norm ||-|| ; of V; may be generated by any scalar product (-y) ;» provided
that V is equipped with the induced scalar product.

9 In the case of incomplete tensor data, the sum Zi c1 has to be reduced to Zi ci where T C Tis
the index set of the given entries.
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1) For fixed k, v, the minimisation with respect to ul(,k) [i], i € I, is independent
and can be performed in parallel. The coefficient oy, from (9.17b) is independent of
1 € Ij. These facts will be used in (9.18).

2) As a consequence of 1), the block version with 2" :={1,... d} x{1,...,r}
and 7, = u” € Vi, (W' = (k,v) € £2) delivers identical results.

3) The starting value u’ should be chosen carefully. Obviously, u’ = 0 is not
a good choice as «, # 0 is needed in (9.17b). Different starting values may lead
to different minima of ||v — u|| (unfortunately, also local minima different from
min||v — ul| must be expected).

4) Since x,, = B/, the computational cost is dominated by the evaluation of
a,, and S5, for allw € §2.

Rewriting the general scheme (9.16) for Problem (9.17a,b), we obtain the fol-
lowing algorithm. The iterate 2™ takes the form uY ﬁm) €V;, where w = (j,v) €
2:={1,...,d}x{1,...,r}, since the components ud™ [i], i € I}, are determined
in parallel.

Start choose some starting values u,(jj ) e Viforl <j<d;
forj:=1,...,ddoforv:=1,...,r dor) := ||u5,7)||?,
Iteration fork:=1,...,ddoforv:=1,...,rdo ©.18)
m=1,2,...|begin a,, := H‘;k T,S”; uF) = L <® #kul(,j)jv> : )
k) . 1R AT (4
)= )2
end; {u,(f ) —u9"™ are the coefficients of the m-th iterate}

9.5.2.3 Computational Cost

Remark 9.20. According to §9.5.1, we should replace the tensors v,u € K!
(u approximant of v) by their coefficient tensors a, ¢ € KJ. This does not change
the algorithm; only when we discuss the computational cost, we have to replace #1;

The bilinear mapping (-, ") : (&), Vj) x V =V}, from above is defined by

(W, V) i = Y wie V[t b1, i, -, La] foralli € Iy, (9.19)
ecIpy,
The variables /) are introduced in (9.18) to show that only one norm ||uf,k) || is to
be evaluated per (k, v)-iteration.

So far, we have not specified how the input tensor v is represented. By Remark
9.20 and (9.15), the interesting formats are the full and R-term formats.

If the tensor v [a] is represented in full format, the partial scalar product
<®#kul()7)7v>[k] takes 2 H?:1 #1; [2 H?:1 #J;] operations (the quantities in
brackets refer to the interpretation by Remark 9.20). All other operations are of
lower order.
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Remark 9.21. If v = popn (a, (Bj);l:l), ALS can be applied to the coefficient
.. d N . .
tensor a requiring 2 [ | j—17; operations per iteration (r; = #J;).

The standard situation is that v is given in R-term representation, but with a large
representation rank R which should be reduced to r < R. Let

Then. (w,v)y) — S o T, 4 0% holds with o) = (u,0);. The
scalar products a,ﬂ,t) have to be evaluated for the starting values and as soon as
new ul(,J ) are computed. In total, dr(R + 1) scalar products or norm evaluations are
involved per iteration. Assuming that the scalar productin V; = R’ costs 2nj; — 1
operations (n; := #1;, cf. Remark 7.12), we conclude that the leading part of the
costis 2rR Z?Zl n;. This cost has still to be multiplied by the number of iterations
in (9.16). The cost described in the next remark uses the interpretation from Remark

9.20.

Remark 9.22. If the coefficient tensor of v is given in R-term format, the cost of
one ALS iteration is

d
2rRY) 1 < 2dr7R < 2drR®,  where 7 := maxr;, rj = #J;.
J

Jj=1

The use of Remark 9.20 requires as preprocessing the conversion of v from
R-term into hybrid format (cost: Z?:l Nqr(n;, R)) and as postprocessing the
multiplication Bc (cost: 27 ijl n;r;).

The following table summarises the computational cost per iteration and possibly
for pre- and postprocessing.

format of v cost per iteration pre-, postprocessing
full 21y n; (n;:=#I;) 0
tensor subspace | 2 H;l:l ry (rji=#J5) 2r Z?:l ngry

d d d
R-term 2rRY 7 > =1 Nar(nj, R) +2r> 75 nyr;
hybrid 2R 7 2r 0 nyr;

9.5.2.4 Properties of the Iteration

Given an approximation u,,, the loop over w € {2 produces the next iterate U,1.
The obvious questions are whether the sequence {u,, }m=0,1,... converges, and in
the positive case, whether it converges to u* with [|[v—u*|| = minger, ||v—u].
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Statements can be found in Mohlenkamp [149, §4.3]:
a) The sequence {u,, } is bounded,
b) ||um_um+1H — 07

= 2
©) > [lum—tpqa” < oo,
m=0

d) the set of accumulation points of {u,, } is connected and compact.

The negative statements are: the properties from above do not imply conver-
gence, and in the case of convergence, the limit u* may be a local minimum with
|lv—u*|| > minyer, ||[v—ul|. A simple example for the latter fact is given in [149,
§4.3.5].

Under suitable assumptions, which need not hold in general, local convergence
is proved by Uschmajew [187].

9.5.3 Stabilised Approximation Problem

As seen in §9.4, the minimisation problem minyex, ||v—ul| is unsolvable, if and
only if infimum sequences are unstable. An obvious remedy is to enforce stability
by adding a penalty term:

2 2

. (9.20a)

T d

-y @

i=1 j=1

T

+A2)

i=1

d
ul?
u;
=1

where A > 0 and || ®?:1 w2 =14 i |2, Alternatively, stability may be
requested as a side condition (C' > 0):

r d
%] (( Z(J))izz;‘f) = ~ min ||V_Z®uz(’]) . (9.20b)
i=1 j=1

(])GV subject to
S 1@ ul P <C? v|?

Ifu, =53, ® U (J) is a sequence with |[v—u,|| \, inf,, ||v—u]| subject
to the side condition from (9 20b), it is a stable sequence: »((v,),r) < C. Hence,
we infer from Theorem 9.17 that this subsequence converges to some u* € R,.

In the penalty case of (9.20a), we may assume @) < |v||, since already the
trivial approximation u = 0 ensures this estimate. Then s((v,),r) < A follows
and allows the same conclusion as above. Even for a general minimising sequence

Uy = S @)y ulf) with ¢ = Tim, &5 ((W)IZ/Z] ), we conclude that

#((vn),r) < cholds asymptotically.

If minyew, |[v—u|| possesses a stable minimising sequence with »((u,,),r) <C
and limit u*, the minimisation of @< from (9.20b) yields the same result. Lemma
9.2 also holds for the solution u* of the regularised solution.
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9.5.4 Newton’s Approach

The alternative to the successive minimisation is the simultaneous minimisation of
. . ] <3< . . .
&(x) in all variables x = (u%)}gfgf . For this purpose, iterative methods can be

applied like the gradient method or the Newton method. Both are of the form
x(m+D) .= x(m) _ o s (sm: search direction, a,, €K).

The gradient method is characterised by s,, = V&(x(™)), while Newton’s method
uses s, = H(x™)"'V@(x(™) and «,, = 1. Here, H is the matrix of the
second partial derivatives: H,, = 0°®/0x,0x, . However, there are a plenty
of variations between both methods. The damped Newton method has a reduced
parameter 0 < oy, < 1. The true Hessian [ may be replaced by approximations H
which are easier to invert. For H =1, we regain the gradient method. Below we use
a block diagonal part of H.

In Espig [52] and Espig-Hackbusch [54], a method is described which computes
the minimiser of ' &, from (9.20a). It is a modified Newton method with an ap-
proximate Hessian matrix H allowing for a continuous transition from the Newton
to a gradient-type method. Although the Hessian H is a rather involved expression,
its particular structure can be exploited when the system H (x("™))s,,, = V& (x(™))
is to be solved. This defines a procedure RNM(v, u) which determines the best
approximation u € R, of v & R i by the stabilised Newton method (cf. [54, Alg. 1]).
For details and numerical examples, we refer to [54]. The cost per iteration is

d
0 T(T+R)d2—|—dT3—|—T(T+R—|—d)ZTj

j=1

with r; := #.J; and J; from Lemma 9.19.

In the following, we use the symbols v, u for the tensors involved in the optimi-
sation problem. For the computation one should replace the tensors from V by the
coefficient tensors in K7 as detailed in §9.5.1. Newton’s method is well-known for
its fast convergence as soon as x(" is sufficiently close to a zero of V&(x) = 0.
Usually, the main difficulty is the choice of suitable starting values. If a fixed rank
is given (cf. Problem (9.1)), a rough initial guess can be constructed by the method
described in Corollary 15.6.

A certain kind of nested iteration (cf. [83, §5], [81, §12.5]) can be exploited for
solving Problem (9.3). The framework of the algorithm is as follows:

given data | v € R, initial guess u€ R, withr < R, € > 0 1

loop RNM(v,u); p:=v —u;if ||p|| < e thenreturn; |2
if » = R then begin u := v; return end; 3 (9.21)
find a minimiser w € R4 of miner, ||p — w|; 4
u:=u+w € R,y1; 7 :=r+ 1; repeat the loop 5

10 In fact, a further penalty term is added to enforce Huz(.j) || = Huik) |[forl <j,k<d.
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Line 1: The initial guess u € R, also defines the starting rank 7.

Line 2: The best approximation u € R, is accepted, if |[v — u|| < e.

Line 3: If no approximation in R, with r < R is sufficiently accurate, u=v € R,
must be returned.

Line 4: The best approximation problem in R can be solved by RNM or ALS.
Here, no regularisation is needed (cf. §9.2).

Line 5: u + w is the initial guess in R,1.

Obviously, the Ry optimisation in Line 4 is of low cost compared with the
other parts. This fact can be exploited to improve the initial guesses. Before calling
RNM(v,u) in Line 2, the following procedure can be applied. Here, App; (v, w)
is a rough R, approximation of v using w € R, as starting value (a very cheap
method makes use of Remark 15.7):

data | VERR, U.:Z;-ﬂzl u; €ER,,u; ER;.
loop | forv =1tordobegind:=u—3_,, u;u, := Appi(d, u,) end;

This improvement of the approximation u can be applied in Line 2 of (9.21) before
calling RNM(v, u). Details are given in [54].

9.6 Generalisations

Here we refer to §7.7, where subsets A; C V; and R, ((A4;)-;) C R, have been
introduced. The corresponding approximation problem is:

Givenv € V and r € Nj,

determine u € R, ( (Aj);lzl

N (9.22)
) minimising ||v —ul|.

Though the practical computation of the minimiser may be rather involved, the
theoretical aspects can be simpler than in the standard case.

Lemma 9.23. Assume that V is either finite dimensional or a reflexive Banach
space. Let A; be weakly closed subsets of V; (1 < j <d). If there is a stable sub-

sequence u, ER ((AJ)?:I) with lim ||[v —u,]|| = inf ||lv —ul, then
nree ueR((45)9=,
Problem (9.22) is solvable. J

Proof. By Theorem 9.17, there isasubsequence such that un:ZZ 1®J LU m
u € R, withu = > 1®J ) and u(J) — 4 satisfying ||v—uH
(J) €A and A; is weakly closed, ul) € A;

follows, proving u € R..((4;)7_,). O

inf er ((4)s) lv — w]|. Since w;

In §7.7, the first two examples of A; are the subset {v € V; : v > 0} of non-
negative vectors (V; = R"™) or functions (V; = LP). Standard norms like the 7
norm (cf. (4.3)) have the property

o+ wlly, > lvlly, forallv,we A; (1 <j<d). (9.23a)
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Furthermore, these examples satisfy A; + A; C A;, i.e.,
v,we A =>v+weA; (1<j<d). (9.23b)

Remark 9.24. Conditions (9.23a,b) imply the stability estimate s(v,r) < r, pro-
vided that in definition (9.12b) the vectors v,”’ are restricted to A;. Hence, any
sequence v, € R,((4;)%_,) is stable and Lemma 9.23 can be applied.

For matrix spaces V; = C™ *™ equipped with the spectral or Frobenius norm,
A; = {M € V; : M positive semidefinite} also satisfies conditions (9.23a,b). The
set A; = {M € V; : M Hermitean} is a negative example for (9.23a,b). Indeed,
(9.10) with v(9) w( € A; is an example for an unstable sequence.

The subset A; = {M €V, : M positive definite} is not closed, hence the min-
imiser of Problem (9.22) is expected in R.((4;)%_,) instead of R, ((4;)7_,).
Nevertheless, the following problem has a minimiser in R ((A4; )?:1 .

Exercise 9.25. For V; = C"*™ equipped with the spectral or Frobenius norm,
M € ®J 1V positive definite and A; = {M € V; : M positive definite},

mf{HM ®M(J)H MU e A } is attained by some ®M(J) with MU) € A;.

j=1

9.7 Analytical Approaches for the r-Term Approximation

The previous approximation methods are black box-like techniques which are appli-
cable for any tensor. On the other side, for very particular tensors (e.g., multivariate
functions) there are special analytical tools which yield an r-term approximation.
Differently from the approaches above, the approximation error can be described
in dependence on the parameter r. Often, the error is estimated with respect to the
supremum norm ||-|| _, whereas the standard norm'! considered above is ¢ or L.

Analytical approaches will also be considered for the approximation in tensor
subspace format. Since R, = 7(,,,) for dimension d = 2, these approaches from
§10.4 can also be interesting for the r-term format.

Note that analytically derived approximations can serve two different purposes:

1. Constructive approximation. Most of the following techniques are suited for
practical use. Such applications are described, e.g., in §9.7.2.5 and §9.7.2.6.

2. Theoretical complexity estimates. A fundamental question concerning the use of
the formats R, or 7y is, how the best approximation error £(v, ') from (9.2) de-
pends on r. Any explicit error estimate of a particular (analytical) approximation
yields an upper bound of (v, 7). Under the conditions of this section, we shall
obtain exponential convergence, i.e., e(v,r) < O(exp(—cr®) with ¢,a > 0 is
valid for the considered tensors v.

1 The optimisation problems from §9.5.2 and §9.5.4 can also be formulated for the P norm with
large, even p, which, however, would not make the task easier.
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Objects of approximation are not only tensors of vector type, but also matrices
described by Kronecker products. Early papers of such kind are [92], [88, 89].

9.7.1 Quadrature

Let V; be Banach spaces of functions deﬁned onl; CR,and V= ® 1V the

space of multivariate functions on [ := X ._; I;. Assume that f € V has an 1ntegra1
representation
d
f(a:l,...,xd):/ g(w)Hfj(:cj,w)dw for x; € I, (9.24)
e} .
Jj=1

where (2 is some parameter domain, such that the functlons f; are defined on I x (2.
For fixed w, the integrand is an elementary tensor ® =1 fj(-,;w) € V. Since the
integral | ¢ 18 a limit of Riemann sums >, ... € Ry, fisatopological tensor. A
particular example of the right-hand side in (9.24) is the Fourier integral transform

of g(w) = g(w1, ... ,wq):

/Rd ) exp ( ijwj> dw.

A quadrature method for [, G(w) dw is characterised by a sum Y\ ;G (w;)
with quadrature weights (7;);_; and quadrature points (w;);_,. Applying such a
quadrature method to (9.24), we get the r-term approximation

S

f. e R, withf.(zy,...,2q Z% w; H (25,w:). (9.25)

Usually, there is a family of quadrature rules for all » € N, which leads to a sequence
(f,),.cny of approximations. Under suitable smoothness conditions on the integrand
of (9.24), one may try to derive error estimates of ||f — f|| . An interesting question
concerns the (asymptotic) convergence speed ||f — £, — 0.

There is a connection to §9.6 and the subset A; of non-negative functions.
Assume that the integrand in (9.24) is non-negative. Many quadrature method (like
the Gauss quadrature) have positive weights: v; > 0. Under this condition, also the
terms in (9.25) are non-negative, i.e., f. € R, ((Aj )?:1).

So far, only the general setting is described. The concrete example of the sinc
quadrature will follow in §9.7.2.2.

The described technique is not restricted to standard functions. Many of the
tensors of finite dimensional tensor spaces can be considered as grid functions, i.e.,
as functions with arguments 1, ...,z restricted to a grid Xj—zlGj, #G; < o0.
This fact does not influence the approach. If the error ||f — f,| is the supremum
norm of the associated function space, the restriction of the function to a grid is
bounded by the same quantity.
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9.7.2 Approximation by Exponential Sums

Below we shall focus to the (best) approximation with respect to the supremum
norm ||-|| . Optimisation with respect to the /% norm is, e.g., considered by Golub-
Pereyra [68]. However, in Proposition 9.31 ||-|| _ estimates will be needed, while
2 norm estimates are insufficient.

9.7.2.1 General Setting

For scalar-valued functions defined on a set D, we denote the supremum norm by

£l D0 7= sup{lf(2)| : x € D}. (9.26)

If the reference to D is obvious from the context, we also write ||-||  instead.

Exponential sums are of the form
E.(t)= Z a, exp(—ayt) (t eR) (9.27a)
v=1

with 27 (real or complex) parameters a, and «,. Exponential sums are a tool to
approximate certain univariate functions (details about their computation in §9.7.2
and §9.7.2.3).

Assume that a univariate function f in an interval I C R is approximated by
some exponential sum F, with respect to the supremum norm in /:

1f=Erll; o <€ (9.27b)

(we expect an exponential decay of ¢ = ¢, with respect to r; cf. Theorem 9.29).
Then the multivariate function

d
F(x) = F(z1,...,2q) := f(zg;j(xj)) (9.27¢)
j=1

obtained by the substitution ¢ = 2?21 ¢;(z;), is approximated equally well by

F.(x) := ET(ijl ¢j(x5)):

d
|F = Fllp<e  forT:= X I, (9.27d)
=1
provided that
d
{ > i) w5 € I]} c 1 with I from (9.27b). (9.27e)
j=1
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For instance, condition (9.27¢) holds for ¢;(z;) = z; and I; = I = [0, c0).
By the property of the exponential function, we have

d T d
F.(x):= E, (Z o (x7)> = Z a, exp ( -y Z ¢j(:vj)> (9.27f)
j=1 v=1 =1

r d
= Z a, H exp (—a,¢;(x;)) -
v=1 J=1

Expressing the multivariate function F, as a tensor product of univariate functions,
we arrive at

r d
Fr=>a,QEY R,  with BEY (z;) = exp (—a0;(z;)), (9272
v=1 J=1

i.e., (9.27g) is an r-term representation of the tensor F,, € C(I)= w@jzl C(1;),
where the left suffix oo indicates the completion with respect to the supremum norm
in I C R?. A simple, but important observation is the following conclusion, which
shows that the analysis of the univariate function f and its approximation by E,. is
sufficient.

Conclusion 9.26. The multivariate function F,.(x) has tensor rank r independently
of the dimension d. Also the approximation error (9.27d) is independent of the
dimension d, provided that (9.27b) and (9.27e) are valid.

Approximations by sums of Gaussians, G,.(§) = >, _; aye=v€ are equivalent
to the previous exponential sums via E,(t) := G, (vt) = Y1 _ a,e”*t,

A particular, but important substitution of the form considered in (9.27c¢) is
t = ||x||* leading to

r d T d
v= j=1

v=1 j=1

r d
ie., F.= Z a, ® G,(jj) with Gl(,j)(xj) = exp (—a,,x?) . (9.28)
v=1 j=1

Inequality (9.27b) implies
|F = Flpo <e withD:={xeR: x| el}.

Remark 9.27. In the applications from above we make use of the fact that estimates
with respect to the supremum norm are invariant under substitutions. When we
consider an L? norm (1 < p < co) instead of the supremum norm, the relation
between the one-dimensional error bound (9.27b) and the multi-dimensional one
in (9.27d) is more involved and depends on d.
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9.7.2.2 Quadrature Based Exponential Sum Approximations

Approximations by exponential sums may be based on quadrature methods'?.
Assume that a function f with domain I C R is defined by the Laplace transform

f(z) = /Oooe_mg(t)dt forz € I.

Any quadrature method Q(F') := >_! _, w, F'(t,) for a suitable integrand F' defined
on [0, 0o) yields an exponential sum of the form (9.27a):

=~ *Tg) = Lg(t,) e T e R,.
f(z) =~ Qe *"g) ;wg(t)e €

=:a,
Note that the quadrature error f () — Q(e ~**g) is to be controlled for all parameter
values x € I.

A possible choice of () is the sinc quadrature. For this purpose one chooses a
suitable substitution ¢ = ¢(7) with ¢ : R — [0, 00) to obtain

f@) = [ e 7 olr) ()

The sinc quadrature can be applied to analytic functions defined on R:

N

/OO F(z)dx ~ T(F,h) :=h i F(kh) =~ Tn(F,h):=h Y F(kh).

-0 k=—o0 k=—N

T(F,h) can be interpreted as the infinite trapezoidal rule with step size h, while
Tn(F, h) is a truncated finite sum. In fact, T'(F, h) and T (F, h) are interpolatory
quadratures, i.e., they are exact integrals [, C(f,h)(t)dt and [, Cn(f, h)(t)dt
involving the sinc interpolations C'(f, h) and Cn (f, k) defined in (10.37a,b).

The error analysis of T'(F,h) depends on the behaviour of the holomorphic
function F'(z) in the complex strip ©s defined in (10.38) and the norm (10.39).
A typical error bound is of the form Cy exp(—v2mdaN) with C1 = C1([[F| 5,)
and ¢ from (10.38), while « describes the decay of F: |F(z)| < O(exp(—a|z]).
For a precise analysis see Stenger [177] and Hackbusch [86, §D.4]. Sinc quadrature
applied to F(t) = F(t;z) := e ~?M7 g(p(t)) ¢’ (t) yields

N
Ta(Fh) = h 37 207 go(kh) o (kh),
k=—N

The right-hand side is an exponential sum (9.27a) with r := 2N 41 and coefficients
ay:=hg(p((v—1—N)h))¢'((v—1—N)h),a,:=¢((r—1— N)h). Since

12 Quadrature based approximation are very common in computational quantum chemistry. For a
discussion from the mathematical side compare Beylkin-Monzén [18].
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the integrand F'(e; x) depends on the parameter z € I, the error analysis must be
performed uniformly in z € I to prove an estimate (9.27b): || f — E||; , <e.

Even if the obtainable error bounds possess an almost optimal asymptotic
behaviour, they are inferior to the best approximations discussed next.

9.7.2.3 Approximationof 1/x and 1//x

Negative powers 2> belong to the class of those functions which can be well
approximated by exponential sums in (0, c0). Because of their importance, we shall
consider the particular functions 1/x and 1/+/x. For the general theory of approx-
imation by exponentials we refer to Braess [25]. The first statement concerns the
existence of a best approximation and stability of the approximation expressed by
positivity of its terms.

Theorem 9.28 ([25, p. 194]). Given the function f(x) = x> with A\ > 0 in an
interval I = [a,b] (including b = oo) with a > 0, and r € N, there is a unique best
approximation E, 1(x) = Y| _, ay, 1 exp(—ay, 1x) such that

e(fil,r) = f = Eril; o = inf{Hf—Zb,,eﬁ”x
v=1

S by, B € R}. (9.29)

1,00
Moreover; this E,. 1 has positive coefficients: a,, o, > 0 for1 <v <.

In the case of f(x) = 1/, substitution z = at (1 < ¢ < b/a) shows that the best
approximation for I = [a, b] can be derived from the best approximation in [1,b/a]
via the transform

Ay [1,b/a Ay (1,b/a E(.fv [17 b/a],r)
Ay, [a,b] = %7 Qu,la,b] *= %7 E(fv [a,b],r) = -
(9.30a)
In the case of f(z) = 1/+/x, the relations are
Ay [1,b/a Ay [1,b/a E(f, [17 b/a’]7 ’f‘)
Ay [a,b] = %7 Ay la,b] = %7 e(f,la, 0], 1) = T
(9.30b)

Therefore, it suffices to study the best approximation on standardised intervals [1, R]
for R € (1, 00). The reference [84] points to a web page containing the coefficients
{ay,a, : 1 < v <r} for various values of R and r.

Concerning convergence, we first consider a fixed interval [1, R] = [1,10]. The
error ||1/x — E,. 1.10]//[1,10),00 is shown below:

r=1 2 3 4 ) 6 7
8.55610-2 8.75219-3 7.14510-4 5.57710-5 4.24310-6 3.17310-7 2.34410-8

One observes an exponential decay like O(exp(—cr)) with ¢ > 0.
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If R varies from 1 to oo, there is a certain finite value R* = R} depending on
r, such that e(f, [1, R],r) as a function of R strictly increases in [1, R*], whereas
the approximant £, |1 ) as well as the error £(f, [1, R],r) is constant in [R*, 00).
This implies that the approximation E,. 1 g~ is already the best approximation in
the semi-infinite interval [1, o). The next table shows R and ¢(1/x, [1, R}],r) =
e(1/z,[1,00),7):

r lo 16 25 36 49
R 28387 2.02710+6 1.51319+8 1.16219+10 9.07419+11

T

e(1,[1,00),7)  [2.61110-5 3.65910-7 4.89810-9 6.38210-11 8.17210-13
25 exp (—m/2r)|4.06810-5 4.78510-7 5.62810-9 6.61919-11 7.78610-13

Here, the accuracy behaves like the function 25 exp (—m/ 2r) given for compari-
son. The behaviour of f(x) = 1/+/x is quite similar:

T |9 16 25 36 49
Ry 7.99410+6 4.1291049 2.171p+12 1.1510+15 6.1019+17

5(1/\/57 [1, OO)7 T) 3.07210-4 1.35210-5 5.89810-7 2.56410-8 1.11610-9
4 exXp (—TF\/F) 3.22810-4 1.39510-5 6.02810-7 2.60510-8 1.12610-9

The observed asymptotic decay from the last row of the table is better than the upper
bound in the next theorem.

Theorem 9.29. Let f(x) = 2~ with A\ > 0. The asymptotic behaviour of the error
e(f,I,r)is

Cexp(—cr)  fora finite positive interval I = [a,b] C (0, 00),
Cexp(—cy/1) for a semi-infinite interval I = [a,c0), a > 0,

s(f,I,r>§{

where the constants C, ¢ > 0 depend on I. For instance, for A = 1/2 and a = 1,
upper bounds are

e(1/vz, [1,R],7) < 8V2exp (—w2r/\/log(8R)) :
e(1/Va, [1,00),7) < 8v2exp (—71'\/7’/_2) .
For general a > 0 use (9.30a,b).

Proof. Details about the constants can be found in Braess-Hackbusch [27], [28].
The latter estimates can be found in [28, Egs. (33), (34)]. O

Best approximations with respect to the supremum norm can be performed by
the Remez algorithm (cf. Remez [162]). For details of the implementation in the
case of exponential sums see [84, §7] and [28, §7].
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9.7.2.4 Other Exponential Sums

Another well-known type of exponential sums are trigonometric series. A periodic
function in [0, 2] has the representation f(z) = >, ., aye”. The coefficients ay
decay the faster the smoother the function is. In that case, f,(z) = ZM <p Q€T
yields a good approximation. f,, is of the form (9.27a) with imaginary coefficients
o, = iv.

Besides real coefficients «,, like in Theorem 9.28 and imaginary ones as above,
also complex coefficients with positive real part appear in applications. An impor-
tant example is the Bessel function .Jy, which is approximated by exponential sums
in Beylkin-Monzén [17].

9.7.2.5 Application to Multivariate Functions
9.7.2.5.1 Multivariate Functions Derived from 1/x

We start with an application for f(z) = 1/x. Let f; € C(D;) (1<j<d) be
functions with values in I; C (0, 00). Set

d d
I:=le = {Zyjiyj GIJ} = [a, b],

possibly with b = oco. Choose an optimal exponential sum E,. for 1 on'3 I with error
bound 5( I,7). As in the construction (9.27c), we obtain a best approximation of

F(x) = F(z1,...,24) == 1/2‘;-21 fi(x;) by

— Z au,1 H exp — Oy I f]('rj))

HZ] lfJ ‘TJ v=1 Jj=1
i, [|F = Foll; o < e(2,1,r) with B, = 0 a,; @1, EY) € R, where

B = exp(—av.1 f;(). |

Since a,,r > 0 (cf. Theorem 9.28), the functions E,(,J ) belong to the class A; of
positive functions. In the notation of §7.7, F. € R,.((A;)4_,) is valid (cf. §9.6).
appears, where ¢, >0 and €;,; <0 (more than four energies €, are possible).
The denominator is contained in [A, B] with A := 2 (eLumo — eromo) > 0 being
related to the HOMO-LUMO gap, while B := 2 (€1nax — Emin) involves the maxi-
mal and minimal orbital energies (cf. [181]). Further computations are significantly
accelerated, if the dependencies of €, €y, €;, €; can be separated. For this purpose,

the optimal exponential sum E;. for < on [4, B] can be used:

E(%vjv T)v

I,00

In quantum chemistry, a so-called MP2 energy denominator

~ E Ay e vEe L eT W LML e e R (9.31)

sa—i—sb—al—aj =

13 For a larger interval I’, E,. yields a (non-optimal) error bound with a(%, I',r).
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where the error can be uniformly estimated by (1, [A, B], 7).

In quantum chemistry, the usual derivation of the exponential sum approximation
starts from the Laplace transform % = fooo exp(—tx)dt and applies certain quadra-
ture methods as described in §9.7.2.2 (cf. Almlof [2]). However, in this setting it
is hard to describe how the best quadrature rule should be chosen. Note that the
integrand exp(—tz) is parameter dependent.

9.7.2.5.2 Multivariate Functions Derived from 1/+/x

The function 1 1
Px)=—=7r——— for x € R?

I e

is called Newton potential, if gravity is described, and Coulomb potential in connec-
tion with an electrical field. Mathematically, 47P is the singularity function of the

Laplace operator
d

for d = 3 (cf. [82, §2.2]). Usually, it appears in a convolution integral P x f.
If f is the mass [charge] density,

52
(9.32)

Ql\.’)

fy) 4o F) (x
47T/]R ——dy =47 (P *f) (x)

s lx =yl

describes the gravitational [electrical] field.

Obviously, it is impossible to approximate P uniformly on the whole R by
exponential sums. Instead, we choose some 1 > 0 which will be fixed in Lemma
9.30. Take an optimal approximation E,. of 1/y/t on I := [?, o). Following the
strategy from (9.28), we substitute ¢ = [|x||* = 23:1 2% and obtain

||x|| Z%IHGXP —Qu, 1 T H,

e Br ooy (IF°) = X0y a0 @3, EY € R, with BY (¢) = e~»1 " The
uniform estimate
2 1 2 € forn < ||x|| < oo and
[P0 = By ey ()| < (7, [, 00),m) = { o)

excludes the neighbourhood U, := {x € R? : ||x|| < n} of the singularity. Here,
we use

’P(x) — By 12,00y ([IX]] )‘ <P(x)forx € U, and / P(x)dx = 272
Un
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Lemma 9.30. Assume ||f|| ;1 sy < C1 and ||| e gs) < Coo set. Then

9
[ may - [ B vy < 2o+ 6
T :

holds with € = (L

_ 3/ _Cie
n= 47C 5

Lyt = [ m i

Inserting the asymptotic behaviour £ = 8v/2 exp( —ﬂ\/@) from Theorem 9.29,
we obtain a bound of the same form C exp(—c/r) with ¢=+/27/3. The observed
behaviour is better: O(exp(— 7’ ). We conclude from Lemma 9.30 that the con-
volution P x f may be replaced by the convolution E,.(||-||*) x £, while the accuracy
is still exponentially improving.

In the following, we assume for simplicity that f is an elementary tensor:

£(y) = fi(y1) - fa(y2) - f3(y3)-

As seen in (4.75¢), the convolution with E,(||x — y||*) can be reduced to three
one-dimensional convolutions:

) o
/RS Ix —yll dy ~ /]R3 E([x —yl)f(y)dy
r 3
— ;ay,fj_l_[l/ﬂkexp(—au,z (25 — y;)?)f; (y;)dy;.

Numerical examples related to integral operators involving the Newton potential
can be found in [90].

7 [1,00),7) for all x € R3. The error bound is minimised for

2 2
gg §Ym/C2Cn €3,

—3 4873

R3 .00

9.7.2.6 Application to Operators

Functions of matrices and operators are discussed in §4.6.6. Now we consider the
situation of two functions f and f applied to a matrix of the form U D U", where f
is considered as approximation of f.

Proposition 9.31. Let M = UD U N (U unitary, D diagonal) and assume that f and
| are defined on the spectrum o(M ). Then the approximation error with respect to
the spectral norm ||-||, is bounded by

IFM) = FM) |2 < 1 f = Flloear) co- (9.33)

The estimate extends to selfadjoint operators. For diagonalisable matrices M =
TDT™*, the right-hand side becomes ||T |, [| T~ 2|l f = fllo(ar),00
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Proof. Since f(M)— f(M) = Uf(D)U" —Uf(D)U" = U[f(D) - f(D)JU"

and unitary transformations do not change the spectral norm, || f(M) — f(M)]|[2 =
/(D)= (D)2 = max{|f(A\) = f(N)] : A € o(M)} = [[f = fllo(ar).0 Tollows. O

The supremum norm on the right-hand side in (9.33) cannot be relaxed to an L”
norm with p < oo. This fact makes the construction of best approximations with
respect to the supremum norm so important.

Under stronger conditions on f and s general operators M € L(V, V) can be
admitted (cf. [86, Satz 13.2.4]).

Proposition 9.32. Let f and f be holomorphic in a complex domain {2 containing
o(M) for some operator M € L(V,V'). Then

- 1 -
1£00) = FADll < 5 4170 = FOIIET =20 e
Proof. Use the representation (4.77a). a

Quite another question is, how f(M) behaves under perturbations of M. Here,
the following result for Holder continuous f is of interest.

Theorem 9.33 ([1]). Let f € C*(R) with a € (0,1), i.e., | f(x)— f(y)| < C|z—y|*
for x,y € R. Then symmetric matrices (or general selfadjoint operators) M’ and

M satisfy the analogous inequality || f(M') — f(M")|| < C'||M'" — M"||“.

The corresponding statement for Lipschitz continuous f (i.e., for « =1) is wrong,
but generalisations to functions of the Holder-Zygmund class are possible (cf. [1]).
The inverse of M can be considered as the application of the function f(z) =
1/xto M, ie., f(M)= M. Assume that M is Hermitean (selfadjoint) and has a
positive spectrum (M) C [a,b] C (0, 00]. As approximation f we choose the best
exponential sum E, ;(z) =Y., _, ay,; exp(—ay, ;z) on I, where I O [a,b]. Then

Ei(M)=)"  ayrexp(-ayM) (9.34)

approximates M ~! exponentially well:
IF(M) = FQD) 2 < e(3,L7). (9.35)
The approximation of M ~! seems to be rather impractical, since matrix exponen-

tials exp(—t, M) have to be evaluated. The interesting applications, however, are
matrices which are sums of certain Kronecker products. We recall Lemma 4.139b:

d
M=) I® @MV g . -@IeRy MWD eK*i (9.36)
j=1
(factor M) at j-th position) has the exponential

d
exp(M) = (X) exp(M D). (9.37)
j=1
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Let M) be positive definite with extreme eigenvalues 0 < )\ffn)n < )\Sﬂzm for
1< j<d. Since the spectrum of M is the sum Z 2D of all \W) e o(M D)), the
interval [a b] containing the spectrum o (M) is given by a := Z )\ffn)n >0 and

b:= Z =1 /\I(ﬁ;x. In the case of an unbounded selfadjoint operator, b = oo holds.
These preparations lead us to the following statement, which is often used for the
case M) =1,

Proposition 9.34. Ler M) | AU) € KL %15 be positive definite matrices with AW

. min
and /\I(fulX being the extreme eigenvalues of the generalised eigenvalue problem

AWy =AMz and set

A=AV Mo . oM+ MY AP o o MD . .. (9.38a)
+ MV .. @MUEDgAD,

Then A~ can be approximated by

Zay1®exp( ay, 1 M(J) A(J))

The error is given by

lé 1] . (9.38b)

J=1

A~ =B, < e(2,[a,b],7) M, (9.38¢)

with M = ®;1:1 MO q = Z )\(J) andb := Z(»i_ A

min’ j=1

Proof. Write A = M'/2 . A M2 with A = AD @ T...® 1+ ..., where
AW = (M@)=1/24G) (1)) =1/2, Note that AY) and /\I(n?ix are the extreme
eigenvalues of AW, Apply (9.35) to A instead of M. For exp(—ay, IA) appearing
inB = B, I(A) (cf. (9.34)) use the representation (9.37) with the error estimate
A=Y — B> < e(L,[a,b],r). Note that B = M~/2. E, ;(A) - M~1/2. Hence,
A= =Bl = [M~Y2.[A~' — B, ;(A)]- M2, < [|A-1 ~ Bflo[M~ /2|3,
The identity |[M~1/2||2 = | M, 1H completes the proof. O

It remains to compute the exponentials of —cv,, 1 (M (j))_lA(j). As described in
[86, §13.3.1] and [66], the hierarchical matrix technique allows us to approximate
exp (—ay,(MW)~1AU)) with a cost almost linear in #1;. The total number of
arithmetical operations is O (r ZJ V#Ijlog" #1;). For #£1; =n (1< j<d), this
expression is O(rdn log* n) and depends only linearly on d. For identical AU
AR MO =MF) (1<, k<d), the cost O(rdnlog™ n) reduces to O(rn log* n)

Proposition 9.34 can in particular be applied to the Laplace operator and its dis-
cretisations as detailed below.

Remark 9.35. (a) The negative Laplace operator (9.32) in'* H}([0,1]¢) has the
d-term format (9.38a) with M) =id, AU =—92/02% and \Y) =72, Afdx=oc.

min

14 The reference to H3 ([0, 1]¢) means that zero Dirichlet values are prescribed on the boundary.
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(b) If we discretise by a finite difference scheme in an equidistant grid of step size
1/n, AU is the tridiagonal matrix'> n=2-tridiag{—1,2, —1}, while M) =T. The
extreme eigenvalues are /\I(ii)n =4n?sin®(£) ~ 72, A =an? cos? (=) ~ 4n?.
(c) A finite element discretisation with piecewise linear elements in the same grid
leads to the same'® matrix A7), but M) is the mass matrix tridiag{1/6,2/3,1/6}.

This approach to the inverse allows to treat cases with large n and d. Grasedyck
[72] presents examples with n = 1024 and d ~ 1000. Note that in this case the
matrix is of size A~! € RMXM with M = 103000,

The approximation method can be extended to separable differential operators in
tensor domains D = X ?:IDJ- with appropriate spectra.

Definition 9.36. A differential operator L is called separable if L= Z;l:l Ljand L;
contains only derivatives with respect to z; and has coefficients which only depend
on ;.

So far, we have applied the exponential sum F, ~ 1/z. Analogous statements
can be made about the application of F,. ~ 1/+/z. Then r-term approximations of
A~1/2 can be computed.

9.7.3 Sparse Grids

The mixed Sobolev space H> ([0,1]%) for 2 < p < oo is the completion of
a®dH2)p([07 1]) with respect to the norm Hf||2.,p.,mix = (ZHU” <2 leUf(‘rﬂp )1/p
for p < oo and the obvious modification for p = oo.

The approximation properties of sparse grids can be used to estimate (v, )
from (9.2) with respect to the L” norm of V' = . @ LP([0,1]).

Remark 9.37. For v € H>" (]0,1]%), the quantity e(v, ) equals

mix

e(v.r) =inf {[|v —ul, - ue R (V)} < O(r 21log’* V(logr)).

Proof. Vg ¢ is defined in (7.18). Note that the completion of U%N Vg0 yields
V. Consider r = dim(Vgg ) =~ 2! logdfl(f) (cf. [29, (3.63)]). The interpolant
u € Vg of v satisfies ||v —ul|, < 0272 1og® 1 (£)) (cf. [29, Theorem 3.8]).
The inequality

272 10g? 1 (0) < 1 210g® @V (1) < O(r~210g® @Y (log 1))

proves the assertion. O

15 In this case, a cheap, exact evaluation of exp(A (7)) can be obtained by diagonalisation of A7),
16 In fact, both matrices are to be scaled by a factor 1/n.



Chapter 10
Tensor Subspace Approximation

Abstract The exact representation of v € V = ®?:1 V; by a tensor subspace
representation (8.6b) may be too expensive because of the high dimensions of the
involved subspaces or even impossible since v is a topological tensor admitting
no finite representation. In such cases we must be satisfied with an approximation
u =& v which is easier to handle. We require that u € 7T, i.e., there are bases
{bgj), ey bg)} C Vj such that

T1 Tq . . d .
u= Zn:l . Zid:l aliy - ig) ®j:1 b§;>. (10.1)

The basic task of this chapter is the following problem:
Given v € 'V, find a suitable approximationu € 7, C V, (10.2)

wherer = (r1,...,74) € N% Finding u € 7, means finding coefficients a[i; - - - i 4]
as well as basis vectors bgj ) ¢ V; in (10.1). Problem (10.2) is formulated rather
vaguely. If an accuracy ¢ > 0 is prescribed, r € N? as well as u € 7 are to be
determined. The strict minimisation of |[v — ul| is often replaced by an appropriate
approximation u requiring low computational cost. Instead of ¢ > 0, we may
prescribe the rank vector r € N%in (10.2).

Optimal approximations (so-called ‘best approximations’) will be studied in Sect.
10.2. While best approximations require an iterative computation, quasi-optimal
approximations can be determined explicitly using the HOSVD basis introduced
in Sect. 8.3. The latter approach is explained in Sect. 10.1.

10.1 Truncation to 7,

The term ‘truncation’ (to 7y) is used here for a (nonlinear) map 7 =7 : V — 7, with
quasi-optimality properties. Truncation should be seen as a cheaper alternative to
the best approximation, which will be discussed in §10.2. Below we describe such
truncations based on the higher order singular value decomposition (HOSVD) and
study the introduced truncation error.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 281
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_10,
© Springer-Verlag Berlin Heidelberg 2012
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One of the advantages of the tensor subspace format is the constructive existence
of the higher order singular value decomposition (cf. §8.3). The related truncation is
described in §10.1.1, while §10.1.2 is devoted to the successive HOSVD projection.
Examples of HOSVD projections can be found in §10.1.3. A truncation starting
from an r-term representation is mentioned in §10.1.4.

Throughout this section, V is a Hilbert tensor space with induced scalar product.
Often, we assume V; = K%, where n; := #1I; denotes the dimension.

10.1.1 HOSVD Projection

The tensor to be approximated will be called v € V, while the approximant is
denoted by u (possibly with further subscripts). The standard assumption is that v
is represented in tensor subspace format, i.e., v € 75 for some s € Ng , Whereas the
approximant u € 7, is sought for some' r £ s. If ve V= ®‘;:1K1f is given in full
representation (cf. §7.2), it can be interpreted as v € Tg withs :=n = (n1,...,nq).

Optimal approximants uy.; are a favourite subject in theory, but in applications?
one is often satisfied with quasi-optimal approximations. We say that u € 7Ty is
quasi-optimal, if there is a constant C' such that

[v —ul| < C v — upest| - (10.3)

The following approach is based on the higher-order singular value decompo-
sition from §8.3. Therefore, the truncation is practically feasible if and only if the
higher-order singular value decomposition is available. In particular, the cost of the
HOSVD projection is identical to the cost of the HOSVD calculation discussed in
§8.3.3. Moreover, it requires a Hilbert space structure of V' as mentioned above.

We recall that, given v € V, the j-th HOSVD basis B; = [b{ .. b{)] (cf
Definition 8.22) is a particular orthonormal basis of U m‘“( ), where each b(J )
associated with a singular value cr( /) The basis vectors are ordered according to
agj) > a( D> We use s; = dim(U™"(v)) instead of r; in Definition 8.22.
The followmg prolectlons P; correspond to the SVD projections from Remark 2.31.

Lemma 10.1 (HOSVD projection). Let ve V= ® 1Vj, where V is a Hilbert
tensor space. Let {b(J) 1<i<sj} be the HOSVD baszs of U™ (v). The j-th
HOSVD projection P;j** =P (Hz)SVD corresponding to v < s; is the orthogonal

projection onto U(Hz)SVD = span{b; @) <i <wr;}. Its explicit description is®

! The notation r < s means thatr; < s; forall 1 < j < d, butr; < s; for at least one index j.
2 A prominent example is the Galerkin approximation technique, where the Lemma of Céa proves
that the Galerkin solution in a certain subspace is quasi-optimal compared with the best approxi-
mation in that subspace (cf. [82, Theorem 8.2.1]).

3 Note that PHOSVP and PHOSVP depend on the tensor v € V whose singular vectors bgj ) enter their
definition. However, we avoid the notation P}°*¥P(v) since this looks like the application of the
projection onto v.
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PJHOSVD 7HOSVD = Zb = T])(B(TJ ) € L(V},V)),

with B(TJ) [b(J) : b(7)] (V )TJ The overall HOSVD projection PHOSVD g
the orthogonal projection onto the tensor subspace ® WU jHOSVD, described by

PHOSVD .= ®PJ(%OSVD € L(V,V) with := (r1,...,74) .
j=1

We repeat the HOSVD representation in the case of V; = K’ with n; = #I1;.
The coefficient tensor a € KJ of v uses the index sets .J; = {1,...,s;} with s;
from above, whereas the index set J; = {1,...,7;} refersto r; < s;.

Corollary 10.2. Let V = ®?:1Kli be endowed with the Euclidean scalar product.
The HOSVD representation of v € V by v = prosvp (a, (Bj)lSde) = Ba (cf.
(8.26)) is characterised by

d
B= ®B{,-, By e KLi*i sy =44J; == rank(M;(a)), BYB;=1I,
=1
M;(@)M,(a)! = diag{o\”, o ,...,crg)}, oD > g 2...209 >0

(cf. Corollary 8.25 and (8.24) with s; instead of ;). For given rank vector r € N
with r; < s; let B( ) be the restriction of the matrlx B; to the first r; columns.
Then PHOSVD .= B(‘")B(")H with B(*) = ® B ") is the orthogonal projection

onto U;IOSVD = ®7 1UJ(T1-JI)OSVD with UJ(T}]I)OSVD = range{B J)}

The first inequality in (10.4b) below is described by De Lathauwer et al. [41,
Property 10]. While this first inequality yields a concrete error estimate, the second
one in (10.4b) states quasi-optimality. The constant C' = v/d shows independence
of the dimensionsr <s <n = (nq,...,n4) € N

Theorem 10.3. Let V = ® K% be endowed with the Euclidean scalar product.

Define the orthogonal projection PXOSVD and the singular values O'(J) as in

Corollary 10.2. Then the HOSVD truncation is defined by
ugosvp := PHOSVPy ¢ T, (10.4a)

This approximation is quasi-optimal.:

v mosol < |3 30 (o) < VAl el (10.40)

Jj=li=r;+1

where Uy, € Ty vields the minimal error (i.e.,

v — ubcstH = HliIlueTr ||V - 11”)
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Proof (cf. [73]). We introduce the shorter notations P; = P(H%)SVD, U;=U ;%)OSVD,
B; =B and B = B®).

P=19.. . ®I9BB'eIa..al (10.5)
is the projection onto
VO .=Khg.. . 9gKi-1oU, oKt @...@ Kk,

Then the projection P, = = BB" = ®J 1 Bj B is the product H7 1 Pj and yields
Ilv — unosvol| =11 — Hj:1 P;)v||. Lemma 4.123b proves the estimate

d

2 2

lv —unosvo[* <> IT - P)v|*.
=1

The singular value decomposition of M,;(v) used in HOSVD implies that
(I—P;)v is the best approximation of v in V(J ) under the condition dim (U;) =7;.

Error estimate (2.19¢) implies [[(I—P;)v|* = 32,2, 1 (0; o)2_ Thereby, the first
inequality in (10.4b) is shown. The best approximatlon Upest belongs to

Kh®..9oKi1eU;eKliv®... @Kl

with some subspace U; of dimension 7. Since (I — P;)v is the best approximation
in this respect,
(T = Py) v ]| < (v = st | (10.6)

holds and proves the second inequality in (10.4b). a

Corollary 10.4. If 7; = s; (i.e., no reduction in the j-th direction), the sum ZZ .

in (10.4b) vanishes and the bound \/d can be improved by \/#{j : 7j < s; -

Since ugosvp € ®?:1 U;ni“(v), the statements from the second part of Lemma
10.7 are still valid.

10.1.2 Successive HOSVD Projection

The algorithm behind Theorem 10.3 reads as follows: Forall 1 < j < d compute
the left-sided singular value decomposition of M ;(v) in order to obtain B; and afﬂ )

(1 <@ < s;). After all data are computed, the projection P3**” is applied.

Instead, the projections can be applied sequentially, so that the result of the
previous projections is already taken into account. The projection P; from (10.7) is
again P but referring to the singular value decomposition of the actual tensor

J,HOSVD?
v;_1 (instead of vo = v):
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Start Vo=V
Loop Perform the left-sided SVD of M (v;_1) yielding
j = 1tod | the basis B; and the singular values 610 ),
Let B; be the restriction of B; to the first 7; columns (10.7)

andset P :=I®..@ I® BB ®@I®...01
Define V= PjVj_l.
Return ﬁHOSVD = Vq{.

The projection Pj maps V; onto some subspace U; of dimension r;. Hence, v;
belongs to VU := U, ®...® Ui ®Vjt1 ®...®Vy. One advantage is that the
computation of the left-sided singular value decomposition of M ;(v,_1) is cheaper
than the computation for M, (v), since dim(V()) < dim(V). There is also an
argument, why this approach may yield better results. Let v; := P/*"Pv = Pyv
(note that PP = ]51, where PJ'-*OSVD from Lemma 10.1 belongs to v) be the result
of the first step j = 1 of the loop. Projection P{°*"® splits v into v; + vi-. If we

use the projection P5*'" from Theorem 10.3, the singular values 01(2) select the
(2) 2)H

i

corresponds to the norm of* bz(-Q)b
really matters is the size of b§2)b§2)Hv1, which is the singular value 5, computed in
(10.7) from v;. This proves that the projection P, yields a better result than Posve
from Theorem 10.3, i.e., |[v — va|| = ||v — PyPiv|| < ||v — Pyosvo pioswy ||,

One can prove an estimate corresponding to the first inequality in (10.4b), but
now (10.4b) becomes an equality. Although 6§j ) < agj ) holds, this does not imply
that ||v — Gigosvp|| < ||v — ugosvp||- Nevertheless, in general one should expect

the sequential version to be better.

basis Bj. The singular value o v, but what

(
(2)

Theorem 10.5. The error of Uposvyp from (10.7) is equal to

d Sj )
Iv—tmosvoll = |3 3 (67) < VAly —upenl . (108)

j=1i=r;+1

(@)

The arising singular values satisfy 6§j ) < o;’, where the values ogj ) belong to the

algorithm from Theorem 10.3.
Proof. 1) We split the difference into

v —tigosvp = (I — PyPy_1 -~ Py)v
={- Pl)V-i-(I — Pg)ﬁlv +...+({ - Pd)Pd—l - -Plv.

Since the projections commute (P; P, = P, P;), all terms on the right-hand side are
orthogonal. Setting v; = P; - - - P;v, we obtain

d

- 2

[v = mosvol* = H (I - Pj) Vj—lH :
=1

d
4 b5 applies to the 2nd component: (b{*6M) @ v =M@ (), b P ). . .

j=1
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Now, [|[(I — Pj)v,||? = 352 wl(&?’)? finishes the proof of the first part.

2) For 5 = 1, the same HOSVD basis is used so that Er(l) (1) (a @) ar
the singular Values from Theorem 10.3). For j > 2 the sequentlal algorlthm uses
the singular value decomposition of M;;(v;_1) =M,; (P;_1 Plv) The product
PJ 1 P1 is better written as Kronecker product P® I, where P= ® Tl Pk and
1= ®k:‘7 1. According to (5.5),

My (v )My (Vi) = M (BTBM;(v)! < M (v)M; (v)"

holds because of PTP =P < TI (cf Remark 4.122d). By Lemma 2.27b, the
singular values satisfy 5/ < O'(J ) (517 singular values of M;(v;_1), o\): those
of M ;(v)). Therefore, the last inequality in (10.8) follows from (10.4b). O

10.1.3 Examples

Examples 8.26 and 8.27 describe two tensors from 75 5 0y C V @ V ®@ V. Here, we
discuss their truncation to 7(1,1,1) = Ri1.

Tensorv =2z®z® x4+ oy ® y ® y from (8.28) is already given in HOSVD
representation. Assuming 1 > o > 0, the HOSVD projection P( )= Py(l}%OSVD is
the projection onto span{x}, i.e.,

UHOSVD ‘= P(IOIS}/)DV =rRrRx € 721)171) (109)

is the HOSVD projection from Theorem 10.3. Obviously, the error is

Iv = unosvo = oy @y © 3] = 0 = 05"
(cf. Example 8.26), and therefore smaller than the upper bound in (10.4b). The
reason becomes obvious, when we apply the factors in P‘E“fsi’Dl) =P b ® P, 1) ®P(1)
sequentially. Already the first projection maps v into the final value P1( v =
T ® r ® x; the following projections cause no further approximation errors.
Accordingly, if we apply the successive HOSVD projection from §10.1.2, the first
step of algorithm (10.7) yields P( 'V=z®z®z€ 7(1.1,1), and no further pro-
jections are needed (i.e., Pz(l) P(l) id). Therefore, Ugosvp = P1( )V holds,
and only the singular value aé ) for j = 1 appears in the error estimate (10.8).
Example 8.27 uses the tensorv =az @ r@r+ fr@z@y+ fryx +
By ® x ® x, where «, 8 are chosen such that again 1 = a%j) (j) =0€][0,1) are
the singular values for all j (cf. (8.29b)). The HOSVD bases {b(J ) b } are given in

(8.29c¢). Since bl(-J )= b; 1s independent of j, we omit the superscript j. The HOSVD
projection yields
ugosvp =Yb1 @by ®b;  with v := as® + 36° X and (10.10)
x = by + Nbg, y = Ay — by, by = xx + Ay, by = Ax — sy,
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where the coefficients sz = 1/(11++(/1\(20) ‘and A= % (%2 + A2 = 1)

are functions of the singular value 0 = aéﬂ ). The error is given by
IV = unosvol| = v/3/20 + O(c?).
For the special choice o =1/10, the approximation ugosyp and its error are
unosvp =®%(0.968135 z + 0.247453 %) , ||v—unosvp||=0.120158. (10.11)

Next, we consider the successive HOSVD projection from §10.1.2. The first
projection yields

u® = b @ [(ax+ BN) 2@z + Brx @y + Bocy & ]
= b ©1[0.931262 @ 2 + 0.25763 2 @ y + 0.25763y @ 2] for 0=1/10

and |[v—u||=0=0
decomposition of

éj ) The second projection needs the left-sided singular value

Mo(uM) = 2@ bV @ (s + BNz + Boey) | +y @ [V @ Brex].
The singular values and left singular vectors for o =1/10 are

o = 099778, b =0.96824 2+ 0.25y,
o =0.066521, b =0.252 — 0.96824 .

b§2) is quite close to bgl) = 0.96885 x + 0.24764 y. The second projection yields

u® =Y @ b2 ©[0.96609 = + 0.24945 y]

— [0.96885 = + 0.24764 y] © [0.96824 2 + 0.25 y] ® [0.96609 2 + 0.24945 y]
with the error [[u® — u® || = ¢{?. Since ranks(u®) = 1, a third projection is
not needed, i.e., UgosvD (= u®. The total error is

Iv — finosvoll = y/ (o59)% + (¢§)* = 0.12010.

One observes that tgosyp is a bit better than ugosyp. However, as a consequence
of the successive computations, the resulting tensor Gigosyp is not symmetric.

10.1.4 Other Truncations

Starting with an r-term representation v = ZZ:1®?:1U,(,j ), the procedure from
§8.3.3.2 allows an HOSVD representation in the hybrid format from §8.2.4, i.e., the
coefficient tensor a of v € 7, is represented in the r-term format R,..
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To avoid the calculations from §8.3.3.2 for large r, there are proposals to simplify
the_truncatlon In’ [120], reduced singular value decompositions of the matrices
w9 v are used to project vfﬂ ) onto a smaller subspace. For the correct
scaling of 09 define
W(j) = Hk;éj Hv(k)H5 Aj = wg‘j)vg])a e 7w7(‘j)v7(‘j) € KIjXT'

v v

The reduced left-sided singular value decomposition of A; = Z O'(J )u( )w( T

(s; =rank(A;)) yields agj ) and ug‘j). Note that s; <7 if #1; < 7. Deﬁne the ortho-
gonal projection Pj(”) =Y, u(])ug‘]) from K% onto span{u(J) 1<i<r;}

for some r; <s;. Application of P, := ® i=1F; (rs)

v:=P V—Z®(P(TJ 7)) Z®Z<v(3) u(J)> 25

v=1 j=1 v=1 j=1 i=1

to v yields the truncated tensor

The right-hand side is given in hybrid format (8.21). The error v — v is caused by
8j 4),,,(4)

) = (PJ_(TJ-) _I) o) = ZJ: <U§j>7u§j>>u§j> -y i (IJU_)_ 2

i=r;+1 i=r;+1 Wy

The latter equality uses the smgular value decomposmon of A The relative error
introduced in (7 10¢) is 67 = (|9 /][v$]]. Note that w05 = ||v,, || with
v, = ®?:1 vl(, Since {u( 1) < i < s;} are orthonormal,

G2 = ||y, || 2 N @Y ()
(69)2 = Ilv. | _Z+ (o) (w2’

follows. Orthonormality of w( 2 proves

SIS =303 3 () () -2 3 ()
v=1 J=1 v=1j=1i=r;+1 i

Remark 10.6. Given a tolerance € >0, choose the minimal j-rank r; <s; such that
ZJ DYy - +1( ) < 2. Then, the total error is bounded by

[V —v| < Vre.

Proof. Apply Remark 7.11. a

Differently from Theorem 10.3, no comparison with the best approximation can
be given.® Therefore, starting from a given error bound +/7¢, the obtained reduced

3 In [120, Theorem 2.5d], this approach is called ‘reduced HOSVD approximation’, although there
is no similarity to HOSVD as defined in §8.3.

6 As counterexample consider a tensor v = v’ 4 ev’/, where v/’ = v,, € R is taken from
(9.10) with n > 1/e, while v/ € R, _2 has a stable representation. Together, v has an r-term
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ranks r; may be much larger than those obtained from HOSVD. In this case, the
truncation v — Pv can be followed by the ALS iteration from §10.3.

A favourable difference to the HOSVD projection is the fact that the projections
P; are determined independently.

10.2 Best Approximation in the Tensor Subspace Format
10.2.1 General Setting

As in §9.1, two approximation problems can be formulated. Let V = ®‘;:1Vj be
a Banach tensor space with norm ||-||. In the first version we fix the format 7y :

Givenv € Vandr = (r1,...,74) € N,

determine u € 7, minimising ||v — u]|. (10.12)

Again, we may form the infimum
g(v,r):=¢e(r) :=inf{||v—ul:ueT}. (10.13)

The variation over all u € 7 includes the variation over all subspaces U; C V; of
dimension r;:

g(v,r)= _ inf inf ... inf inf |[v—ul,.
Uy, CVy with  Us C Vs with Uy CVy with u€®47 Uj
dim(Ul):T‘l dim(Ug):’l‘g dim(Ud):T‘d J=1

The existence of a best approximation u € 7, with ||v — u|| = ¢(v,r) will be
discussed in §10.2.2.2. Practical computations are usually restricted to the choice of
the Euclidean norm (see §§10.2.2.3-4).

In the following second variant the roles of r and (r) are reversed:’

Givenv € Vand e > 0,

. : . . 10.14
determine u € 7, with ||v — u|| < £ and minimal storage size. ( )

The following lemma is the analogue of Lemma 9.2 and can be proved similarly.

Lemma 10.7. Assume that V is a Hilbert tensor space with induced scalar product.
The best approximation from Problem (10.12) and at least one of the solutions of
Problem (10.14) belong to the subspace U(v) = || ®j:1 U;ni“(v) (cf. (6.21)).
Consequently, the statements from Lemma 9.2 are valid again.

representation, where the two terms related to v,, are dominant and lead to the largest singular
values aij ). The projection described above omits parts of v/, while ev’/ is hardly changed. The
ratio aij ) / aij ) o Ugj )ne is not related to the relative error.

7 In principle, we would like to ask for u € 7y with ||v — ul| < ¢ and r as small as possible, but
this question may not lead to a unique ry,in. The storage size of u is a scalar value depending of

r and attains a minimum.
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As an illustration, we discuss the Examples 8.26 and 8.27. The HOSVD pro-
jection (10.9) from Example 8.26 is already the best approximation. For Example
8.27 (with ¢ = 1/10) we make the symmetric ansatz u(¢,n) := @3 (Ex +ny).
Minimisation of ||v — u(§, n)|| over £,n € R yields the optimum

Upest := ®° (0.96756588 2+ 0.24968136 ), ||V — Upest|| = 0.120083,

which is only insignificantly better than ||v — ugosvp| = 0.120158 from (10.11).
In §10.2.2 we shall analyse Problem (10.12), where the rank vector r is fixed.
The second Problem (10.14) will be addressed in §10.3.3.

10.2.2 Approximation with Fixed Format

10.2.2.1 Matrix Cased = 2

The solution of Problem (10.12) is already discussed in Conclusion 2.32 for the
Euclidean (Frobenius) norm. Let r =71 =r9 < min{ni, ns}. Determine the singu-
lar value decomposition me{"l’m} o;u; ®v; of the tensor v € K™ @ K™2. Then
B; = [u1,...,u,] and By = [v1,...,v,] contain the optimal orthonormal bases.
The solution of Problem (10.12) is u = Z::ﬁ’z'ui ® v;. The coefficient tensor is

a = BHv = diag{o1,...,0,}. The error ||v — u| equals \/Zf“fﬁl’"ﬁ 2 (cf.
(2.26b)), while the maximised value ||B"v|| is />,_ 0Z. Non-uniqueness occurs
if 0, = 0,41 (cf. Conclusion 2.32).

10.2.2.2 Existence of a Minimiser

The following assumptions hold in particular in the finite dimensional case.

Theorem 10.8. Ler V = . H® 1V} be a reflexive Banach tensor space with a
norm not weaker than ||-|,, (cf. (6.18)). Then the subset T, C 'V is weakly closed.
For any v € V, Problem (10.12) has a solution, i.e., for given finite representation
ranks r; < dim(V;) there are subspaces U; C V; with dim(U;) =r; and a tensor
Upin € U = ®?:1 Uj such that

[V — min|| = ulél% [v —ull.

Proof. By Lemma 8.6, 7, is weakly closed. Thus, Theorem 4.28 proves the exis-
tence of a minimiser. O

For (infinite dimensional) Hilbert spaces Vj, the statement of Theorem 10.8 is
differently proved by Uschmajew [186, Corollary 23].

Concerning non-uniqueness of the best approximation, the observations for the
matrix case d = 2 mentioned in §10.2.2.1 are still valid for larger d.
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Remark 10.9. If d > 2 and dim(Vj;) > r; > 0 for at least one j € {0,...,d},
uniqueness8 of the minimiser u,,;, cannot be guaranteed.

10.2.2.3 Optimisation with Respect to the Euclidean Norm

The Hilbert structure enables further characterisations. Concerning orthogonal
projections we refer to §4.4.3.

Lemma 10.10. (a) Given a fixed subspace U = ||.||®j:1Uj, the minimiser of
lv — ul| overall u € U is explicitly described by

u= Pyv, (10.15a)
where Py is the orthogonal projection onto U. Pythagoras’ equality yields
IVI* = l[ull + v = ul|*. (10.15b)

(b) Py may be written as Kronecker product

d
Py = ® Py (PUT orthogonal projection onto Uy). (10.15¢)

j=1
Proof. 1) By definition of U := ®?:1Uj , this subspace is closed and (10.15a)

follows from Remark 4.122c. By Remark 4.122e, I — Py is the orthogonal projec-
tion onto U+, Since Pyv € U and (I — Py)v € U are orthogonal,

2 2
IVII* = llPuv + (I = Pu) v[I” = [|Puv]* + | (I - Pu) v|*

follows. Now, Pyv = uand (I — Py)v = v — uyield (10.15b).
2) (10.15¢) is trivial. Note that PU7 uses the closed subspace, since closeness of
U; is not yet assumed. a

Next, we consider the special case of finite dimensional V; = K, n; = #1;,
endowed with the Euclidean norm (and therefore also the Euclidean scalar product).
Letr = (r1,...,7q) be the prescribed dimensions and set J; := {1,...,r;}.
With each subspace U; of dimension r; we associate an orthonormal basis B; =
[bgj) . bg)] € K%i*7i, Then, Py, = BJ-B;-'| € K%*% is the orthogonal projection
onto’ U; (cf. Remark 4.122f). Using (10.15c), we obtain the representation

d d
Py = ®BjB§' =BB"  withB = ®Bj e KJ, (10.16)
j=1

j=1

wherel .= 11 x...xIgand J := J; X ... X Jg.

8 Since there are often misunderstandings we emphasise that uniqueness of umin is meant, not
uniqueness of its representation by a[iy - - - 4] and bgj ),
9 Note that Uj = 7] because of the finite dimension.
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Remark 10.11. Under the assumptions from above, the following minimisation
problems are equivalent:

d
i —u| = ' -BB"v||:B=&X)B,, B'B, =1}. (10.17
wip vl = min, {Iv- BBV B =@ B, BB =1} 1017

Jj=1

Proof. Any u € 7T, belongs to some subspace U = ®?:1Uj with dim(U;) = ry;
hence, u = BB"v holds for a suitable B proving ming||v —BB"v|| < |[v—ul|.
On the other hand, BB"'v belongs to 7; so that minye . |[v—ul| < ||v—BB"v||.0

Lemma 10.12. The minimisation problem u* := arg minye7, ||v — u| is equiva-
lent to the following maximisation problem: "

Find B with B = @?_, B;, B; e Ki*/i, BB, =1,

such that | BRv || is maximal.

(10.18)

If B := argmaxg | BHv||, then u* = Bawitha := B'v e k7. If B is a solution
of (10.18), also BQ with Q = ®j:1 Q; and unitary Q; € K7i*7i  is a solution.

Proof. As a consequence of (10.15b), minimisation of ||v — u/| is equivalent to the
maximisation of |[ul|. By Remark 10.11, u = BB"v holds for some orthogonal
matrix B so that

[u?= (u,u) = (BB"v,BB"v) = (B"v, B"BB"v) = (B"v, B"v) = | B"v|?
(cf. Exercise 8.15). The last assertion follows from ||BHv|| = |Q"B"v]||. 0

The reformulation (10.18), which is due to De Lathauwer-De Moor-Vandewalle
[43, Theorem 4.2]), is the basis of the ALS method described in the next section.

10.3 Alternating Least-Squares Method (ALS)

10.3.1 Algorithm

Problem (10.18) is an optimisation problem, where the d parameters are orthogonal
matrices B; € K’*/i. The function

gp(Blv R Bd) = ||BHV||2

is a quadratic function of the I3; entries. As discussed in §9.5.2.1, a standard method
for optimising multivariate functions is the iterative optimisation with respect to

10 The orthogonal matrices B ; from (10.18) form the so-called Stiefel manifold.
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a single parameter. In this case, we consider B; as one parameter and obtain the
following iteration (cf. De Lathauwer-De Moor-Vandevalle [43, Alg. 4.2], where
it is called HOOI: higher-order orthogonal iteration. We use the term ‘alternating
least-squares method’, although it is an alternating largest-squares method with the
side conditions B}"Bj =1).

Start | Choose B§0) € KLixJi (1 < j < d) (cf. Remark 10.16¢), set m := 1.
Loop | For j = 1 to d do compute B(-m) as maximiser of
B = argmax o(B{™,....B\") B;, BTV,
Bjwith BYB; =1
Set m := m + 1 and repeat the iteration.

., BU"Y) (10.19)

The concrete realisation will be discussed in §10.3.2. Here, we give some general
statements. Define v, € K712 X JimixIjxJipix..xJa by

Vj J+1

H
- (B§m> ®..0B™eideB" Ve...® Bf[”*”) v (10.20)
During the iteration (10.19) one is looking for an orthogonal matrix B; € KL%
so that B;'vj_,m has maximal norm. Here and in the sequel, the short notation B;,
when applied to a tensor, means id ® ... ® B; ® ... ® id.

Lemma 10.13. The maximiser B; [b( 2 b(J)] € K%*Ji is given by the first r;
columns (singular vectors) of U in the reduced left-sided singular value decomposi-
tion M;(Vjm)= UXVT. Moreover, BJB- = Pj(.H)OSVD is the HOSVD projection.

Proof. The statements are easily derived by || Bf'v; | R 5.8 M (B vjm)l =
H H T H

o= B vl = |BIUSVT = B 0
Remark 10.14. (a) The construction of B; requires rank(M,; (v, )) > r;, since,
otherwise, U has not enough columns. In the latter case, one either adds arbitrarily
chosen orthonormal vectors from range(U )" or one continues with decreased j-th
representation rank ;.

(b) If rank(M,(v;m)) = r;, any orthonormal basis B; of range(M;(v; n)) is
the solution of (10.19).

(c) Note that initial values BJ(-O) with range(BJ(-O)) 1 range(M(v)) for at least one
j>2leadtovy; =0.

In the sequel, we assume that such failures of (10.19) do not appear. We introduce
the index sets

Ij:{l,...,nj}, JjZ{l,...,T‘j}, I[j]z X Ik, J[j]z X Jk (10.21)
ke{l,...d}\j ke{l,...d}\{5}
L .— plm) (m) o glm=1 o (m—1) o T;x 3|
and the tensor Bjjj := B} " ®...® B; 1 @ B; | .® B, e Kf 7,

Remark 5.8 shows that
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M;(Vim) = M;(Bv) = M;(v)By).
This proves the first part of the following remark.

Remark 10.15. Assume rank(M (v, ,,)) > r;. Matrix U from Lemma 10.13 is
obtained by diagonalising

M) M (vim) = Mi(v) By Bl M, (v) = US?U".

All maximisers BJ(-m) from (10.19) satisfy range(BJ(-m)) C UMn(v).

Proof. Use range(B;m)) C range(M;(v)By;) C range(M;(v)) = U2 (v). O

Remark 10.16. (a) The function values #(B{™ ..., BY™, BTV, .. B V)
increase weakly monotonously to a maximum of @. The sequence B has a con-

vergent subsequence.

(b) The determined maximum of ¢ may be a local one.

(c) The better the starting values B ©) are, the better are the chances to obtain the
global maximum of ¢. A good ch01ce of B; ) can be obtained from the HOSVD
projection PHOSVD — ®J 1 B(O)B(O)H denoted by B®B®H in Corollary 10.2.

For a detailed discussion of this and related methods we refer to De Lathauwer-
De Moor-Vandevalle [43]. In particular, it turns out that the chance to obtain fast
convergence to the global maximum is the greater the larger the gaps aﬁj) ag )+1

are.

10.3.2 ALS for Different Formats

The realisation described above involves M;(v)B(;; € KL*Jul and its left-
sided singular value decomposition. The corresponding computations depend on the
format of v. Note that the choice of the format is independent of the fact that the
optimal solution u is sought in tensor subspace format 7,.. We start with the case of
the full tensor representation.

10.3.2.1 Full Format

The tensors v ,, or equivalently their matricisations M (v, ,,,) have to be deter-
mined. ' The direct computatlon of the iterate v ,, = B[ ;v from the tensor v costs

23— Hz lrgng phe+22 Zk it Hz lrgng «Tv¢ operations. This number

1 A precomputation of the Gram matrix C' := B[ 7l B[ i followed by the evaluation of the product
M (v)C M (v)H € KI>*I1 js more expensive.
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is bounded by 2 St FFpd—ht1 49 ZZ:jJrlfk_lnd_k”, where n := maxn;
and 7 := maxr;. If ¥ < n, the leading term is 2r; Hj e < 27nd.

Instead, one can determine B((im_l)H (B(m 1)®B(m 1)) ... at the expense
of more memory. Note that the sizes of these tensors are decreasing. Having com-

(™) one can obtain vy ,,, from B{™H (B @ @ BTy

S

etc. Using these data, we need
j7
j=2 k=1 Le=1 £=j+1

23114 11

l=j

operations to determine all d tensors Vi, V2 m, - - -, Vd,m.

As so0n as v, is determined, the computation of M (v, )M (V)" and
its diagonalisation requires nf IL £ Te+ %n? operations.

We summarise the total cost per iteration m +— m + 1 for different ratios r/n.
(a) If 7 < n, the leading cost is 47n?.
(b) If 7 < n, the asymptotic cost is n?7[4 + 6L + (L)=2 4 O((L)?)].
(c) If 7 = n, so that 7 < n can be used, the leading bound is (d? + 2d — 2)n?+1.

10.3.2.2 r-Term Format

Now v= El 1®7 lv ) is assumed. The projections v +—» BHV can be performed
independently for all j:
wl(]) = B;'vlm e K

(cost: 2r Z;l:l r;n;). The projected iterate v, = B'['}]v (cf. (10.20)) takes the
form
=3 (@) ot s @ ult)

i=1 k=j+1
H

Therefore, the computation of M (v; )M, (v;m)" € KXl requires similar
Gram matrices G, as in (8.34a), but now the entries are scalar products <w,(,k) , w&k))
in K7/ instead of K’7. Furthermore, the QR decomposition [v%ﬂ ). ] QiR
with 7 = rank(Q;R;) < min{n;,r} (line 3 in (8.34a)) can be performed once
for all. The matrix U; from the diagonalisation M (v m)M; (v m) = U; ;U
is obtained as in (8.34a). Repeating the proof of Remark 8.30, we obtain a total
computational cost of

d

. o 8. .
Z (rQTj + 21"27’j + T’I’? + 51"? + 2r;7in; + 27’Tjnj> (10.22)
j=1
per iteration m +— m + 1. For r < n := max;n;, ¥ = max;r; < n, the

dominating term is 4drrn.
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10.3.2.3 Tensor Subspace Format

We recall that the index sets J;, J, and J; together with the representation ranks
r; are fixed in (10.21) and used for the format of the optimal solution u € 7, of
Problem (10.12). For v € V = K! we introduce representation ranks s; and

Ji={l sy, I=Jixooxda Jyp= X A, (10230)
ke{1,....d}\{j}
and assume

acKJ, B € KlixJi,

B_g' B s (1023b)
Jj=

V = Porth (é, (Bj)?zl) Ba with {

and I; and I from (10.21). If v is given in the general format pfame, one has first to
orthonormahse the bases (cf. §8.2.3.2).

The bases from (10.23b) determine the spaces U; := range(Bj). According
to Remark 10.16c, one should compute the HOSVD representation (and the corre-
sponding truncation to 7). If B; is the HOSVD basis, even U; = U“““( ) holds;
otherwise, U I“‘“( ) C Uj;. We recall that the best approximation u = Upest € Ty
of Problem (10.12) belongs to U;"i“(v) (cf. Lemma 10.7):

d
Upest € U(V) 1= ® U;"i“(v) and U;"i“(v) C U; = range(B;). (10.23c)
j=1
The usual advantage of the tensor subspace format is that the major part of the
computations can be performed using the smaller coefficient tensor &. This state-

ment is also true for the best approximation in 7. Because of (10.23c), there is a
coefficient tensor €p,es¢ Such that

Upest = Eébcst-
Orthonormality of the bases B; ensures that
[V — Upest || = [|& — Epest]|
holds for the Euclidean norms in K! and K7 , respectively.

Proposition 10.17. (a) Minimisation of ||[v—ul| over Te(K') is equivalent to
minimisation of ||a — &|| over To(K?). If @pest is found, Upes; := Bépos is the
desired solution. _ _ X

(b) Let €yest —porth( (ﬁj)j 1) with a€ K? and ;= [ﬁ . -ﬁg)] e K7i*7i pe
the representation in 7}(K‘]) and set 8 := ®° =1 Bj- Then

a€K’, B; = B;B; e Klix/i,

Ubest = Porth (a7 (37)(;:1) =Ba with {B = BIB e KIxJ

is the orthonormal tensor subspace representation of Upest.-
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Proof. Part (b) follows by Remark 8.21. a

Application of the ALS iteration to & € KJ requires the cost stated in §10.3.2.1
with n; replaced by s; := #J;.

10.3.2.4 Hybrid Format

Proposition 10.17 holds again, but now & is given in r-term format. The cost of one
ALS iteration applied to & €KY is given by (10.22) with n; replaced by s; := #jj.

10.3.2.5 Special Caser = (1,...,1)

An interesting special case is given by
rj =1 foralll <j<d, ie,r=(1,...,1),

since then
H
max BT = [lv][v

describes the injective crossnorm from §4.3.4 and §4.5.2. De Lathauwer-De Moor-
Vandewalle [43] propose an iteration, which they call the higher order power
method, since, for d = 2, it corresponds to the power method.

The basis B; € K'7*7 from (10.17) reduces to one vector b@) := b\"). The
mapping

BV =t g @bl Mgidebi-Ve. obd"ecL(v,V))
acts on elementary vectors as

d
Bl <®U<k>> — T (v®,6®) | w0,
k=1

k#j

The higher order power method applied to v € V can be formulated as follows:

start choose b¥), 1 < j < d, with ||p0)| =1

iteration forj:=1toddo

m=1,2,...|begin b@ := BUl(v); X:=|b@]|; b := b /X end;
return u:= )\®;l:1 b9 € Ta,...1)-

For further comments on this method see the article De Lathauwer-De Moor-
Vandevalle [43, §3].
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10.3.3 Approximation with Fixed Accuracy

Consider the tensor space V = ®j \V; with V; = K1, n; = #1I;, equipped
with the Euclidean norm. A tensor from V given in the format v € 7g with tensor
subspace rank s=(s1, ..., s4) € N requires storage of size

d
Ny = Z sin; + H 5 (cf. Remark 8.7a,b).

An approximation u € 7, with r <s leads to a reduced storage N, (cf. Footnote 1).
Given some £ > 0, there is a subset R. C N¢ of smallest vectors r € N¢ with the
property minge7, |[v — uf| < ¢, ie.,!?
0<r<s, min v—u| <¢g, and
R.:={reng. 0ST<s miter |v-ul<e, -
r=0 or mingey; [v—ul| >ecforal0 <s sr

Let r* be the minimiser of min{ N, : r € R.} and choose a minimiser'* u* € 7y«
of min{|[v —ul| : u € Ty }. Then, u* is the solution of Problem (10.14). Since
neither r* € N¢ nor u* € 7, are necessarily unique minimisers, and in particular
because of the comment in Footnote 13, Problem (10.14) admits, in general, many
solutions.

To obtain R. we need to know the minimal errors €, := minye7,||[v — u||. As
seen in §10.3, the computation of €, is not a trivial task. Instead, we shall use a
heuristic strategy which is again based on the higher order singular value decompo-
sition.

First, one has to compute the HOSVD tensor subspace representation of v. This
includes the determination of the singular values cr (1 <j<d,1<i<s;) and
the corresponding basis vectors bgj ). The reduction in memory size is the larger the
more basis vectors bz(-J ) can be omitted. More precisely, the saved storage

ANJ'(S) Z:NS — Ns(j) =n; + Hsk with S(j) = ( sy Si—1,55 — 1, Sj+1,-- .),
k#j

depends on the size of n; and s. Consider the maximum over all AN;(s)/ (Ugf ))2,
which is attained for some j*. Dropping the component corresponding to b('

yields the best decrease of storage cost. Hence, v is replaced by u := P(S HOS)VDV
(projection defined in Lemma 10.1). Note that u € 7y for r := s( ). Since the
values AN;(r) for j # j* are smaller than AN;(s), the singular values are now

weighted by AN,(r)/ (07(3))2. Their maximiser j* is used for the next projection

12 The exceptional case r = 0 occurs if ||v|| < e. Then u = 0 € 7o is a sufficient approximation.

13 To solve Problem (10.14), it suffices to take any u* € 7y with ||[v — u*|| < e. Among all
possible u* with this property, the minimiser is the most appreciated solution.
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e —1 . . :
u = Pj(f fHOS)\,Du. These‘*reductlons are repeated until the sum of the omitted
squared singular values ag*) does not exceed 2. The corresponding algorithm

reads as follows:

start | u := v; r :=s; 7 := £2, compute the HOSVD of v |1
loop | J := {je{l,...,d}:(ag))2<7}; 2
if J = () then halt; 3
determine AN;(r) for j € J; 4 (10.24)
Jj* = aurgmax{ANj(r)/(ag))2 1j € J} 5
u:= Pj:ﬁ;c—)SVDu; Ti=T— (07(5:))2; 6
if rj« > 1thensetr := rU") and repeat the loop |7

In line 2, directions are selected for which a projection PJ‘(,E(;&/D yields an
approximation u satisfying the requirement ||[v — u|| < e. In line 6, the previous
approximation u € 7, is projected into u € 7,¢;+), where the j*-th rank is reduced
from 7~ to rj«—1. If rj« =1 occurs in line 7, u = 0 holds. The algorithm terminates
with values of r € N¢, u € 7y, and 7 > 0.

Thanks to estimate (10.4b), the inequality [|[v — u||* < &2 — 7 < 2 holds with 7

determined by (10.24). However, as discussed in §10.1.3, the estimate (10.4b) may
be too pessimistic. Since v — u L u, the true error can be computed from

2 2 2
v =" = [[v[" = [u]

(note that [|v]|*> = 3% (¢7)2 for any 7). If a further reduction is wanted, algo-
rithm (10.24) can be repeated with u, r and £2— ||v—ul|® instead of v, s and 2.

The proposed algorithm requires only one HOSVD computation in (10.24).
In principle, after getting a new approximation u in line 6, one may compute a
new HOSVD. In that case, the accumulated squared error €2 — 7 is the true error
v —u|)® (cf. Theorem 10.5).

10.4 Analytical Approaches for the Tensor Subspace
Approximation

In the following, we consider multivariate function spaces V. = ®?:1Vj and
use interpolation of univariate functions from V;. We may also replace functions
f € V; by grid functions f € K% with the interpretation f; = f(&) (&, i € I;:
grid nodes). Then, all interpolation points appearing below must belong to the grid
{& : i € I;}. Interpolation will map the functions into a fixed tensor subspace

d
U=Q)U,CV, (10.25)

Jj=1
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which is equipped with the norm of V. Note that U C 7, withr = (r1,...,74) .

As remarked at the beginning of §9.7, the following techniques can be used for
practical constructions as well as for theoretical estimates of the best approximation
error (v, r) from (10.13).

10.4.1 Linear Interpolation Techniques

10.4.1.1 Linear Interpolation Problem

Here, we omit the index j of the direction and rename r;, U;, V; by r, U, V.

For r € Ny fix a subspace U C V' of dimension r and define linear functionals
A; € V* (1 < i < r). Then the linear interpolation problemin V reads as follows:
Given \; e K (1 <i <), find f € U with

Ai(f)y =N forl <i:<r. (10.26a)

In most of the cases, A; are Dirac functionals at certain interpolation points &;, i.e.,
A;(f) = f(&;). Then, the interpolation conditions for f € U become

f&)=X  for1<i<r (10.26b)

The Dirac functionals are continuous in C'(I) or Hilbert spaces with sufficient
smoothness (Sobolev embedding). In spaces like L?(I), other functionals A; must
be chosen for (10.26a).

Remark 10.18. (a) Problem (10.26a) is uniquely solvable for all \; € K, if and
only if the functionals {A; : 1 < i < r} are linearly independent on U.

(b) In the positive case, there are so-called Lagrange functions L; defined by
L;eU (1 <i<r)and

Ay(Ly) = 0y 1<v,u<r). (10.27a)

Then, problem (10.26a) has the solution

f=> \Li. (10.27b)
1=1

In the following, we assume that the interpolation problem is solvable. The
Lagrange functions define the interpolation operator Z € L(V,U) by

(f) = Z Ai(f)Li € U;. (10.28)
=1

Remark 10.19. 7 € L(V,U) is a projection onto U. The norm Ctap, := || Z;]|,,,
is called the stability constant of the interpolation Z.
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The estimation of the interpolation error f —Z(f) requires a Banach subspace
W CV with a stronger norm of f € W (e.g., W =CPT (1) &V =C(I) in (10.35)).

10.4.1.2 Linear Product Interpolation

d
e

Let the function f(x) =f(z1,...,z4) be defined on a product domain I:= X

For each direction j, we assume an interpolation operator

_ jAgﬂmLm

involving functlonals A(J ) and Lagrange functions L(J ) Interpolations points are

denoted by ¢
In the sequel we assume that ||-|| is a uniform crossnorm. Then, the multivariate
interpolation operator (product interpolation operator)

d d d
I:=Q7L: V= 1QV U=QU,cV (10.29)
< & &

is bounded by Cgap, 1= H?Zlcstab,j. Application of Z to f(x) =f(x1,...,x4) can
be performed recursively. The following description refers to the Dirac functionals
in (10.26b). Application of Z; yields f1y(x) = X0 £(6, 2o, ..., 2a) L (21).
7> maps into

fz) (x ZikzwmvawwM%mMﬂm.

7,1 17,2 1

After d steps the final result is reached:

fay(x) = Z Zf“,... NI (@) € U.

11 1 Zd 1 ]:1

U

Remark 10.20. Even the result f;_) is or interest. The function
d—1

d—1 j
S S e € ) T L)
11 1 ld 1= =1 ]:1
belongs to (®j 11 U, ) ® Vd For fixed values {5 11<i<r;,1<j<d-—1}the
function f (51(11 e ,{}dil , @) is already univariate.

Interpolation is a special form of approximation. Error estimates for interpolation
can be derived from best approximation errors.

Lemma 10.21. Let Csap,; be the stability constant of L; (cf. Remark 10.19). Then
the interpolation error can be estimated by
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If = Zi(Dlly, < (L + Caan,) mE{(Lf = glly, : 9 € Uj}-

Proof. Split the error into [f — Z;(g)] + [Z;(9) — Z;(f)] for g € U; and note that
Z;(g) = g because of the projection property. Taking the infimum over g € U; in

If =Zi(Dlly, < I1f = glly, +1Zi(g = Hlly, < @+ Csang) [1f = gl »

we obtain the assertion. O

The multivariate interpolation error can be obtained from univariate errors as
follows. Let

j—1 d
& (f) :=inf{|f—g|:ge RQVilel;e| Q V; } (10.30)
k=1 k=j+1

for 1 < j < d be the best approximation error in j-th direction.

Proposition 10.22. Let the norm of 'V be a uniform crossnorm. With ¢;(f) and
Cstab,j from above, the interpolation ervor of I from (10.29) can be estimated by

d

IE—Z()) <)

j=1

Jj—1

H Ostab,k

k=1

(1 + Chtab,j) &5(f)-

Proof. Consider the construction of f(; from above with f(o) := f and f(4) = Z(f).
The difference f(; 1) — f(;) inf —Z(f) = 2?21 (f;—1) — f(;)) can be rewritten as

f(jfl) —f(j) = [Il ®I2®...®Ij—1®(I—Ij)®id®...®id] (f)

l(@=)+(2)

Thenormof [... ® id® (I —Z;) ® id ® .. .] (f) is bounded by (1 + Can ;) €5 (f)
(cf. Lemma 10.21). The operator norm of the first factor is Hfg;ll Cstab, because
of the uniform crossnorm property. O

i[d®.. ®ido(I-1)®id...oid(f).

10.4.1.3 Use of Transformations

We return to the univariate case of a function f defined on an interval 1. Let

¢ : J — I be a mapping from a possibly different interval J onto I and define
F:= foq. (10.31a)

The purpose of the transformation ¢ is an improvement of the smoothness proper-
ties. For instance, ¢ may remove a singularity.'* Applying an interpolation Z; with
interpolation points &/ € .J to F, we get

14 f(z) = \/sin(z) in I = [0,1] and = = ¢(y) := y? yield F(y) = /sin(y2) € C.
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F(y) = (Z;(F)) (y) = Z F(EHL] (y). (10.31b)

The error estimate of F' — Z;(F') may exploit the improved smoothness of F. We
can reinterpret this quadrature rule on .J as a new quadrature rule on I:

fz) = (Z;(F) (¢~ (z)) = ZF(@J)LiJ(sb*l(x)) =Li(f)(x)  (10.31c)

with Z;(f) = 320, AJ (LT, AL(f) = f(&]), ¢ = (&), L] = Lo o™

Remark 10.23. (a) Since (Z;(f o ¢)) (¢~ 1()) = Z;(f), the supremum norms of
the errors coincide: || f — Z;(f)[|; o = [[F = Zs(F)l ) o -

(b) While L%] may be standard functions like, e.g., polynomials, Lf = L%] o¢p~ ! are
non-standard.

10.4.2 Polynomial Approximation

10.4.2.1 Notations

LetI = Xd _1 I;. Choose the Banach tensor space C(I) = ®j 1 C) e
V; =C(L ) The subspaces U; C V; are polynomial spaces P, where

P v
Pp = {Zu:o a,x” 1 a, € K} .
The tensor subspace U from (10.25) is built from U; = P,
p_® Py, COM  withp = (p1,....pa).

Note that U = P, C Ty requires p; < 7; — 1.

10.4.2.2 Approximation Error

The approximation error is the smaller the smoother the function is. Optimal
smoothness conditions hold for analytic functions. For this purpose, we assume that
a univariate function is analytic (holomorphic) in a certain ellipse.

22 g2
Ea,b::{zeC:z:x—i—zy,?—i—b—le}

is the ellipse with half-axes a and b. In particular,

€ =By -1 Torp>1
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is the unique ellipse with foci £1 and p being the sum of the half-axes. The interior
of &, is denoted by 5 Note that the interval [—1, 1] is contained in 5 because of
p > 1. &, will be called regularity ellipse, since the functions to be approxunated
are assumed to be holomorphic in 50,,.

The main result is Bernstein’s theorem [14] (proof in [46, Sect. 8, Chap. 7]).

Theorem 10.24 (Bernstein). Let f be holomorphic and uniformly bounded in éo’p
with p > 1. Then, for any p € Ny there is a polynomial P, of degree < p such that

I = Poll—1,17,00 < Hf”g oo (10.32)
A general real interval [z, x2] with 21 < x4 is mapped by &(z) := 2352:2) -1

onto [—1, 1]. We set

Ep[r1,w2]) == D71(E))

e

+ Y < ( T2 — 581) }
(p+1/p)°  (p=1/p)* "\ 4
Corollary 10.25. Assume that a function f defined on I = [z, x2] can be extended

holomorphically onto &,(I) with M := sup{|f(z)| : z € &,([x1,x2])}. Then, for
any p € N there is a polynomial P, of degree < p such that

:{ZE(C: z=x+ 1y,

2p7P
1f = Pyl < 225

M. (10.33)

The next statement exploits only properties of f on a real interval (proof in
Melenk-Bérm-Lohndorf [146]).

Lemma 10.26. Let f be an analytical function defined on the interval I C R of
length L. Assume that there are constants C,~ > 0 such that

dean <Cnly"  foralln € N. (10.342)

Then, for any p € Ny there is a polynomial P, of degree < p such that

(1)
2) Y (10.34b)

I1F = Pyllj e < 4eCA+L) (4 1) (14 7
Corollary 10.27. With the notations from §10.4.2.1 assume that f € C(I) is
analytic in all arguments. Then the best approximation error ¢;(f) from (10.30)
can be estimated by

2M; .
g;(f) < 1P i (pj>1,1<j<d)),
pj —
if for all zy, € I, (k # j), the univariate function f(x1,...,2j_1,0,2j41,...,24) €

C(I;) satisfies the conditions of Corollary 10.25. The estimate
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. . 2

gj(f) <C" (p+1)p;” with p; ::1+7_L

holds, if f(z1,...,2;—1,9,241,...,24) fulfils the inequalities (10.34a). In both
cases, the bound of ¢;(f) decays exponentially like O(pj_p 7) as pj — 0.

10.4.3 Polynomial Interpolation

10.4.3.1 Univariate Interpolation

The univariate interpolation by polynomials is characterised by the interval I =
[a,b], the degree p, and the quadrature points (§;)?_, C I. The interval can be
standardised to [—1, 1]. An interpolation operator Z_; ;j on [—1, 1] with quadrature
points (&;)?_, C [—1,1] can be transferred to an interpolation operator Zia,p) on
[a, b] with quadrature points (@(&;))Y_,, where @ : [—1,1] — [a,b] is the affine
mapping ®(z) = a + % (b—a) (z+ 1). The interpolating polynomials satisfy
Tiap)(f) = Zi—1,y(f 0 @).
The Lagrange functions L, from (10.27a) are the Lagrange polynomials

I—&
Lx)= ][ cE
i€{0,..p\{v} Y >

They satisfy LI = LL 5 o g1,
A well-known interpolation error estimate holds for functions f € CP*1(I):

P

[I-¢)

=0

1 —Z() o, < 22y £ with €, (2) =

=< BT (10.35)

I,00

The natural Banach space is V = (C(1), |||, » )-

Remark 10.28. (a) If Zj, ;) (f) = Zj—1,1(f o @) are polynomial interpolations of
degree p, then C,(Zjq ) = Cu (I[_Ll])(b_T“)pH.
(b) The stability constant Cap, = || Z{4,) | v+ does not depend on the interval [a, b].

The smallest constant C,,(Z;_1]) is obtained for the so-called Chebyshev inter-
polation using the Chebyshev quadrature points

§i_cos(i;—+1/127r) e [-1,1] (i=0,...,p),

which are the zeros of the (p + 1)-th Chebyshev polynomial T}, 1.

Remark 10.29 ([164]). The Chebyshev interpolation of polynomial degree p leads
to the constants

2
Co(Zi—11) =27""" and Cyar <14 =log(p+1).
’ m
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10.4.3.2 Product Interpolation

Given polynomial interpolation operators Z; of degree p; on intervals I, the product
interpolation is the tensor product

d
T:=@Q)Z;: C(I) = Pp.
j=1

Under the conditions of Corollary 10.27, the approximation error ¢ ;(f) from (10.30)
decays exponentially: ¢;(f) < O( pj_p 7). Hence, Proposition 10.22 yields the result

j—1
H Cstab,k

k=1

d
If—Z(E)l <

(1 + Cstab,j) €j (f) < O(m?X p;pj).
Jj=1 ’

For Chebyshev interpolation, the stability constants Csap,; < 1 4 %log (pj +1)
depend only very weakly on the polynomial degree p;.

10.4.4 Sinc Approximations

The following facts are mainly taken from the monograph of Stenger [177].

10.4.4.1 Sinc Functions, Sinc Interpolation
The sinc function sinc(z) := % is holomorphic in C. Fixing a step size h > 0,
we obtain a family of scaled and shifted functions

) _sin [r(x—kh)/R)]

S(k, h)(w) 1= sinc (T~ @ F TR

- (h>0,keZ). (1036)

Note that S(k, h) is a function in & with two parameters k, h.
Remark 10.30. The entire function S(k, h) satisfies S(k, h)(¢h) =0y, forall £ € Z.

Because of Remark 10.30, S(k,h) can be viewed as Lagrange function Ly
corresponding to infinite many interpolation points {kh : k € Z}. This leads to
the following definition.

Definition 10.31 (sinc interpolation). Let f € C(R) and N € Ny. The sinc inter-
polation in 2N + 1 points {kh : k € Z, |k| < N} is denoted by'>

15 Only for the sake of convenience we consider the sum >~ . ... One may use instead

gi_ Ny where N7 and N> are adapted to the behaviour at —oo and +o0, separately.
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N
Cn(f,h) = Y f(kh)S(k,h). (10.37a)
k=—N
If the limit exists for N — oo, we write

C(f,h) = i F(kh)S(k, h). (10.37b)

k=—o0

The corresponding interpolation errors are

EN(fvh) :f_ON(fvh)a E(fa h) :f_c(fa h) (10.37¢)
Lemma 10.32. The stability constant in ||Cn(f,h)|.. < Cstan(N) ||f]l« for all
I € C(R) satisfies

Cant(N) < 2 (3 +108(N))  (f 1177, p. 1421).

Under strong conditions on f, it coincides with C(f, h) (cf. [177, (1.10.3)]).
Usually, there is an error E(f, h), which will be estimated in (10.40). The speed,
by which f(x) tends to zero as R 5 x — 400, determines the error estimate of
C(f,h) — Cn(f,h) = En(f,h) — E(f,h) (cf. Lemma 10.34), so that, finally,
En(f,h) can be estimated.

The error estimates are based on the fact that f can be extended analytically from
R to a complex stripe D5 satisfying R C ®; C C:

Ds:={z€C:|Smz| <} (6 >0). (10.38)
Definition 10.33. For § > 0 and f holomorphic in ®;, define

1£llo, = /6 NCEE / (If (e + i) + |f—id))dz (1039

(set || f[l o, = oo, if the integral does not exist). Then, a Banach space is given by

H(Ds) := {f is holomorphic in D5 and [/ f|5, < oo}

The residual theorem allows to represent the interpolation error exactly:

_ sin(mz/h) f©)
E(f,h)(z) = —— /Bm (C—z)sin(w(/h)(K forall z € D,

(cf. [177, Thm 3.1.2]). Estimates with respect to the supremum norm ||-|[ . or
L?(R) norm have the form'¢

16 For a proof and further estimates in L2 (R) compare [177, (3.1.12)] or [86, §D.2.3].
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1fllo,

[E(f, )]l < 373 smh(55) (10.40)

Note that m < 2exp(—* %) decays exponentially as h — 0.

While E(f,h) depends on H fllo, and therefore on the behaviour of f in the
complex plane, the difference E(f, h) — En(f, h) hinges on decay properties of f
on the real axis alone.

Lemma 10.34. Assume that for f € H(Ds) there are some ¢>0 and o> 0 such that
If(@) <c-e =l forallx € R. (10.41)

Then, the difference E(f,h)—EN(f,h)=3 ;s nf(kh)S(k, h) can be bounded by

2
1B ) = Bx(fh) ]l < e ™ (1042)

oo —

Proof. Since E(f,h) — En(f,h) = Z|k|>N f(kh)S(k,h) and | S(k, k)|, <1
the sum 3, - | f(kh)| can be estimated using (10.41). O

To bound | Ex (£, 1)l < |E(f.h)lls, + IE(fh) — Ex(f.h)|, optimally.
the step width h has to be chosen such that both terms are balanced.

Theorem 10.35. Let f € H(Ds) satisfy (10.41). Choose h by

hi=hy = % (10.43)

Then the interpolation error is bounded by

| En(f,h) <\/7 —VrmadN [ [1_!1”5;;]\/_ \/20_ (10.44)

The right-hand side in (10.44) behaves like || Ex (f, h)| ., < O(exp{—CV/N }).

Proof. Combine (10.40) and (10.42) with h from (10.43). a

Inequality (10.40) 1mp11es that, given an e > 0, accuracy |En(f,hn)|,, < €
holds for N > C~2log*(%) + O(log 1).

Corollary 10.36. A stronger decay than in (10.41) holds, if

.
If(x)| <c-e” @ ] for all z € R and some y > 1. (10.45)

Instead of (10.42), the latter condition implies that

2c

_ _ 2l
o < N =TT exp(—a (Nh)7). (10.46)

IE(f,h) — Ex(f, )|
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The optimal step size h := hy := (%)1/(’%1) N—7/0+D) Jeads to
0
|EN(fhn)lloo < O(e"ON7H) forall 0 < € < a7 (r6) 77 . (1047)

To reach accuracy ¢, the number N must be chosen > (C~!log(1/¢)) D/

Proof. See [86, Satz D.2.11]. O

For increasing -, the right-hand side in (10.47) approaches O(e~“"V) as attained
in Theorem 9.29 for a compact interval. A bound quite close to O(e~ ") can be
obtained when f decays doubly exponentially.

Corollary 10.37. Assume that for f € H(®D;) there are constants ¢, ca,c3 > 0
such that

|f(@)] < e1 - exp{—cee®!*l}  forall z € R. (10.48)
Then
2C1 C%Nh e*CgNh
|E(f h) — En(f,h)]l < — exp ( — coe®N) ——— (10.49)
CaC3 h
Choosing h := hy = J{[V , we obtain

—7r503N)

with C — 1o, for N—o00. (10.50)
log N

|En(£. 1)l < Cexp( -

Accuracy & >0 follows from N > C. (log 1)-log(log 1) with C. = 1:50( ) as £ — 0.

Proof. See [86, Satz D.2.13]. O

10.4.4.2 Transformations and Weight Functions

As mentioned in §10.4.1.3, a transformation ¢ : J — I may improve the smooth-
ness of the function. Here, the transformation has another reason. Since the sinc
interpolation is performed on R, a function f defined on I must be transformed into
F := fo¢forsome ¢ : R — I.Evenif I = R, afurther substitutionby ¢ : R — R
may lead to a faster decay of | f(z)| as |x] — oco. We give some examples:

I transformations x=¢(C)
(2) (0’ 1] (b(c) = coskll(g) or cosh(smh( ) (cf. [112])
(b) |[1,00) ¢(¢) = cosh(¢) or cosh(sinh(())
© [(0,00) | (¢) = exp(¢)
@ | (=50,00) | #(¢) = sinh(¢)

One has to check carefully, whether F' := f o ¢ belongs to H(D) for a positive ¢.
The stronger the decay on the real axis is, the faster is the increase in the imaginary
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axis. The second transformations in the lines (a) and (b) are attempts to reach the
doubly exponential decay from Corollary 10.37. The transformation from line (d)
may improve the decay.

Let f be defined on I. To study the behaviour of F'({) = f(¢(¢)) for ( — +o0,

it is necessary to have a look at the values of f at the end points of I. Here, different
cases are to be distinguished.
Case A1: Assume that f is defined on (0, 1] with f(x) — 0 asz — 0. Then F'({) =
f(1/ cosh(¢)) decays even faster to zero as ¢ — £o0. Note that the boundary value
f(1) is arbitrary. In particular, (1) = 0 is not needed. Furthermore, since F'({)
is an even function, the interpolation Cn (F,h) = Zivzf N F(kh)S(k, h) from
(10.37a) can be simplified to C (F, h) = F(0)S(0,h) + 23, F(kh)S(k, h),
which, formulated with f = F o ¢!, yields the new interpolation scheme

N
Cn(f,h)(@) = F()Lo(x) + 2 f(somommy) L (@)
k=1
with Ly (z) := S(k, h)(Arcosh(1)). Area hyperbolic cosine Arcosh is the inverse
of cosh . Note that C'y involves only N + 1 interpolation points & = 1/ cosh(kh).

Case A2: Take f as above, but assume that f(z) — ¢ # 0 as ¢ — 0. Then
F(¢) — cas ¢ — £oo shows that F fails to fulfil the desired decay to zero.

Case B: Let f be defined on (0, 00) and set F'(¢) := f(exp(¢)). Here, we have to
require f(z)— 0 for x — 0 as well as for z — co. Otherwise, F fails as in Case A2.

In the following, we take Case A2 as model problem and choose a weight func-
tion w(z) with w(z) > 0 for z > 0 and w(x) — 0 as x — 0. Then, obviously,
fw = w - f has the correct zero limit at z = 0. Applying the interpolation to

Fu(Q) = (w- f) (¢(Q)) yields

N
Fu(Q) = Cn(Fu, h)(C) = Y Fu(kh) - S(k,h)(C).
k=—N

Backsubstitution yields w(z) f (z) &~ Ziv:fzv (w-f)(d(kh))-S(k,h)(¢~*(x)) and

N

f@) = Cn(fh) (@) == > (w-f) (¢(/€h))w

fi 1].
() orz € (0,1]
k=—N

The convergence of |f(z) — Cn(f,h)(x)| as N — oo is no longer uniform.
Instead, the weighted error

If = Cn(fi )l = llwlf = Cn (£ 1)]lloo
satisfies the previous estimates. In many cases, this is still sufficient.

Example 10.38. (a) The function f(x) = 27 is analytic in (0, 1], but singular at
x = 0 with lim,_,¢ f(z) = 1. Choose w(z) := 2 for some A > 0 and transform by
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¢(¢) = 1/ cosh(¢). Then F,(¢) = (cosh(¢)) ™ <) behaves for ¢ —+o0
like 2* exp(—A[¢]). It belongs to H(D;) for 6 < m/2 (note the singularity at
¢ = +mi/2). Therefore, Lemma 10.34 can be applied.

(b) Even if f is unbounded like f(z) = 1/+/z, the weight w(z) := x*/2* leads to
the same convergence of F,, as in Part (a).

10.4.4.3 Separation by Interpolation, Tensor Subspace Representation

We apply Remark 10.20 for d = 2, where the interpolation is the sinc interpolation
with respect to the first variable. Consider a function f(z,y) withz € X andy € Y.
If necessary, we apply a transformation x = ¢(¢) with ¢ : R — X so that the first
argument varies in R instead of X. Therefore, we may assume that f(z, y) is given
with z € X = R. Suppose that f(z,y) — 0 as |x| — Foo. Sinc interpolation in z
yields

N
fa,y) = Cn(f(y),h)(@) = > fkh,y)- Sk, h)(x).

k=—N

The previous convergence results require uniform conditions with respect to y.

Proposition 10.39. Assume that there is some 6 > 0 so that f(-,y) € H(Ds) for all
y € Yand||[ fl|l:==sup{[lf(,¥)llo, : y € Y} < oo. Furthermore, suppose that
there are ¢ > 0 and o > 0 such that

lf(z,y)| <c-e Bl forallz eR, yeY.

Then the choice h := % vields the uniform error estimate

N —V7adN A1 2¢
IEN(f(»y),h)IS\/;e [wu—eméN]\/N_(er\/ﬁ (yeY).

Proof. For any y € Y, the univariate function f(-,y) satisfies the conditions of
Theorem 10.35. Inequality || (-, )5, < [I[ f || proves the desired estimate. O

If f(z,y) — 0as |z| — oo is not satisfied, the weighting by w(z) has to be
applied additionally. We give an example of this type.

Example 10.40. Consider the function f(x,y):= ﬁ for z, y € (0, 00). Choose the
weight function w(z) :=2 (0 < @< 1). Transformation z = ¢(¢) := exp(¢) yields

exp(aq)

oGy =le@f@l| | =m0

One checks that F,, € H(D;) forall § < 7. The norm || f(-,y)l|5, is not uniquely
bounded for y € (0, o), but behaves like O(y®~1):
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-1 _ —VmadN )

e for

@) [f@.y) = Cn(FCp. @) <0
o e _ On(Fu(y),h)(log(@) _ s~ e S(k, h)(log(x))
. : 3 .

w(z y+ekh w(z)

k=—N

The interpolation yields a sum of the form Fiy(x,y) := szv:d\[ Tie(y) L (x)
with Ly, being the sinc function S(k, h) possibly with a further transformation and
additional weighting, while fy(y) are evaluations of f(x,y) at certain xj. Note that
Fy € R2N+1.

Next, we assume that f(z1,22,...,24) is a d-variate function. For simplicity
suppose that all z;; vary in R with f — 0 as |z;| — oo to avoid transformations.
Since interpolation in x; yields

N,
f(l)(xhx?u"'u‘rd): Z f(l),kl(x27"'7xd)'S(kluh)(xl)'

ki=—N;

Application of sinc interpolation to f(1) (2, ..., zq) With respect to x5 separates
the x5 dependence. Insertion into the previous sum yields

N1 No
for @i ma)= > > Feprm @ss. . za) Sk, h)(@)- S(ka, h) (@2).

klszl k2:7N2
After d — 1 steps we reach at

Ny Ng_1

fa—n(21,...,2q) = Z Z fld=1) k1, ks (Ta) HSkph )(5),

ki=—N1 kqg—1=—Nag—1

which belongs to ®j:1 Uj;, where dim(U;) = 2N; + 1, while Uy spanned by
all fa—1),k1,....kq_, for —N; < k; < Nj is high-dimensional. The last step yields

f(d)(:vl,:vg,..., Z Z fd)k1 ..... kg 1HSkJ7h 1‘7 67;7

k1=—N1 ka=—Ng4

wherer = (2N; + 1,...,2N4 + 1) is the tensor subspace rank.

10.5 Simultaneous Approximation

Letvy,...,v;,, €V = a®j 1 V; be m tensors. As in Problem (10. 12) we want to
approx1mate all v; by u; € Ty, however, the involved subspace U = ® 1U; with
dim(U;) =r; should be the same for all u;. More precisely, we are lookmg for the
minimisers u; of the following minimisation problem:
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m
. . . . 2
inf inf ... inf inf g wivi —wll“p, (10.51)
U, CV;y with Uy C Vs with Uy C Vg with Ui€®d‘,1Uj .
dim(U1)=r1 dim(Usz)=r2  dim(Ug)=rq4 =10 a=1

where we have associated suitable weights w? > 0.

Such a problem arises for matrices (i.e., d = 2), e.g., in the construction of
H2-matrices (cf. [86, §8]).

We refer to Lemma 3.26: a tuple (v1,...,V,,) € V™ may be considered as a
tensor of W = a®‘j:11 V; with the (d 4 1)-th vector space V1 :=K™. The Hilbert

structure is discussed in the next remark.

Remark 10.41. Let V = , ®;l:1 V; be a Hilbert space with scalar product (-, )+,
while K™ is endowed with the scalar product (z,y),,, = > ;- w7 Then
V™ is isomorphic and isometric to W = ®‘j:11 V; with Vg1 := K™. Tuples
(Vi,..., Vi) € V™ are written as tensors w := Y .~ v; @ ) € W (e¥) unit
vectors, cf. (2.2)) with the following induced scalar product and norm:

m m 2
wow) =" vy, W=y w2 vl

Hence, Problem (10.51) is equivalent to

Ulciglfwith Uzcirl}gfwith o Udcigfwith {ue@iﬁﬁlljv lw — u||2} (10.52)
dim(Uy)=r1 dim(U2)=rs  dim(Ugq)=rqg J=1=a

where the last subspace Ug4+1 = Vy41 = K" has full dimension. This shows the
equivalence to the basic Problem (10.12) (but with d replaced by d + 1, V411 =K™
and 441 =m). The statements about the existence of a minimiser of (10.12) can be
transferred to statements about Problem (10.51).

As an important application we consider the simultaneous approximation prob-
lem for matrices v; = M; € K/*/ (1<i<m), where > ;" | w? || M; — R1H,2: is to
be minimised with respect to R; € U; ® Uy with the side conditions dim(U;) =
and dim(Us) = r9. Here, W = K! ® K’ @ K™ is the underlying tensor space.
The HOSVD bases of K/ and K result from the matrices U") and U of the
left-sided singular value decompositions LSVD (I, m#.J, 1, My (w),U®), £(1)
and LSVD(J, m#1, 75, My(w), U, 2(2))

My(w) = [ My, waMa, ..., wyMy] =UDXOYMOT ¢ RIx(Ixm)
Mo (w) = [wiMT, woMT, ..., wp ML ] = UPDX@YVET g KIxUxm),

Equivalently, one has to perform the diagonalisations

Myw)Mi(w)" =" (WEMMT = U (O 2uOT e R,

1=

Mg(W)MQ(W)T _ Zil W?MZTMZ — U(2) (2(2))2[](2)1— c KJXJ'
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The HOSVD basis of K™ is not needed since we do not want to introduce a strictly
smaller subspace. The HOSVD projection from Lemma 10.1 takes the special
form Ry, := P M P{™) | where P = S ufuSM™ (i =1,2) uses the

v=1

v-th column ul(,i) of U™ . The error estimate (10.4b) becomes

2 n; .
S WP M- Rl = W - umosvol P < Y0 S (o)’

j=1i=r;+1

m
<2|v- ubest||2 = 22“1’2“Mi — RECStHi
i=1

with ny := #1 and ny := #J. Here, we have made use of Corollary 10.4 because
of r3 = ng := m.

10.6 Résumé

The discussion of the two traditional formats (r-term and tensor subspace format)
has shown that the analysis as well as the numerical treatment is by far more com-
plicated for d > 3 than for the matrix case d = 2. The main disadvantages are:

© Truncation of v € Ry to u € R, with smaller rank < R is not easy to per-
form. This nonlinear optimisation problem, which usually needs regularisation,
does not only lead to an involved numerical algorithm, but also the result is not
reliable, since a local minimum may be obtained and different starting value can
lead to different optima.

© There is no decomposition of v € R, into highly and less important terms,
which could help for the truncation. In contrast, large terms may be negligible
since they add up to a small tensor.

© The disadvantage of the tensor subspace format is the data size H;l:l r; of the
coefficient tensor. For larger d and r; > r, the exponential increase of r¢ leads
to severe memory problems.

© While the ranks 7; of the tensor subspace format are bounded by n; = dim(V}),
the upper bound of the tensor rank has exponential increase with respect to d (cf.
Lemma 3.41). Therefore, the size of 7 in v € R,, may become problematic.

On the other hand, both formats have their characteristic advantages:

@ If the rank r of v € R, is moderate, the representation of v by the r-term
format requires a rather small storage size, which is proportional to r, d, and the
dimension of the involved vector spaces V.

@ The tensor subspace format together with the higher order singular value
decompositions (HOSVD) allows a simple truncation to smaller ranks. For the
important case of d = 3, the data size H;l:l r; is still tolerable.



Chapter 11
Hierarchical Tensor Representation

Abstract The hierarchical tensor representation (notation: ) allows to keep the
advantages of the subspace structure of the tensor subspace format 7., but has only
linear cost with respect to the order d concerning storage and operations. The hier-
archy mentioned in the name is given by a ‘dimension partition tree’. The fact that
the tree is binary, allows a simple application of the singular value decomposition
and enables an easy truncation procedure.

After an introduction in Sect. 11.1, the algebraic structure of the hierarchical tensor
representation is described in Sect. 11.2. While the algebraic representation uses
subspaces, the concrete representation in Sect. /1.3 introduces frames or bases and
the associated coefficient matrices in the hierarchy. Again, higher order singular
value decompositions (HOSVD) can be applied and the corresponding singular
vectors can be used as basis. In Sect. 11.4, the approximation in the #, format is
studied with respect to two aspects. First, the best approximation within H, can be
solved. Second, the HOSVD bases allow a quasi-optimal truncation. Section 11.5
discusses the joining of two representations. This important feature is needed if
two tensors described by two different hierarchical tensor representations require a
common representation. Finally, Sect. 11.6 shows how the sparse grid format can be
mapped into the hierarchical tensor format.

11.1 Introduction

11.1.1 Hierarchical Structure

In the following, we want to keep the positive properties of the tensor subspace
representation but avoiding exponential increase of the coefficient tensor. The
dimension of the subspaces U; C V; is bounded by r;, but their d-fold tensor
product is again high-dimensional. In the approach of the hierarchical tensor
format, we repeat the concept of tensor subspaces on higher levels: we do not form
tensor products of all U;, but choose again subspaces of pairs of subspaces so that

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 315
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_11,
© Springer-Verlag Berlin Heidelberg 2012
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the dimension is reduced. The recursive use of the subspace idea leads to a certain
tree structure describing a hierarchy of subspaces. In particular, we shall use binary
trees, since this fact will allow us to apply standard singular value decompositions
to obtain HOSVD bases and to apply HOSVD truncations.

The previous r-term and tensor subspace representations are invariant with re-
spect to the ordering of the spaces V. This is different for the hierarchical format.!
Before giving a strict definition, we illustrate the idea by examples.

We start with the case of d = 4, where V =
®?:1Vj. In §3.2.4, a tensor space of order 4 has been
introduced as ((V; ® V3) ® V3) ® V4 using the defini-
tion of binary tensor products. However, the order of
binary tensor products can be varied. We may first intro-
duce the spaces Vi3 :=V; ® Vo and V34 := V3 ®@ V)
Fig. 11.1 Hierarchy and then Vi ® V3 = (V1 ®@V2) ® (Vze V) =
V1 ® Vo ® Va @ V4. This approach is visualised in Fig. 11.1. Following the tensor
subspace idea, we introduce subspaces for all spaces in Fig. 11.1. This leads to the
following construction:

U034y CUp2y®@Ugz gy CV
/ AN

U2y CUL1 QU2 Uz CUs® Uy (11.1)
VAN VAN
UrcW Uz C Vo UsC Vs UsCVy

The tensor to be represented must be contained in the upper subspace Uy 23 43-
Assume that there are suitable subspaces U (1 <j <4) of dimension r. Then the
tensor products U; ® Uy and Uz ® Uy have the increased dimension 2. The hope is
to find again subspaces Uy 2y and Uz 4y of smaller dimension, say, . In this way,
the exponential increase of the dimension could be avoided.

The construction by (11.1b) is still invariant with respect to permutations 142,
3+ 4,{1,2} + {3,4}; however, the permutation 2 <+ 3 yields another tree.

A perfectly balanced tree like in Fig. 11.1 requires that d = 2”, where L is the

depth of the tree. The next example d =7, i.e., V = ®;:1Vj, shows a possible
construction of V by binary tensor products: ’

level O A%
/ AN
level 1 Vias Viser
7\ /N (11.2)
level2 Wi Va3 Vs Ver
VRN /SN /N
level 3 Vs Vs Vi Vs Vs Va

Again, the hierarchical format replaces the full spaces by subspaces.

! Instead of ‘hierarchical tensor format’ also the term ‘H-Tucker format’ is used (cf. [74], [131]),
since the subspace idea of the Tucker format is repeated recursively.
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The position of V in the tree is called the root of tree. The factors of a binary
tensor product appear in the tree as two sons, e.g., V1 and Va3 are the sons of Va3
in the last example. Equivalently, V23 is called the father of V; and V3. The
spaces V;, which cannot be decomposed further, are the leaves of the tree. The root
is associated with the level 0. The further levels are defined recursively: sons of a
father at level ¢ have the level number ¢ + 1.

The fact that we choose a binary tree (i.e., the number of sons is either 2
or 0) is essential, since we want to apply matrix techniques. If we decompose
tensor products of order d recursively in (d/2) + (d/2) factors for even d and in
((d — 1) /2) + (d/2) factors for odd d, it follows easily that?

L := [log, d] (11.3)

is the largest level number (depth of the tree).
{1,2,3,4,5,6,7} Quite another division strategy is the splitting
T into 1+ (d — 1) factors. The latter example ®J7.:1 V;

{1,&,4\,5,6} 7 leads to the partition tree THT depicted in Fig. 11.2.

{1,2,3,45} {6} In this case, the depth of the tree is maximal:
— N
{1.2.3.4} {5} L:=d-1. (11.4)
~N\
%3} 4 Another derivation of the hierarchical represen-
(1,2} {3 tation can be connected with the minimal subspaces
AN from §6. The fact that a tensor v might have small
2 j-thranks, gives rise to the standard tensor subspace
Fig. 11.2 Linear tree 75" formatwith U; = U J‘»“i“(v). However, minimal sub-

spaces UM (v) of dimension 7, are also existing
for subsets 0 G o G D := {1,...,d} (cf. §6.4). For instance, Uyy o3 and Uys 4y
in (11.1) can be chosen as U}, (v) and Uy, (v). As shown in (6.13), they are
nested is the sense of Uy oy C Uy ® Us, etc. Note that the last minimal subspace
is one-dimensional: Uy 53 41 = U‘{nl‘7“2)374} (v) = span{v}.

11.1.2 Properties

We give a preview of the favourable features of the actual approach.

1. Representations in the formats R, (cf. §11.2.4.2and §11.3.5) or 7, (cf. §11.2.4.1)
can be converted into hierarchical format with similar storage cost. Later this will
be shown for further formats (sparse-grid representation, TT representation). As
a consequence, the approximability by the hierarchical format is at least as good
as by the aforementioned formats.

2. The cost is strictly linear in the order d of the tensor space ®?:1‘/}. This is in
contrast to 7., where the coefficient tensor causes problems for higher d. These

2 [z] is the integer with x < [x] < = + 1.
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statements hold under the assumption that the rank parameters stay bounded
when d varies. If, however, the rank parameters increase with d, all formats have
problems.

3. The binary tree structure allows us to compute all approximations by means of
standard linear algebra tools. This is essential for the truncation procedure.

4. The actual representation may be much cheaper than a representation within R,
or 7, (see next Example 11.1).

Example 11.1. Consider the Banach tensor space L2([0, 1]%) = 1 ®?:1L2([0, 1])
for d = 4 and the particular function

f(Il,CCQ,CCg,I4) = Pl(xlax2) ' PQ(I33I4)7

where P and P; are polynomials of degree p.
(a) Realisation in hierarchical format. The example is such that the dimension
partition tree T)p from Fig. 11.3 is optimal. Writing P; (z1, z2) as

p+1 p+1

ZPM x1)T ZPM 1) @25,

we see that dim(Uy) Zdlm(Ug) =p+1is sufﬁ01ent to have Py (z1,z2) € Uy ® Us.
Similarly, dim(Us) =dim(Us) =p + 1 is enough to ensure Py (z3,z4) € Us @ Uy.
The subspaces Uj2 and Usy may be one-dimensional: U1y = span{P; (z1, 2z2)},
Usy = span{Py(z3,x4)}. The last subspace U4 = span{f} is one-dimensional
anyway. Hence, the highest dimensionis r; =p + 1 for 1 <j <4.

(b) Realisation in T, . The subspaces U coincide with U; from above SO that

r; = dim(U;) = p+ 1. Hence, U = ® LU; has dimension (p + 1) = (p+ 1)*

(c) Reallsatlon in R;. Pi(z1,22) = i:l Pl)l(:vl) ; L as well as Py(z5,24) =

Z ' Py.i(23)z%" ! have p + 1 terms; hence, their product has r = (p + 1) terms.

The background of this example is that the formats 7, and R, are symmetric in
the treatment of the factors V; in V = ®d V;. The simple structure f = P} ® P
(while P, and P» are not elementary tensors) cannot be mapped into the 7, or R,
structure. One may extend the example to higher d by choosing f = ® d/2 1 Py,
where P; = Pj(x2j_1,x2;). Then the cost of the 7, and R, formats is exponentlal
in d (more precisely, (p + 1)* for 7y and r = (p + 1)d/2 for R,), while for the
hierarchical format the dimensions are 7; = p+ 1 (1 < j < d) and 7, = 1 for all
other subsets o appearing in the tree.

11.1.3 Historical Comments

The hierarchical idea has also appeared as ‘sequential unfolding’ of a tensor. For
instance, v € K"*™*"X" can be split by a singular value decomposition into
vV = ZV e, ® f, with e,,f, € K"*", Again, each e,,f, has a decomposition
e, = Eu Ay @by and £, =37 ¢, x @ dy x With vectors a,, ;. .., dy x € K™
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Together, we obtain v = Zu, o Qv @ by, ® ¢y ® dy, . The required data size is
4r%n, where r < n is the maximal size of the index sets for v, 4, A. In the general
caseof v € ®?:1 K™ with d = 2 the required storage is dr’n. Such an approach
is considered in Khoromskij [115, §2.2] and repeated in Salmi-Richter-Koivunen
[165]. It has two drawbacks. The required storage is still exponentially increasing
(but only with exponent L = log, d), but the major problem is that singular value
decompositions are to be computed for extremely large matrices.

The remedy is to require that all e, from above belong simultaneously to one
r-dimensional subspace (Uj2 in (11.1)). The author has borrowed this idea from a
similar approach leading to the H? technique of hierarchical matrices (cf. Hack-
busch [86, §8], Borm [21]). The hierarchical tensor format is described 2009 in
Hackbusch-Kiihn [94]. A further analysis is given by Grasedyck [73]. However, the
method has been mentioned much earlier by Vidal [191] in the quantum comput-
ing community. In quantum chemistry, MCTDH abbreviates ‘multi-configuration
time-dependent Hartree’ (cf. Meyer et al. [147]). In Wang-Thoss [194], a multilayer
formulation of the MCTDH theory is presented which might contain the idea of
a hierarchical format. At least Lubich [144, p. 45] has translated the very specific
quantum chemistry language of that paper into a mathematical formulation using
the key construction (11.24) of the hierarchical tensor representation.

A closely related method is the matrix product system which is the subject of the
next chapter (§12).

11.2 Basic Definitions

11.2.1 Dimension Partition Tree

We consider the tensor space’

V= a@jeva (11.5)
with a finite index set D. To avoid trivial cases, we assume #D > 2.

Definition 11.2 (dimension partition tree). The tree T is called a dimension
partition tree (of D) if

1) all vertices* o € T)p are non-empty subsets of D,

2) D is the root of Tp,

3) every vertex a € Tp with #a > 2 has two sons a1, as € Tp such that

a=a; Uas, o Nag = 0.

The set of sons of « is denoted by S(«). If S(«) = 0, «u is called a leaf. The set of
leaves is denoted by £(Tp).

3 The tensors represented next belong to the algebraic tensor space Vi, = o @ jep Vj- Since
Vg C Vip = N (%) jeD V;, they may also be seen as elements of V.

4 Elements of a tree are called ‘vertices’.
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The tree Tp corresponding to (11.1) is illustrated in Fig. 11.3.
The numbers 1, .. ., d are chosen according to Remark 11.4.

As mentioned in §11.1, the level number of vertices are defined
recursively by

Fig. 113 Dimen- jo)01(D) = 0, o € S(a) = level(o) = level () +1. (11.6)

sion partition tree

The depth of the tree defined below is often abbreviated by L:
L :=depth(Tp) := max {level(a) : « € Tp}. (11.7)
Occasionally, the following level-wise decomposition of the tree T is of interest:
T = {a €Tp : level(@) =0}  (0<L<L). (11.8)

Remark 11.3. Easy consequences of Definition 11.2 are:
(a) Tp is a binary tree,
(b) The set of leaves, L£(Tp), consists of all singletons of D:

L(Tp)={{j}:je€ D}. (11.9)
(c) The number of vertices in Tp is 2#D — 1.

Considering D as a set, no ordering is prescribed. A total ordering not only of D,
but also of all vertices of the tree T can be defined as follows.

Remark 11.4 (ordering of 7). (a) Choose any ordering of the two elements in
S(a) forany o € Tp\L(Tp), i.e., there is a first son a1 and a second son oy of «.
The ordering is denoted by o1 < ap. Then for two different 3,y € Tp there are the
following cases:
(1) If B, v are disjoint, there is some o € T'p with sons a; < a such that 5 C ag
andy C ag [ory C oy and 5 C as]. Then define 5 <« [or v < [3, respectively];
(ii) If 3,y are not disjoint, either 5 C  or v C  must hold. Then define 5 < ~
or v < 3, respectively.
(b) Let Tp be ordered and denote the elements of D by 1, ..., d according to their
ordering. The vertices « are of the form av= {i € D : 4%, <14 <% } with bounds

min —
2

& i 19 - For the sons a < ap of @ we have ¢%, =int <i%L =io? —1<i%2 =
15 ax- Interchanging the ordering of «; and as yields a permutation of D, but the

hierarchical representation will be completely isomorphic (cf. Remark 11.20).

The notations oy, e € S(a) or S(a) = {1, az} tacitly imply that oy < ao.
Taking the example (11.1) corresponding to T'p from Fig. 11.3, we may define
that the left son precedes the right one. Then the total ordering

{1} < {2} < {1,2} < {3} < {4} < {3,4} < {1,2,3,4}

of T'p results. In particular, one obtains the ordering 1 < 2 < 3 < 4 of D, where
we identify j with {j} .
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Remark 11.5. (a) The minimal depth of T is L = [log, d] (cf. (11.3)), which is
obtained under the additional condition

|#a1 — #as] <1 forall a1, an € S(a)\L(TD).

(b) The maximal depth of Tp is L = d — 1 (cf. (11.4)).

Different trees Tp will lead to different formats and in the case of approximations
to different approximation errors. Example 11.1 shows that for a given tensor there
may be more and less appropriate trees.

We recall the notation V, := ®j6an for a C D (cf. (5.4)). For leaves o= {j}
with j € D, the latter definition reads V¢;; = Vj. The matricisation M., denotes
the isomorphism V 2V, ® V¢, where o := D\« is the complement.

Definition 11.6 (7,,). For any o € Tp the subtree T, := {8 € Tp : 8 C a} is
defined by the root o and the same set S(3) of sons as in Tp.

11.2.2 Algebraic Characterisation, Hierarchical Subspace Family

In the case of 7y, the definition in (8.3) is an algebraic one using subspaces of certain
dimensions. The concrete tensor subspace representation v=prs (a, (Bj)fle) uses
bases and coefficients. Similarly, we start here with a definition based on subspace
properties and later in §11.3.1 introduce bases and coefficient matrices.

Let a dimension partition tree T together with a tensor v e V = , ®j epVi
be given. The hierarchical representation of v is characterised by finite dimensional
subspaces’

U, CVai=aQV; foralla € Tp . (11.10)
JEa
The basis assumptions on U, depend on the nature of the vertex @ € Tp. Here,

we distinguish (a) the root &« = D, (b) leaves « € L(Tp), (c) non-leaf vertices
o€ TD\E(TD)

e The aim of the construction is to obtain a subspace Up at the root D € Tp such
that
velUp. (11.11a)

Since D € Tp is not a leaf, also condition (11.11c) must hold.
e Ataleafa = {j} € L(Tp), U, = U; is a subspace® of V; (same situation as in
(8.3) for T;):

U; CcV; forallj € D, ie,a={j} € L(Tp). (11.11b)

5 We use the bold-face notation U, for tensor spaces, although for « € L(Tp), U{ iy = Uj is
a subspace of the standard vector space V;.

® We identify the notations V; (j € D) and Vo = Vi3 for o = {j} € £L(Tp). Similar for
U; = Uy;y . Concerning the relation of £(7Tp) and D see Remark 11.3b.
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e For any vertex o € Tp\L(Tp) with sons oy, s € S(a), the subspace Uy, (cf.
(11.10)) must be related to the subspaces U,, and U, by the crucial nestedness

property

U, C IJ—O[1 & ]JO[2 forall a € TD\ﬁ(TD), 1,00 € S(a) (11.11¢)

Diagram (11.1) depicts these conditions for the tree T from Fig. 11.3. Note that
U102y C Uy ® Uyy, is asubspace, but not a tensor subspace (cf. abstract in §8).

Remark 11.7. (a) Since the subspace Up C 'V has to satisfy only that v € Up for
a given tensor v € V, it is sufficient to define Up by

Up = span{v}, ie., dim(Up) = 1. (11.12)

(b) Another situation arises if a family F* C U = ®je p U; of tensors is to be
represented (cf. §6.2.3). Then requirement (11.11a) is replaced by F' C Up. The
minimal choice is

Up = span(F).

Definition 11.8 (hierarchical subspace family). (a) We call {U, }oe1), a hierar-
chical subspace family (associated with V. = , Q) jeD V;), if Tp is a dimension
partition tree of D and the subspaces Uy, satisfy (11.11b,c).

(b) We say that a tensor v is represented by the hierarchical subspace family
{Ua}aery, if v e Up (cf. (11.11a)).

Definition 11.9. A successor of & € Tp is any o € T with o C «. A set {o;} of
disjoint successors of o € T'p is called complete if o = U; 0;.

For instance, in the case of the tree from Fig. 11.3, the set {{1}, {2}, {3,4}}isa
complete set of successors of {1,2,3,4}.

Lemma 11.10. Ler {U,, } ner,, be a hierarchical subspace family. For any o € Tp
and any complete set X of successors of a,

U, C @UEE U, C V, (11.13)

holds with 'V, from (11.10).

Proof. The fundamental structure (11.11¢) implies U, C U,, ® U,,. The chain of
inclusions can be repeated inductively to prove the first inclusion in (11.13). Since
U, CV, (cf. (11.10)), @,y Us CQ,c 5 Vo =V, proves the last inclusion. O

The analogue of 7, is the set . which is defined next. We start from given
(bounds of) dimensions

vi= (Ta)aeTD € NOTD, (11.14)

and consider subspaces U, C V, with dim(U,) < r, forall « € Tp.
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Definition 11.11 (#.). Fix some ¢ from (11.14) and let V = , ®k€D V.. Then
He = H.(V) C Vis the set’

2 {v _ there is a hierarchical subspace family {Uq }acr),
=

" with v € Up and dim(U,) < r, foralla € Tp. } (11.15)

11.2.3 Minimal Subspaces

We recall the definition of the minimal subspace associated to o« C D with comple-
ment a¢ = D\

U ) = {eucv) 0 e (® Vi) } forallaeTo\(D} (1116

(cf. (6.14)). A possible computation uses the matricisation M., (v) from Definition

5.3. The (left-sided) singular value decomposition of M, (v) yields the data afo‘)

andu!® of v =37 o' u o v®) with ! > ... > 6! > 0. Then

U™ (v) = span{uf® : 1< <r). (11.16b)

For a = {j} € L(Tp), these subspaces coincide with the subspaces U™ (v) of
the tensor subspace representation (cf. (6.10a)). For o« € Tp\L(Tp), the subspaces
fulfil the nestedness property

UL™(v) C U™ (v) @ Ui (v) (a1, g sons of @) (11.16¢)

as stated in (6.13).
Next, we give a simple characterisation of the property v € H.. Moreover, the
subspace family {U,, }ne1,, can be described explicitly.

Theorem 11.12. For v := (TQ)QGTD € NgD, a tensor v belongs to H. if and only
if rank, (v) < Ta holds for all o € Tp. A possible hierarchical subspace family is
given by {UZ™ (V) }aerp -

Proof. 1) The a-rank definition rank,(v) = dim(U2"(v)) (cf. (6.15)) and
rank, (v) < r, imply the condition dim(U,) < 7, for U, := UM (v)in (11.15).
Property (11.16¢) proves that {U,, },e7y, is a hierarchical subspace family.

2) Assume v € H, with some hierarchical subspace family {U,, } ne7,, - Fix some
a € Tp and choose a complete set X' of successors such that « € Y. Statement
(11.13) with D instead of « shows that v € Up C @, 5 U,. The definition of
a minimal subspace implies UX'"(v) C Uy, in particular, UM (v) C U, for the
fixed but arbitrary o € Tp. Hence, rank, (v) = dim(U™"(v)) < dim(U,) < 74
proves the reverse direction of the theorem. a

The proof reveals the following statement.

7 By analogy with (8.3) one might prefer dim(Ug, ) =7 instead of dim(Ug ) <7,,. The reason
for the latter choice is the fact that, otherwise, without the conditions (11.17) H . =0 may occur.
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Corollary 11.13. v= (1) ., With 74 :=dim (U (v)) are the smallest integers

so that v € H,. This tuple v is called the hierarchical rank of v.

Remark 11.14. Let o € Tp\{D} be a vertex with sons ay, a2 € S(«) so that

Unin(v) C ULin(v) @ Upin(v). Then UZ(v) can be interpreted differently:
U™ (v) = U™(F) for F:=UY"(v), i=1,2  (cf. (6.10c)).

Proof. UM% (v) is the span of all u(a) appearing in the reduced singular value
decompositionv = 37 o u{¥ g v( *) Hence, Ugin(F) =Y, Unin(u (ey

1=1"1
holds. The singular value decomposition of each uz(-a) by

=Y rPaP@b withal’eV,,, b eV,,, 17> ... > 70> 0

: min (a)y _ (1) . :
yields Ugi™ (u;™) = span{a;’ : 1 < j <r} so that
UE;“(F) = span {agi) 1<i<r1<i< ra}.
! with 87 (b)) = 85, (ct. 2.1)). As stated in

(11.16a), u; (@) Yac(V) holds for some @ EV . The functional p:= B ® Pae
belongs to V’ as (note that af =g U ). It follows from (11.16a) that

There are functionals [3(1 ev!

o(v) = BJ(_z) (uga)) _ ZTIEZ) BJ(_z) (bl(;)) al(cZ) _ TJ(Z) a;_z) c Uglf“(v).
k=1
Hence, ag-i) € ULin(v) for all i, , i.e., UM (F) C UZi"(v). On the other hand,
U (v) U (F) follows from v=3"7 37" lT(Z)O'a ; a(z) ® (b(l) ® v )). 0
Finally, we consider the reverse setting: we specify dimensions 7, and construct

a tensor v such that 7, = rank,(v) = dim(U%"(v)). The following restrictions
are necessary:

Ta < TayTasy Tay < TasTay Tay < TayTa, fora € Tp\L(Tp),
ro < dim(V;) fora ={j} € L(Tp), (11.17)
rp=1 fora =D,

where a1, ae are the sons of a. The first line follows from (6.17b) and Corollary
6.20a (note that rank,, (v) = rank,e(v)).

Lemma 11.15. Let v := (7o) 4eq, € N'P satisfy (11.17). Then there is a tensor
v € H(V) with rank, (v) = dim(UM (v)) = r,.

Proof. 1) We construct the subspaces U, C V, from the leaves to the root. For
a = {j} € Tp\L(Tp) choose any Uy, of dimension ry;; (here, the second line
in (11.17) is needed).
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2) Assume that for a vertex o € Tp\L(Tp) the subspaces U,, and U,, for
the leaves with dimensions r, and r,, are already constructed. Choose any bases
{bgo”') :1<l<ry,} of U, (i=1,2). Without loss of generality assume 74, > Tq, .
For the most critical case 74, = rq,7q set Uy = span{bf) 11 <4 <r,} with

Tag

ai) (a2)
Z szrll 1)7“& ®b_] e

1,7=1

One observes that bga) €V, satisfies

Ui (b)) = span{b{)_ ra, P 1S4 <710y}, while U (b{)=U,,.

From Exercise 6.14 we conclude that Uglin({bf) 1 <U<ry,}) = Uglf“(Ua) =
span{b(al) 1<i<ra,ma} = U,,. Forry, <ra,re (but 74 <7, To,) it is

easy to produce linearly 1ndependent {b, (. 1<e< o} with UZY(U,,) = U,,.

3) For « = D, the first and third lines of (11.17) imply that r,, = 7,,. Set
vi=3 b<°“>® b{**) and Up = span{v}. Obviously, Um"(v) = Uy, holds
for ¢ = 1,2, proving the assertion r,, = rank,,(v). For the further vertices use
Remark 11.14. Induction from the root to the leaves shows that U, = URit(v)

implies UZ™(U,,) = U%*(v). Because of the identities UX™"(U,) = U,, and
dim(U,,) = rank,, (v) = r4,, the lemma is proved. O

Remark 11.16. With probability one a random tensor from ®j cpR"™ possesses
the maximal hierarchical rank v with ‘

T = min {Hjea n;, HjeD\a nj} (a € Tp).

Proof. Apply Remark 2.5 to the matrix M, (v) and note that r,, =rank(M,(v)).0

11.2.4 Conversions

Tensors from 7, or R, can be represented exactly in #, with at least similar storage
cost.

11.2.4.1 Conversion from 7, to # ., Maximal Subspaces

Assume that a tensor is given in the tensor subspace representation:

veU:®j€DUjCTrCV:®j€DVj
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with dim(U;) = r;. The maximal choice of the subspaces is

— UJ for oo = {j}a
U o= {®j6an fora € TD\E(TD) (11.18)

From v € 7, we derive that dim(U;) =r; and, in general, dim(Uq) =[], r; for
a# D. The large dimension dim(U, ) =[], 7; corresponds exactly to the large
data size of the coefficient tensor a € ®j6 p K" from (8.6). On the positive side, this
approach allows us to represent any v € U in the hierarchical format {U, }aery, -

11.2.4.2 Conversion from R,

Assume an 7-term representationof v e R,. C 'V = &) jepVj by

V:i®1}5j) withvgj)EVj.

i=1jeD
Set
. 1<i<
U, — span{ﬂ%vl .1_2_r} for o # D, (11.19)
span{v} fora = D.

Obviously, conditions (11.11a-c) are fulfilled. This proves the next statement.

Theorem 11.17. Let Tp be any dimension partition tree. Then v.€ R, C V =
®jeD Vj belongs to H. withro =1 for o # D and ro = 1 for o = D.

Conversion from R, to hierarchical format will be further discussed in §11.3.5.

11.3 Construction of Bases

As for the tensor subspace format, the involved subspaces have to be characterised
by frames or bases. The gartlcular problem in the case of the hierarchical format is
the fact that a basis [ bra)] of U, consists of tensors bl(- ) g V,, of order
#a. A representation of bg @) by its entries would require a huge storage. It is essen-
tial to describe the vectors bgo‘) indirectly by means of the frames associated to the
sons a1, as € S(«). The general concept of the hierarchical representation is ex-
plained in §11.3.1. Of particular interest is the performance of basis transformations.
Usually, one prefers an orthonormal basis representation which is discussed in
§11.3.2. A special orthonormal basis is defined by the higher order singular value
decomposition (HOSVD). Its definition and construction are given in §11.3.3. In
§11.3.4, a sensitivity analysis is given, which describes how perturbations of the data
influence the tensor. Finally, in §11.3.5, we mention that the conversion of r-term
tensors into the hierarchical format yields very particular coefficient matrices.
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11.3.1 Hierarchical Bases Representation

The term ‘bases’ in the heading may be replaced more generally by ‘frames’.

11.3.1.1 Basic Structure
In the most general case, the subspace U, (o € Tp) is generated by a frame:

B, — [bg‘”,bg“),...,bgg)} e (Ua)™, (11.20a)

U, =span{b\” : 1 <i <r,} foralla € Tp. (11.20b)
Except for o € L(Tp), the tensors bl(-a) € U, are not represented as full tensor.
Therefore, the frame vectors b§°‘> serve for theoretical purpose only, while other
data will be used in the later representation of a tensor v € V. The integer® 7, is
defined by (11.20b) denoting the size of the frame.

Concerning the choice of B, in (11.20a,b), the following possibilities exist:

1. Frame. A frame B, € (U,)"* cannot be avoided as an intermediate represen-
tation (cf. §11.5.2), but usually one of the following choices is preferred.

2. Basis. If B, is a basis, the number r,, coincides with the dimension:
To := dim(Uy) forallaw € T . (11.21)

3. Orthonormal basis. Assuming a scalar product in U,, we can construct an
orthonormal basis B, (cf. §11.3.2).

4. HOSVD. The higher order singular value decomposition from §8.3 can be
applied again and leads to a particular orthonormal basis B,, (cf. §11.3.3).

Concerning the practical realisation, we have to distinguish leaves oo € L(Tp)
from non-leaf vertices.

Leaf vertices. Leaves oo € £(1p) are characterised by o= {;j} for some j € D.
The subspace U; C V; refers to V; from V = Q) jepV; and is characterised by a
frame or basis B; = [bgﬂ ), b%)} €(U;)™ from above. The vectors b\’ are stored

directly.

Remark 11.18. (a) If V; = K'7, the memory cost for B; € K1 %" is r;#1I;.
(b) Depending on the nature of the vector space V;, one may use other data-sparse
representations of bz(-J) (cf. §7.5 and §14.1.4.3).

Non-leaf vertices o € T\ L(Tx ). The sons of «v are denoted by a1, ag € S(a).
Let bz(-al) and bg-az) be the columns of the respective frames [bases] B, and B, .
Then the tensor 'space U,, ® U,, has the canonical frame [basis] consisting of the
tensor products of the frame [basis] vectors of U,, and U,, as detailed below.

8 See Footnote 6 for the notation r; = 7y Similarly, bgj) = bz(.{j}) etc.
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Remark 11.19. Let B,,, and B, be generating systems of U,, and U,,. Define
the tuple 53 and the tensors bg?) € U, ®U,, by

B:= (b =b @bl™ 11 <i<ray, 1 <5< ray). (11.22)
(a) If By, and B,,, are frames, B is a frame of U,, ® U,,.

(b) If B, and B, are bases, 3 is a basis of U,, ® U,, (cf. Lemma 3.11a).

(c) If By, and B, are orthonormal bases, 3 is an orthonormal basis of U,, ® U,
(cf. Remark 4.125).

As a consequence, any tensor w € U,, ® U,, and, in particular, w € U, C
U,, ®U,,, can be written in the form’

W= ii “’b“’—ii Wple) @ pled), (11.23a)
1=1 j=1 1=1 j=1

Since the frame vectors bg J @) carry two indices, the coefficient vector ( (o )) has the

special form of a coefficient matrix

O(a) — (CE?))i:]ﬂ,"w/rﬂl c Kro1X7esz (11.23b)

If B,, and B,, are bases, the one-to-one correspondence between a tensor
w € U,, ® U,, and its coefficient matrix C®) defines an isomorphism which we
denote by

O : Uy, @ Uq, = K'™1%"2  fora € Tp\L(Tp). (11.23¢)

The fact that w € U,, ® U, can be coded by 7,,- 74, numbers, is independent
of how the frame vectors bl(-al), b;m) are represented. They may be given directly
(as for the leaves ay € L(Tp)) or indirectly (as for non-leaves ay € TD\E(TD)).

Now, we apply the representation (11.23a,b) to the frame vectors b( €U, from
B.= [b§°‘>, . ,b%)} and denote the coefficient matrix by C(* i € Krei XTaz;

’I‘al Tag

LA L far,a2} = S(a)
=1
. (a,0) — (el ‘ o X1 (11.24)
with ¢ Cii " )1<icr,, € KrorXTez forl <4 <r,.
1<) < e

This is the key relation of the hierarchical format.

Remark 11.20. The formulation of the coefficient matrix C(**) depends of the
ordering of the sons a1, ap. If the sons are interchanged, C(**) changes into the
transposed matrix C(*9T,

% In the case of a frame, the coefficients c(a) are not uniquely determined.
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We summarise: Only for leaves o« € L(Tp), the basis vectors bgj ) are explicitly
represented. For all other vertices, the vectors b( *) e U, are defined recursively by
means of the coefficient matrices'® C'(**), The practlcal representatlon of a tensor
v € V uses the data C(*%) for a € Tp\L(Tp) and b D for {j} € L(Tp) only,
while the theoretical discussion may still refer to b( ) and their properties.

One obtains, in particular, a frame [basis] Bp for the root D € Tp. We can
represent all tensors of v € Up by a coefficient vector c(P) e K"P:

TD
v=> c”p". (11.25)
=1

Remark 11.21. Since, usually, the basis Bp of Up consists of one basis vector only

(cf. Remark 11.7a), one might avoid the coefficient cg ) by choosing bgD) =v and
gD) = 1. However, for systematic reasons (orthonormal basis, basis transforms), it

is advantageous to separate the choice of the basis vector bgD) from the value of v.

11.3.1.2 Explicit Description

The definition of the basis vectors is recursive. Correspondingly, all operations will
be performed recursively. In the following, we give an explicit description of the
tensor v represented in the hierarchical format. However, this description will not
be used for practical purposes.

Renaming ¢ by ¢, i by £[a1], j by £[as], we rewrite (11.24) by

Ta, Tag
(a) (af[a]) b1 o pa2)
by Yo a tlon ). Ciaz] Pelar] © Pofaa)

flar)=1 flaz] =1

Insertion of the definitions of bé[ 1 and bE‘[l:g] yields

] d

(@) _ B.41B) )
b= > IT i) @iy (Br 2 sonsof 5.
([B]=1 BETN\L(Ty) j=1
for BT \{a}

The multiple summation involves all variable £[3] € {1,...,r3} with 8 € T, \{a},
where T, is the subtree from Definition 11.6.

The tensor v = 21 CgD)b?) (cf. (11.25)) has the representation
_ X~ D)
V= Z “e(p) H f[ﬂl e[ﬂzl ® 0 (11.26)
Lla]=1 BeTp\L(Tp)
for «€Tp

10 Note that also in wavelet representations, basis vectors do not appear explicitly. Instead the filter
coefficients are used for the transfer of the basis vectors.
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To interpret (11.26) correctly, note that 81 or S in c/j e][ﬁl][)ﬁ | may belong to E(TD)

e.g., 81 ={j} for some j € D. Then £[53] coincides with the index ¢[{j}] of bl[{J}]
For the case of D = {1,2,3}and S(D) = {{1,2},{3}}, Eq. (11.26) becomes

T{1,2}

V_Zzzch) Z {12}V) V?31)®b7)

l1=10>=103=1

= a[fl ,fg ,fg]

where we have assumed the standard case rp = 1. The summation variables are
v = ([{1,2}], £; = £[{j}]. When using minimal ranks, we obtain r3 = 7y oy (cf.
(6.17a)). Hence, Cy; 2y can be considered as a tensor from K™ *"2*"3 which has
the same size as the coefficient tensor a of the tensor subspace representation.

We conclude from the last example that for d = 3 the tensor subspace format and
the hierarchical format require almost the same storage (the data ¢(P) and ¢(P-1) are
negligible compared with Cyy 5y).

11.3.1.3 Hierarchical Representation

Equation (11.26) shows that v is completely determined by the data C(*) (cf.
(11.24)), D) (cf. (11.25)), and the bases B; for the leaves j € D. Also the frames
B,, for &« € Tp\L(Tp) are implicitly given by these data. The coefficient matrices
C(@8 at vertex a € Tp\L(Tp) are gathered in the tuple'!

= (C(>D) € (Krer*me2)"™  foralla € Tp\L(Tp).  (11.27)

1<<rg

Hence, the formal description of the hierarchical tensor representation is'?

v = purn (T, (Caactoreiroy, ), (By)ien ). (11.28)

Remark 11.22. (a) The data size of T, (Ca)aerp\z(1p). ¢ P, and (B)) ep is

NETR(TH) = 24D — 1 vertices,
NRdR((Ca)aerp\o(1p)) = S PaTayTay (1,0 sons of @)
«€TO\L(Th)

Nhom (e (b )) =TD (cf. Remark 11.21),
d
NEIR ((B))jep) = Zl rj - size(Uj) (cf. Remark 8.7a).
i=

(11.292)
(b) Suppose 7; = r for all j € D. Then the data size NILR ((B;);ep) is the

mem
same as NIte'™ for the r-term representation or N,ISR((B;),cp) for the tensor

mem mem

11" C,, may be viewed as O, (Ba), where the isomorphism ©,, from (11.23c) is extended from
U, to (Ugy)"e. In [73], C,, is called ‘transfer tensor’; cf. §11.3.1.8.

12 HTR abbreviates ‘hierarchical tensor representation’.
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subspace representation. The terms NITR(Tp) 4+ NHTR (:(P)) may be neglected.
The dominant parts are

Nhem (Bj)jep) and  NiOE ((Ca)aerp\o(ts)) -

IFV=Kwithl=1I x...x1I;and #1; = n, full representation of the basis
vectors leads to
NEIR((B))jep) =d -7 n, (11.29b)

mem

while
NEIR(Co)aerpro(rp)) = (d— 1) 7% (11.29¢)

Proof. For Tp compare Remark 11.3. The coefficient matrix C(*9) ¢ Kra<"az
contains 7,7, entries. Since 1 < ¢ < r,, the size of C, is 74, 70,7 for each
a € Tp\L(Tp). Eq. (11.29¢) follows from # (Tp\L(Tp)) = #Tp — #L(Tp) =
(2d — 1) —d =d — 1 (cf. Remark 11.3c¢). O

11.3.1.4 Transformations

There will be various reasons to change the frame from (11.20a) into another one. In
general, even the generated subspaces may vary. For a vertex o € Tp we consider
the following ‘old’ and ‘new’ frames and subspaces:

BV = [bi% s bl o], UL = range{BL"},
Bgzld = I:bg()lo)lda . bi(:lai old} ngld = ra’nge{Bg}d}a

The replacement B"ld — BX°Y creates new coefficient matrlces Cnew (cf. Lemma
11.23). Moreover, if o # D, the coefﬁ01ent matrices Cofj associated to the father
B € Tp of o must be renewed into Cnew , since these coefficients refer to BL*" (cf.
Lemma 11.24). If &« = D, the coefficient vector ¢(”) must be transformed instead
(cf. Lemma 11.26).

We distinguish three different situations:

Case A. B2d and B2°" generate the same subspace U, = U2V = U9, Then

new olcl old new
there are transformation matrices T(®) € K"« , §(@) ¢ Kra™x7a™ such that

new
To

B = B2T(@) e, b, = Z T by, (1< <o), (11.300)

k,new
k=1

Told

=3 sl (1< k<), (11.30b)
Jj=1

BeW = BAdg(®) e bl

k,new

In the standard case, B2 and B2V are bases. Then 7014 = r2e% = dim(U,)
holds, and 7(®) and S(®) are uniquely defined satisfying
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S .= (T<a>)—1. (11.30c)

In the case of frames, the representation ranks rod r2¢% > dim(U,) may be
different so that 7(*) and S(®) are rectangular matnces If 72V > dim(U,)
[r°d > dim(U,)], the matrix T(®) [S(®)] satisfying (11.30a[b]) is not unique.

There may be reasons to change the subspace. In Case B we consider
Unew c UM and in Case C the opposite inclusion UteY 5 U9,

Case B. Assume U2 C U°ld, This is a typical step, when we truncate the tensor
representation. Note that a transformation matrix S(®) satisfying (11.30b) exists,
whereas there is no 7(®) satisfying (11.30a).

Case C. Assume U2V 3 U9, This happens, when we enrich U9 by further
vectors. Then a transformatlon matrix 7(*) satisfying (11.30a) exists, but no S(*)
with (11.30b).

In Cases A and B the transformation matrix 7(®) exists. Then (11.30b) proves
the following result.

Lemma 11.23. If (11.30b) holds for oo € Tp\L(Tp), the new basis vectors b,(C gew
have coefficient matrices C’r(lg",vk) defined by

Coev = CS@), e, OGP = ZS ol @ <k<em™). 1130

The arithmetical cost of (11.31) is QTEeWTgldrmraz (a1, g sons of o).

Next, we consider the influence of a transformation upon the coefficient matrices
of the father. Here, we rename the father vertex by & € Tp\L(Tp) and assume that
the bases Bglld and Bg}f for at least one of the sons a;, g of a are changed into
BL" and ByS™. If only one basis is changed, set .S (@) = (@) = T for the other
son. Since the transformation matrix 7(>*) is used, the following lemma applies to
Cases A and C.

Lemma 11.24. Let a1, v be the sons of a € Tp\L(Tp). Basis transformations
(11.30a) at the son vertices o, o, i.e., Bgfw T(as) — Bg}f (1 =1,2), lead to a
transformation of the coefficients at vertex o by

Cloh) sy gl = plen) b (pleanT  for 1 <0 <. (11.32)

The arithmetical cost for (11.32) is 2ryrodrod (T“CW —I—Tncw) If the basis is

O61 a2

new ,.old .old
roq Tag .

changed only at oy (i.e., T'*2) = I), the cost reduces to 2rqry
Proof. The basis vector bga) at vertex « has the representation

old old

) _ (e, a as)
( ZZ ljolzjbzoig(@bgozld fOI'lSKSTQ

=1 j=1
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with respect to Bg}ld and Bg}f. Using Bgld B“eWT(O‘l) and B"ld B“eWT(O‘?)
(cf. (11.30a)), we obtain

old _old pnew new
() Z < Z (ar) Z (a2)
a) a,l) ai)y (e az (a2)
bl - 13 old Tk bk ,new ® T bm new
=1 j=1 m=1
Tnew Tnew old old

= 5D 1 Dy) SEARF RN RYCIE N

k=1 m=1 \ i=1 j=1

(a,l « a
= Z Z Clem ZICW bl(c rigvv ® bgn 211)6W
k=1 m=1
¢ P ¢
with ¢{@) = Z E =2 o) lj‘olzj T(az) This corresponds to the matrix
formulation (11.32). O

The next lemma uses the transformation matrix S(*) from Cases A and B.
Lemma 11.25. Ler o« € Tp\L(Tp) be a vertex with sons {a1,a2} = S(«).
Assume that the coefficient matrices C’(();ld’g) admit a decomposition

Clot) — gloa) gleot) (gleenT  for1 <0 <. (11.33a)
Then Cﬁ%;f ) are the coefficient matrices with respect to the new bases
B .= BoM (o) (i=1,2) (11.33b)

at the son vertices (cf. (11.30b)). Since the frame B is not used in computations,
no arithmetical operations accrue.

Proof. We start with (11.24) and insert C| ae) — Glen) l@h) (S(@2))T . Then,

T,old T,old
aq «
(@) o) ple) (a2)
bé = Z 17 old bz old ® b_] 021d
i=1 j=1
old . old
ay ag
=33 (S o () bt @b
i=1 j=1 ’

old _ ,old A new ,new
7‘&1 7‘&2 ’I‘D(1 Tcx2

D) 3D SD S EPCEE T Y

1 m=1

Il
o

old old
(a,l « « a «
km, 31ew Z Szk Y bz oig Z S (o) b_§ 0211)1
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o e
— c(a,f) b(al) ® b(Olz)

km,new “~k,new m,new

T

k=1 m=1

has the coefficients C'%:Y with respect to the new basis B2eW := B2l 5(e), O

(D)b(D) BpeD)

i=1 G

At the root a = D, the tensor v is expressed by v=>_""
(cf. (11.25)). A change of the basis Bp is considered next.

Lemma 11.26. Assume a transformation by B 7D = B%d (cf. (11.30a)).
Then the coefficient vector cgﬁ) must be transformed into

D) =T D), (1134)
The arithmetical cost is 2r@dris™.
Proof. v =Balcly) = B TP) ) = Bis™ chll. i

11.3.1.5 Multiplication by Kronecker Products

In §11.3.1.4, the bases and consequently also some coefficient matrices have been
changed, but the tensor v is fixed. Now, we map v into another tensor w = Av,
where A = ) jeD A;, but the coefficient matrices stay constant.

Proposition 11.27. Let the tensor v =purr (Tp, (Ca )QGTD\L(TD), ) (B))jen)
and the elementary Kronecker product A = ®J AU) be given. Then w := Av
has the representation W = pgTR (TD, (CQ)QGTD\L(TD) D) (B )]ED) where

only the frames (bases) B; = [bgj), .. .,bg)] are replaced by the new frames
By =AY . A@pI)].

Proof. Consider o € Tp\L(Tp) with sons a, as. Application of A@ =Al)g
A©2) 10 b{™ from (11.24) yields

ACBE) =37 O (ALIB™)) @ (ACDB(™)),
2
Although the quantities A(®)b{™ A A(e2)b(*2) are new, the coefficient
matrix C(®?) is unchanged. 0

11.3.1.6 Gram Matrices of Bases

The Gram matrix G(B,) = BB, € K" *"= will frequently appear later on. Its
entries are

G(Ba) = (69) with () = <b‘§-a),b§-a)>. (11.35)

The recursive structure (11.24) allows a recursive definition of the Gram matrices.
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Lemma 11.28. For o € Tp\L(Tp) let C®*) be the coefficient matrices from
(11.24). Then G(B,,) can be derived from G(B,, ), G(Ba,) (a1, as sons of )
by

g5) = trace (COPG(Ba,) (CMG(B,,)) (1< Lk <ra)
= (CNG(B.,)T,G(Ba, )C),
= (G(Ba,)7CMG(By, )T, G(Ba,) 20 G(By, )2 T)

Proof. g = (b bi™) = (3, i (™ @ bi™) 3 ey by @ b)) =
S ing (bl p{)y ol LD (plen) plen)y Use (2.10). O

1ypq ")

11.3.1.7 Ordering of the Directions

The construction of the tree Tp groups the directions 1,2, ..., d in a certain way.
Different trees I'p lead to different nodes  C D and therefore also to different
dimensions r,,. Theoretically, one would prefer a tree Tp such that
HTR
chm ((CQ)QETD\L(TD)) = Z TalaiTas (alv a sons of a)
a€Tp\L(Tp)

is minimal. However, this minimisation is hard to perform, since usually the ranks
ro = rank, (v) are not known in advance.
On the other hand, given a tree Tp, we can identify all permutations 7 of
= {1,2,...,d} such that the tensor v; ... with interchanged directions
is organised by almost the same tree.

i (d)

Lemma 11.29. Any node o« € Tp\L(Tp) gives rise to a permutation 7o, : D — D
by interchanging the positions of the sons oy and os. Set

P = { H ot AC TD\E(TD)} .
a€cA

Any permutation m € P lets the tree T'p invariant, only the ordering of the sons o

and oy may be reversed. According to Remark 11.20, the coefficient matrix C(®%)

becomes C' T if the factor o, appears in ™ € P. Hence, all tensors Vi) inca)

for m € P have ‘almost the same representation. Since # (Tp\L(Tp)) = d — 1,

there are 2~ permutations in P.

Remark 11.30. A particular permutation is the reversion
m:(1,2,...,d)—~ (d,d—1,...,1).

Since ™ = [[,e7,\ £(7y) Ta, this permutation is contained in the set P from above.
« D D

Hence, the tensor representation of w € V; ® ... ® V; defined by w = 7(v) (cf.

(3.44)) is obtained from the representation (11.28) of v by transposing all coefficient

matrices C'(@0).
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11.3.1.8 Interpretation of C,, as Tensor of Order Three

Above, C, from (11.27) is seen as a tuple of matrices. According to Lemma 3.26,
such a tuple is equivalent to a tensor of order d = 3. In this case, the indices are
rearranged:

C, € K1 XTa2XTa with entries C’Z(]ak) = C’Z(]ak)

The transformation of the coefficients looks different in the new notation:

Eq.(11.31): C¥V = (I®I® (S)T)CcoM,
Eq.(11.32): €9 Coew = (T(@) g T(@2) @ ) C4,
Eq. (1133a) €94 = (S(@) @ 5(%2) g 1) Cnew,

11.3.2 Orthonormal Bases

The choice of orthonormal bases has many advantages, numerical stability is one
reason, the later truncation procedure from §11.4.2.1 another one.

11.3.2.1 Bases at Leaf Vertices

Assume that the spaces U; involvedin U= () jepUj possess scalar products, which
are denoted by (-, -) (the reference to the index j is omitted). Also the induced scalar
product on the tensor spaces U = @), Uj for a € T is written as (-, ).

Evenif V = 01 X jeD V; is a Banach tensor space with a non-Hilbert norm,
one can introduce another (equivalent) norm on the finite dimensional subspace U,
in particular, one may define a scalar product (see also Exercise 2.16¢). A Hilbert
structure in 'V outside of U = Q). p Uy, is not needed.

If the given bases B; = [bgj ), ceey bg)] of U; are not orthonormal, one can apply
the techniques discussed in §8.2.3.2 (see also §13.4.4). For instance, one may use
the Gram matrix G(B;) from (11.35) (cf. Lemma 8.12b). After obtaining the new
orthonormal basis B}, we replace the old one by B}°" and rename it B;. If
{j} € Tp has a father &« € Tp for which already a basis of U, is defined, the
corresponding coefficients have to be transformed according to Lemma 11.24.

11.3.2.2 Bases at Non-Leaf Vertices

Now, we are considering a vertex o € Tp\L(Tp) and assume that orthonormal
bases B, and B, at the son vertices a1, ag are already determined. According to
Remark 11.19c, the tensor space U,, ® U,, at vertex « has the canonical ortho-
normal basis

{b{®) :=b{*) @bl : 1<i<ry,, 1<j<ra,} (11.36)
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Assume that a subspace U, C U,, ® U,, is defined as the span of some basis
{bz(-a) : 1 < i < 1y}, which gives rise to B, := [bga), .. ,b&‘f}] € (Uy)™. In
case the basis B, is not already orthonormal, we may follow Lemma 8.12b and
determine the Gram matrix G(B,,) (cf. Lemma 11.28).

Lemma 11.31. Let oy and oo be the sons of o € Tp. Suppose that B, and B,

represent orthonormal'® bases. For any vectors v,w € U, with representations
Tay Tag Tay Tag
V—ZZ of b(a1)®b(a2) and w = ZZ Wba1)®ba2)
=1 j=1 =1 j=1
involving coefficient matrices C, := (c;’J) ,Cw = (C;’;) € Kre1XTe2  the scalar

product of v .and w equals the Frobenius scalar product (2.10) of Cy, and Cy,:

To‘l Tag

(v, w) = (Cy, Cu)p = > > el (11.37a)

1=1 j=1
Hence, the isomorphism O, from (11.23c) is unitary. In particular, the coefficient
matrices of bl(,a) and bﬁa) yield

g5 = (b{™ b)) = (C>m ) (1< v, pu<ry). (11.37b)

The basis {bl(,a)} is orthonormal if and only if {C®")} is orthonormal with

respect to the Frobenius scalar product. The computational cost for all entries gl(,fj)

(1<v,u<ry)is 2riralra2.

Proof. By
(v,w) = < Z c‘,’, b(.al) ® b(az), Z cry b,(cal) ® bga2)>
k4
= ZZCU oy (bf™ ®b(a2) by @ bi™)) = Z%‘@v
k4 i, i,
=0;i,k0j,¢

we arrive at the Frobenius scalar product. (11.37b) follows also from Lemma 11.28
because of G(B,,,) = I. O

We denote the hierarchical format with orthonormal bases by
v = PR (T, (Ca)acrorc(rpys €2, (By)jen)., (11.38)

which requires B B; =1Iforallj € D and (Cloom) Ol = 0. By Lemma
11.31, these COHdlthHS imply orthonormality: BB, = I.

Adding the cost of the orthonormalisation of a basis and of the transformations
involved, we get the following result.

Remark 11.32. Given a hierarchical representation with general bases or frames,
the orthonormalisation costs asymptotically 2dnr? + 4r*(d — 1) operations
(7 := max, rq, n 1= max; n;, details in (13.16b)).

13 If the bases are not orthonormal, compare Lemma 11.44 and its proof.
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11.3.2.3 Transformation between Orthonormal Bases

Lemmata 11.24 and 11.25 remain valid for orthonormal bases. In order not to
lose orthonormality, the transformation matrices must be unitary or (in the case of
rectangular matrices) orthogonal. Note that orthogonal n X m matrices require
n > m. The situation rp¢¥ < rglid is covered by Part (a) of the next corollary,
while Part (b) requires 72°% > 724

(e 7

Corollary 11.33. Let a1, az be the sons of & € Tp\L(Tp). (a) If the transforma-

tions
CC()IO(;’E) = G(a1) CI(]g‘;f) (S(az))T for1 < £ <1,

Brew — Bold §(on) | Brew — Bold g(a2) (11.39a)

hold with orthogonal matrices .S C (z = 1,2), the bases Bgfw inherit ortho-

normality from Bglf, while the Frobenius scalar product of the coefficient matrices
is invariant:

new ’ new

(Ol ol = (0l ey foralll < £k <ro.  (1139D)

(b) If BrewT(@) = B3 holds for i=1,2 with orthogonal matrices T(*), the
new coefficients defined by oleh — T(O‘l)C’éﬁi’@ (T(@2))T satisfy again (11.39b).

Proof. BiewHBIew = Gla)HpoldiBold gla1) — gleVH (1) — T proves ortho-
normality of the basis BT .

The identity (C;”, O™, = (S Cfey) 50T sl ofgH) slea)Ty - =
<C§‘§;f ), C’r(lg",vk) >F follows from Exercise 2.11b. O

Asin §11.3.2.1, a transformation of B,, should be followed by an update of Cg
for the father 3 of o (cf. Lemma 11.24). If D is the father of «, the coefficient ¢”
must be updated (cf. Lemma 11.26).

11.3.2.4 Unitary Mappings

Here, we consider the analogue of the mappings from §11.3.1.5 under orthonormal-

ity preserving conditions. For j € D, let B; = [bgﬂ ), o ,bg)] be an orthonormal
basis. U; := range(B;) is a subspace of V;. Let A; : U; — U; C V; be a mapping
such that B; = b7 .., 6&?] with ) := A;b17 is again an orthonormal basis.

Proposition 11.27 applied to A=) A; takes the following form.

jeD
Proposition 11.34. Let the tensor v=p% (Tp, (Ca)actp\2(1n), ), (B))jen)
and the elementary Kronecker product A = ®j€ p Aj with unitary mappings
Aj » U; — U; C Vj be given. Then w := Av has the representation w =
P (Tp, (Ca)aeTo\o(Th)s P, (Bj)jen), where only the orthonormal bases

Bj are replaced by the orthonormal bases Bj = [Ajbgj), e Ajbg)].
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Let 2 C Tp be a complete set of successors of D (cf. Definition 11.9). Consider
Kronecker products A =@, .o Ao and assume that

Ay :U, - U, C U,, ® U,, is unitary for all « € 2.

Hence, the orthonormal basis B, = [bga), e ,b&ij)] is mapped into a new ortho-
normal basis B, = [B§°‘>, . B&fj)] with f)f) = Aabga). To represent Bga), new

coefficient matrices C'(*%) are to be defined with the property
(o) _ Al 0) () (2)
Ay = Zij eDplen) @ plow),

The result Av has the representation p2tl (TD, (Cﬁ)ﬂeTD\ﬁ(TD)7 D) (Bj)jeD) ,
where Cg = Cp for all 5 ¢ 2. Only for 5 € 2, new coefficient matrices appear as
defined above.

11.3.3 HOSVD Bases

11.3.3.1 Definitions, Computation of M, (v) M4 (v)"

A by-product of the representation (11.16b) in Theorem 11.12 is stated below.

Remark 11.35. The left singular vectors uga) of M, (v) (cf. (11.16b)) may be
chosen as orthonormal basis: B, = [u§°‘> X -uri)]. They form the HOSVD basis
corresponding to the tensor v € V and to the vertex o € T)p (cf. Definition 8.22).

Definition 11.36 (hierarchical HOSVD representation). The hierarchical HOSVD
representation denoted by

V= pE%IS{VD (TDv (Ca)aeTD\E(TD)v C(D)v (Bj)J'GD)

indicates that these data correspond to HOSVD bases B, forall &« € Tp.

Remark 11.35 states the existence of a basis B¥*"> = [b§°‘>, e bg‘fj)}, but for
the practical implementation one needs the corresponding coefficient matrix family
CHosvP — (0153553)13 ¢<r,- In the following, we describe a simple realisation of its
computation.

The left singular value decomposition of M, (v) is equivalent to the diagonal-
isation of M, (V)M (v)™. We recall that M, (v) M, (v)! for a certain vertex
a € Tp is the matrix version of the partial scalar product (M, (v), Mo (V)),. €
Vo ® V, (cf. §5.2.3). In the case of the tensor subspace format, its computation
has to refer to the complete coefficient tensor. Similarly, for the r-term format,
the computation of M, involves all coefficients. For the orthonormal hierarchical
format, the situation is simpler. Only the coefficients Cg for all predecessors 3 D o
are involved.
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Theorem 11.37. For v = p{ii% (Tp, (Ca)aero\2(1p), ), (B;)jep) define the

matrices E, = (el(.;?‘)) € Krexra py

(Ma(v), M Z et b @b“‘) EVL®V,. (11.40a)
1,j=1

For o = D, the matrix Ep (usually of size 1 x 1) equals
Ep =PV (PHH e Kroxro, (11.40b)

Let oy, g be the sons of « € Tp\L(Tp). Given E,, € K"**">_one determines
E., and E,, from

Eal — Z ez(;l)c(oéz) (C(O’ﬂ))H, E’OL2 — Z ez(;l) (O((xi))T C(OLJ) (1140C)
i,j=1 t,j=1

Proof. Use Theorem 5.14 and note that the Gram matrix is the identity, since the

bases are orthonormal. O

Even for non-orthonormal bases, Theorem 5.14 provides a recursion for E,,.

Theorem 11.37 allows us to determine E, by a recursion from the root to the
leaves. However, it helps also for the computation of the HOSVD bases. A HOSVD
basis at vertex « is characterised by

E, = diag { (o\*)?, ..., (\®)?}, (11.41)

_ 3 (0§a>)2b§a>®@'

i=1

corresponding to the diagonalisation (M, (v), M4 (v))

ac

Theorem 11.38. Given the data v = p@ih, (TD, (Ca)aeTo\£(Th) D) (Bj)jeD),
assume that (11.41) holds at the vertex oo € Tp\L(Tp). Then

S a)\2 ~(a,i i C a)\2 o Py
EQIZZ(UE )) (@i (i), EQZZZ(Ug )) (C@NT Cled)  (11.42)
i=1 i=1
holds at the son vertices o1 and ag. The diagonalisations E., = U,, EZIU(';'I

an = yield the HOSVD bases = B, Uy, for k=1,2,
d By, =U, 22 UH ld the HOS b BHOSVD B, U, k=1,2
(Otk) (ak)

where Uy, = [uy /... ,uTHOSVD].
XL

HOSVD

Proof. Ea, = Ua, X2, UR can be rewritten as E,, = 3,7, (o512l fe
HOSVD

(an) _ (o (al))2 (1), ()H
u—l

vi W, ;- Hence,

and €

(Ma, (v), Mo, (v)>a = Z Z (U,(ja )) ul(/azl) I(joz;)H b(a1) ®b(a1)
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= ( (al))2 b(aHlo)svn ® bE/aHIO)SVD

with b{he = 30 ub™[i] bl ie., B = By, U, . Similarly for ap. 0

In the following, we shall determine the HOSVD bases BE>" together with the
smgular Values cr( )
py— d1ag{cr ey O'THOSVD} to the representation data.

> O Wthh can be interpreted as weights of b We add

7,HOSVD *

In the following, we start from orthonormal bases B, and their coefficient
matrices C,, and construct the new HOSVD bases Bi>'", weights X, , and matrices
Cos"_ The coefficient matrices C'(**) will change twice: a transform B,, — B!
creates new basis vectors and therefore also new coefficient matrices C'(*). Since
the coefficients refer to the basis vectors of the sons, a basis change in these vertices
leads to the second transform C'(6) CH(%’V[Z into their final state. Also the number
of basis vectors in B,, for the sons a1, ap € S(cr) may change from 7, to ri>".
For simplicity, we shall overwrite the old values by the new ones without changmg
the symbol.

Because of rp = 1, the treatment of the root (cf. §11.3.3.2) differs from the
treatment of the inner vertices of Tp (cf. §11.3.3.3). The inductive steps can be
combined in different ways to get (a) the complete HOSVD representation piig,
(b) the HOSVD at one vertex, and (c) the coefficients at one level Tg ) of the tree

(cf. §11.3.3.4).

11.3.3.2 Treatment of the Root

In order to apply Theorem 11.38, we assume in the following that all bases B,,
(e € Tp) are orthonormal: v = p‘g{fﬁ (TD, (Ca)acTo\L(Th)> P (Bj)jeD).
The root @« = D plays a special role, since we assume Up = span{v} to
be one-dimensional (otherwise replace Up by span{v}; note that the HOSVD is
associated to one tensor v only). Hence, there is only one basis vector bg ). We
may assume that b(D) =v/ ||v]]. The definition of the weight
P = ||v|| (11.43a)
coincides with (11.40b): X% := Ep := c(P)(c(P))H ¢ K11,

Let C(P:1) ¢ Kme1XTa2 pe the coefficient matrix of the vector bgD), where a1, o
are the sons of D (cf. (11. 24)) Determine the reduced (both-sided) singular value
decomposition of o D)O(D D

U e Krea*r 'V € Kre2*" orthogonal,
o Ple®PD —usvT { g1>...> 0, >0, ri=rank(CPD), 5 (11.43b)
Y = diag{o1,...,0.} € K"*".
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The rank ri>™*" := r may be smaller than 7,, (k = 1,2). The bases at the son
vertices a1, oo are changed via'*

B,, = BY9SVP .= B,,U and B,, —» BL?VP:=B,,V, (11.43c)

i.e., Lemma 11.25 applies with S(®) := U/ and S(®2) := V, and shows that

D,1 g1 Op
CI({OS%D =X= dlag{ (D)""7W}' (1143d)
o3 1
The size of the bases BE*" is ro"> := p = rank(C(P-1). According to Lemma

11.23, the coefficient matrices of the new basis vectors b(o”)

£ ,HOSVD are

Cglc)SVD = Co, U and CSQOSVD = Cq,V, (11.43e)

ie., Cloml) = S Uy C@k) and C92) := 3772, Vi €20 for 1< 0 < 7.
To simplify the notation, we omit the suffix ‘HOSVD’ and write 7, , Bq,, Cq, for
the new quantities at o;. The newly introduced weights are defined by the singular
values of (11.43b):

Yo, 1= Yo, i=diag{oy, ..., 0.} with o;=0("") =" from (11.43b). (11.43f)
As mentioned above, the old dimensions r,, of the subspaces are changed into
Tay = Tay =T (11.43g)
Remark 11.39. The computational work of (11.43) consists of
a) NSVD(Toq 5 TOLQ) for U 0i, ‘/7

) 2(ra, TR Ty, Tars + Tas i T gy, Tag, ) for (11.43e), where' agy, ape €
S(c). Bounding all 7, (v € Tp) by r, the total asymptotic work is 4r?.

11.3.3.3 Inner Vertices

Assume that at vertex o € Tp\({D} U L(Tp)) a new basis B, = [b{™), ... b{¥]

with weight tuples X, = diag{o\®, ..., !} is already determined. The corre-

sponding coefficient matrices are gathered in Cl@) = (C (O‘ve))lg ¢<r, (note that in
the previous step these matrices have been changed). Form the matrices'®

Z,, :

U(Q)C(O"l),aéa)c(o"m,...,Uﬁ‘;‘)C(O"T"‘)} e KrerX(rame2)  (11.44a)
0.§0‘)(?(o¢,1)

Lo, : € K(rarai)xraz (11.44b)

Uﬁa) C(a,ra)

4 Note that Eq, from (11.42) equals (o{”)C(P-1)(0{P)C(P-D)H = U, £2 UN  with
Ua, = U (U from (11.43b)). Analogously, U, = V" holds.

15 1f ey (or a2) is a leaf, the numbers change as detailed in Remark 11.40.

16 Z ., may be interpreted as O, (Bo X)) from (11.23c¢).
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where a1 and ao are the sons of o € T'p. Compute the left-sided reduced singular
value decomposition of Z, and the right-sided one of Z,,:

Zo, =UX, VT and  Z,, =UX,,V". (11.44c)

The matrices V and U are not needed. Only the matrices

HOSVD HOSVD HOSVD
UeKre®ar | 5, = diag{o\™,. .. iﬁés)vn} €K o
HOSVD HOSVD HOSVD
VeKe2 e | X, = diag{agaﬂ, U((:OZS)VD} ek T
(11.44d)

are of interest, where r>*"" := rank(Z,,) < ro, may occur. The data (11.44d) are
characterised by the diagonalisations of the matrices F,, and E,, from (11.42):

E,, = Zoqz_g1 =3 (o (a))zc(a,z)c(a,z)H —US2 UM,
Eo, =21 Z,, = Zil( o! )2C(a,e)TC(a,e) = V2 VM,

The inclusions range(C(*)) C range(U) and range(C(*0T) = range(V; are
valid by construction; hence, C' (@) allows a representation C' () — C’Sg‘s’f,) VT,
Since U and V' are orthogonal matrices, the coefficient matrices at vertex o are

transformed by

HOSVD HOSVD

C@O ol = UHC@ OV e Kren XTaa (1< 0<7,). (11.44e)

According to Lemmata 11.25 and 11.23, the bases and coefficient matrices at the
son vertices aq, oo transform as follows:

B,, — BIOSVD . B, U and B,, — BHOSYD .—B,,V,

CHOSVD CalU and CHOSVD C.,V. (11.441)

Again, we write B, and C,,, instead of B’**” and C’**" and redefine 7, by

. pHOSVD
Ta; = Tq,

The related weights are the diagonal matrices of X, and X, from (11.44d).

Remark 11.40. The computational work of the steps (11. 44a f) consists of
a) (Tay + Taz) TaTaiTa, for forming Ze, ZH and Z! Z, and $(r3 + r3 ) for
the diagonalisation producing U, X,,,,V, X,,, b) 27’a Toor Ty (7*041 + roaP) for
(11.44e), ¢) 2(ra, 700 Tar Tar, + Taz’I”ZC;SVDTaleazz) for (11.44f), where
g1, a2 € S(ayg), provided that a, € Tp\L(Tp). Otherwise, if oy = {j},
(11.44f) costs 2(r;71°*""n;), where n; = dim(V;). Bounding all r, by 7 and n;
by n, the total asymptotic work is 1074 (if a1, e & L(Tp)), 8r* + 27?n (if one leaf

in {1, as}), and 67* + 4r2n (if a1, a0 € L(Tp)).
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Exercise 11.41. Let {1, a2} = S(a). Z,, and Z,, from (11.44a,b) formulated

with the transformed matrices C(**) = CI({%iS)VD satisfy

ZmZEll _ 221( (a) )20 a,0) (e OH _ 22
(11.45)

ZT Z Zal( ea))2 C@OT (e l) — 2{32'

Note that the case of the root « = D is not really different from inner vertices.
Because of rp = 1, the identity Z,, = Z,, holds.

11.3.3.4 HOSVD Computation

First, we want to compute the HOSVD bases at all vertices. The algorithm starts
at the root and proceeds to the leaves. The underlying computational step at vertex
a € Tp\L(Tp) is abbreviated as follows:

procedure HOSVD («); (for a € Tp\L(Tp) with sons ay, az)
(11.43d)if o = D,
(11.44e) if a # D;

transform Clert) (1<l<ry,) accordine to (11.43e)if « = D,
Caz,0) (1<z<ra2) SO ar4anifa # D; | (11.46a)

transform C(9) (1<£<r,) according to {

— diag{o{"), ..., o2}

Doy 1= d1ag{a§ 2. araz)}}
(11.43f)ifa =D
(11.44c)ifa # D

define the weights

according to { } with possibly new 7, , 7q.,;

The complete computation of HOSVD bases at all vertices of T is performed by
the call HOSVD™(D) of the recursive procedure HOSVD*(«x) defined by

procedure HOSVD*(a);
if a ¢ £(Tp) then (11.46b)
begin HOSVD(«); for all sons o € S(a)) do HOSVD* (o) end;

The derivation of the algorithm yields the following result.

Theorem 11.42. Assume v =p{ith (T, (Ca)acrp\2(Tn): €2, (Bj)jep). The re-
sult of HOSVD* (D) is v = pioi® (T, (CE) werp (T s Cromns (BE) D).
The implicitly defined bases BY>S'P = [bgaHOSVD, . ,bﬁfj?ﬂosvn] for a € Tp are the

HOSVD bases. The computed tuples X, contain the singular values.

The computational cost for « = D and o € Tp\{D U L(Tp)} is discussed in
the Remarks 11.39 and 11.40. The total cost of HOSVD™* (D) sums to
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d HOSVD
Nsvp(Toy:Tay) + 2 ZFI 7T (11.46¢)
+2 Z TaTas (T‘ZOSVDTQI + rzolsvr) (Tal + T,z(;svn)),
a€Tp\{DUL(Tp)}

where {01,020} = D and {a1, a2} = S(a). If 7o, < 7 and n; < n, the asymptotic
costis 3(d — 2)r* + 2dr?n.

Remark 11.43. Algorithm (11.46b) uses a recursion over the tree 7p. Compu-
tations at the sons of a vertex are completely independent. This allows an easy
parallelisation. This reduces the computational time by a factor d/ log, d.

We can use a similar recursion to obtain the HOSVD basis of a single vertex
a € T'. The algorithm shows that only the predecessors of « are involved.

procedure HOSVD™(«); (11.46d)
begin if a # D then
begin 8 := father(a); if HOSVD not yet installed at 5 then HOSVD™*(3)
end;
HOSVD(a)
end;

We recall that the tree T is decomposed in Tg ) for the levels 0 < ¢ < L (cf.
(11.8). The quite general recursion in (11.46b) can be performed levelwise:

procedure HOSVD-1w(/);

11.47
forall o € TY\£(Tp) do HOSVD(a); (11.472)
To determine the HOSVD bases on level ¢, we may call HOSVD-lw (¢), provided
that HOSVD bases are already installed on level £ — 1 (or if £ = 0). Otherwise, one
has to call
procedure HOSVD*-1w (¢);

for A = 0 to £ do HOSVD-lw()); (11.47b)

11.3.4 Sensitivity

The data of the hierarchical format, which may be subject to perturbations, consist

mainly of the coefficients CE?’@ and the bases B; at the leaves. Since basis vectors
bga) appear only implicitly, perturbations of bf) are caused by perturbations of
E}J"Z) (usually, some coefficients CE?’@ are replaced by zero).
An important tool for the analysis are Gram matrices, which are considered
in §11.3.4.1. The error analysis for the general (sub)orthonormal case is given in

§11.3.4.2. HOSVD bases are considered in §11.3.4.3.

C
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11.3.4.1 Gram Matrices and Suborthonormal Bases

We recall the definition of a Gram matrix (cf. (2.16)). For any basis B, (o € Tp)
or B (j € D) we set

G(Ba) = (95 h1<vpsr, Wit gl5) = (b b)) (11.48a)
Similarly, the tuple C,, := (C’(O"fl)) 1<¢<,. Of coefficient matrices is associated with

G(Ca) = (guu)lgu,ugra with Gup = <C(a,u)7c(o¢,u)>F . (1148b)

First we consider the situation of a vertex o € Tp\L(Tp) with sons oy, as. In
the following lemma the data B, , B, are general variables; they may be bases or
their perturbations. The crucial question is whether the mapping (B,,, B,,) — B,
defined in (11.24) is stable.

Lemma 11.44. Let a1, 0 € S(a). By, € (Vo)™ and B, € (Vqo,)2 are
mapped by bga) =>;c Ej‘ 2 b(al) ® b(a2) into B, € (V) . The related Gram
matrices satisfy

[G(Ba)lly < G(Ca)lly 1GBay)ll |G (Bas)ll, - (11.49)

Proof. According to Lemma 2.17, there are coefficients &; € K With Z;gl |€[|2 =1
and [|[G(Ba)|ly=|| 2026 b(a) H2 Summation over ¢ yields c =y, (O‘ 2

and the matrix Co, = (c;; (e) ). With this notation and the abbrev1at10ns G; = G (B J)
fori =1,2, we contlnue

2

b | = | 2l b & b

2 ,J

<ZC o) @ o), 37 ele) (e ®b<a2>>

Z//

)
722 Cij gjof) %/ g7
i il

= trace(C,G3C1GY).

2

Set €' := G}/ ’C, (Gé/ 2)T. Exercise 2.7a allows us to rewrite the trace as follows:

trace(CoGa CHGL) = trace(CCM) = (C, OV = ||C|2.

Thanks to Lemma 2.10, we can estimate by'’

17 Here we use that positive semi-definite matrices satisfy ||G/2||2 = (p(G'/2))2 =p(G) =||G||
(p: spectral radius from (4.76)).
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A2 3 5\T2 3 TR 2
IC1E = 167 CalG)TIR < [IGF lal|CallelGF o] = G lla I CalBIGllz

Now we use Cp = > ,% & C(>9 and apply Lemma 2.17 (with the Euclidean
scalar product replaced by the Frobenius scalar product):

Ta 2 Ta 2
ICall =D &CD)l < max | pC*O) = [|G(Ca)ll, -
el F Zl"’]ﬁl =1 ‘el F
Putting all estimates together, we obtain the desired estimate. a

This result deserves some comments.

1) Orthonormality of the basis B, is equivalent to G(B,,,) = I. According to
Lemma 11.31, orthonormal matrices C' CR produce an orthonormal basis B,,, i.e.,
G(B,)=1. Under these assumptions, inequality (11.49) takes the form 1 < 1-1-1.

2) The quantity ||G(B,)||, is a reasonable one, since it is an estimate for all
expressions || 7, @bga) ||; with 372 [€,]* = 1 (cf. Lemma 2.17).

3) Starting from the orthonormal setting (i.e., ||G(...)|l, = 1), we shall see that
truncations lead to ||G(. . .)||, < 1. Therefore, errors will not be amplified.

A typical truncation step at vertex «; omits a vector of the basis, say, bgi)

keeping B}S" = [b§‘“> e bgjl)_l]. Although B}S" and B,,, represent orthonormal
bases, the resulting basis Bgéw at the father vertex « is no longer orthonormal.
G(BLY) corresponds to G(CL°Y), where C2°V = (Cﬁg&f))lggm is obtained by
omitting the 7, -th row in C(**), However, still the inequality G(B"*") < I can
be shown (cf. Exercise 11.48).

Exercise 11.45. Prove |b{”)[|2 <|[G(Ba,)||2|G(Bay)[|2|C@O |2 for 1<<r,.

Exercise 11.46. (a) Prove that \/[|G(B + C)|2 < /|| G(B)|l2 + /[|G(C)]|.
(b) Let B, C € K™*™ be pairwise orthogonal, i.e., BfC=0. Prove that
GB+C)=G(B)+G(C),
|G@®B + O)ll2 < IG(B) 2 + |G(C) =

Definition 11.47. An n-tuple of linearly independent vectors ¢ = (z1,...,%,) is
called suborthonormal, if the corresponding Gram matrix satisfies

0<G) <I  (cf.(2.14).

Exercise 11.48. Show for any B € K”*™ and any orthogonal projection P € K"™*"
that
G(PB) < G(B).

Hint: Use Remark 2.14b with P = PHP < I.
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11.3.4.2 Orthonormal Bases

Here we suppose that all bases B, € (V)™ (a € Tp) are orthonormal or, more
generally, suborthonormal. This fact implies G(B,,) < I, G(Cp) < I and thus
|G(Ba)ll,, |G(Cp)||, < 1. Perturbations may be caused as follows.

1. Ataleaf j € D, the basis B; may be altered. We may even reduce the dimension
by omitting one of the basis vectors (which changes some bgj ) into 0). Whenever
the new basis B}“" is not orthonormal or the generated subspace has a smaller
dimension, the implicitly defined bases BL°" with j € « also lose orthonormality.

2. Let o € Tp\L(Tp) have sons ay, as. Changing C,,, we can rotate the basis
B, into a new orthonormal basis BJ" satisfying the nestedness property
range(B,) C range(Bq, ) ® range(B,, ). This does not change G(Bj") = I
and G(Cg) = I for all predecessors 8 € Tp (i.e., 8 D «).

3. We may omit, say, b&fj) from B, € (V)" by setting c\&re) .— 0. 1f B, is
(sub)orthonormal, BL*Y is so too. For D a, G(BE™™) < G(Bp) follows, i.e.,
an orthonormal basis Bg becomes a suborthonormal basis B.,*". The inequality
G(Crew) <G(C,) holds.

We consider a general perturbation 6B, € (V)™ i.e., the exact B, is changed
into
By :=B, — B,
at one vertex a € Tp. Let 8 € T be the father of « such that 81, 82 € S(8) are
the sons and, e.g., « = 1. A perturbation /B, causes a change of By into B*V =
Bs — dBg. Because of the linear dependence, 5b§6) =2, cz(-;@’g) 5bl(»a) ® b§ﬂ2)

holds for the columns of 6Bg, B, and inequality (11.49) implies
IG(OBs)ll, < IG(Cp)lly IG(6Ba)ll, IG(Bg,)l, < 1G(6Ba)ll;, -

The inequality ||G(0Bg)|, < [|G(6B4)|, can be continued up to the root D
yielding | G(6Bp)|, < ||G(6Ba)||,. However, since rp =1, G(6Bp) = ||sb{™||2
is an 1 x 1 matrix. This proves the following result.

Theorem 11.49. Given v = p{ith (T, (Ca)acrp\c(1p): ¢ P, (B))jen) as de-
fined in (11.38), consider a perturbation 0B, at some o € Tp (in particular, 6B;
Jor o = {j} is of interest). Then v is changed into v**¥ = v — §v with

I8v]l2 < P\ /I1G (6B -

If 5 is the father of o € T)p, the fact that the perturbed basis B.*V = B, — éB,,
is, in general, no longer orthonormal, implies that also Bj*" = Bz — B loses
orthonormality, although the coefficients Cg still satisfy G(Cpg) = I.

Corollary 11.50. Let A C Tp be a subset of size #A (hence, #4 < 2d — 1).
Perturbations 6B,, at all a € A yield the error
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[[ov]l2 < |C§D)|, /4 A \/ZQGA |G(6B4)||, + higher order terms.

A first perturbation changes some Bg into Bjv. If [|[G(Bg)l, < 1,
Le., if BE™ is still suborthonormal, the second perturbation is not amplified.
However, ||G(B}3°")||2 may become larger than one. Exercise 11.46a allows us to
bound the norm by

IGBE)2 < [\/IIG®Bs)Il2 +/IGEBs) 2]
~ [+ |G<6Bﬁ>|2r —1+0(|/I66BIL).

If this factor is not compensated by other factors smaller than 1, higher order terms
appear in the estimate.

So far, we have considered general perturbations dB,, leading to perturbations
0v, of v. If the perturbations dv,, are orthogonal, we can derive a better estimate
of ||G(*)||2 (cf. Exercise 11.46b).

In connection with the HOSVD truncations discussed in §11.4.2, we shall con-
tinue the error analysis.

11.3.4.3 HOSVD Bases

Since HOSVD bases are particular orthonormal bases, the results of §11.3.4.2 are
still valid. However, now the weights X, from (11.43f) and (11.44d) enable a
weighted norm of the error, which turns out to be optimal for our purpose.

First, we assume that HOSVD bases are installed at all vertices o € TD The

coefficient matrices C(*%) together with the weights Yy, = diag{agai), ) O raz )}
(i = 1,2) at the son vertices {ay, as} = S(a) satisfy (11.45) (cf Exer01se 11.41).
A perturbation B of the basis B is described by 6B, = [5b , 5b£:)]. The

weights 0( ™) from 2, are used for the formulation of the error:

e = Z (a§7>|\5b§”|\)2 (reTp). (11.50)

i=1
The next proposition describes the error transport from the son «; to the father a.

Proposition 11.51. Suppose that the basis B, satisfies the first HOSVD property
(11.45) for iy € S(). Let 6B, be a perturbation'® of B, = [bgal) bgi‘i)]

into B, —dB,. The perturbation is measured by €, from (11.50). The (exact)
basis B, = [bga), ceey bsfz)] with bga) = Z:all Tiz (a 2 b(al) ® b( o2) g per-
turbed into B, — 0B, with

18 This and following statements are formulation for the first son 1. The corresponding result for
«g is completely analogous.
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To‘l Taz

6Ba = [0b{”,...,0b(@)] and b =%l obl™) @ b,
=1 j=1

Then the perturbations (5bga) lead to an error of equal size:

Eq 1= Ji (U§Q)H5b§a)”)2 = e,

=1

Proof. By orthonormality of the basis B, we have

Tars Ta 2 To
16b{||? = iic‘”) ob{* @ bl Z ZCW b(‘“
=1 j=1 =

T()cz

_ Z < 3 el bl Z 20 b a1>> 0D (b sl

i

The Gram matrix G =G(0B,,, ) € K" 1 has the entries G;/; := <5b§°‘1), sbi™) ).
The sum over %, ', j from above equals

trace ((C*9)H G €149 = trace (G2 C(*)(C(>D)HG/2)
(cf. Exercise 2.7a). From (11.45) we derive

ST (@) = 3T (01) trace(G20@O (Ol RGH/2)
=1 =1

= trace {Gé [ZZ; (Uéa))Q C(O"Z)(C(O"f))H} Gé} = trace (G%EZIG%)
= trace (Yo, G X4,) = 3 (U£a1)||6b§°‘1)|\)2 =e2,
i=1

concluding the proof. a

The HOSVD condition (11.45) can be weakened:

D (o CeN O Y (0 (e <52, st
=1 =1
for a1, s € S(«). Furthermore, the basis B, = [bgT), . bTT | (r € Tp) may be

suborthonormal, i.e., the Gram matrix G(B, ) := BB, satlsﬁes
GB,)<I (reTp). (11.52)

The statement of Proposition 11.51 can be generalised for the weak HOSVD
condition.
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Corollary 11.52. Suppose that the basis B,, satisfies the first equality in (11.51) for
a1 € S(a). Let 0B, be a perturbation of B,,, measured by &4, from (11.50). The
basis B,,, at the other son as € S(a) may be suborthonormal (cf. (11.52)). Then

the perturbations ébf) are estimated by

T

2
cai= [0 (V1D ) < 20
=1

Proof. 1) We have ||5b§a) 2= 252 ¢ ®b§»a2) ||2 forc; := 3.} cz(-‘?’g) Sb{™).

3

Using the Gram matrices C' := G(c) and G := G(B,, ), the identity

(a2)
HZJ ¢ @by

2
_ (@2) plaz)y  _
=> 1 (o) (B BI) = trace(CG)

= trace(CY/2GCY?)

holds. Applying (11.52) and Remark 2.14d, we can use the inequality

trace(C/2GCY?) < trace(CY2CY?) = trace(C) = Z (cj,¢5)
J

Tag || Tag 2
_ (&0 L) ’

to continue with the estimates in the proof of Proposition 11.51. In the last lines of
the proof trace {...} = trace (01252 §'/2) has to be replaced by the inequality
trace {...} < trace (61/2X2 §1/2). O

Theorem 11.53. Suppose v € H.. Assume that all B, 7 € Tp, are weak HOSVD
bases is the sense of (11.52) and that all coefficient matrices C“*) together with
the weights X, satisfy (11.51). Then a perturbation of the basis at vertex o € Tp by

To

2
cai= | D (o1 lobi])
(=1
leads to an absolute error of v by
lov|| < eq-

Proof. Corollary 11.52 shows that the same kind of error at the father vertex does

not increase. By induction, one obtains ¢ p = \/2;21(0§D> ||6bgD) IN? < e, at the
2

root D € Tp. Since rp = 1 and agD) = ||v||, it follows that e p = ||vHH5b§

On the other hand, v = ch)bgD) with ||v]| = |c§D)| proves that the perturbation is

D D D
[8v]| = [{”ab{ || = [v]|]|ob{™]]. O
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11.3.5 Conversion from R, to H. Revisited

In §11.2.4.2, the conversion from r-term representation R, into hierarchical format
‘H. has been discussed on the level of subspaces. Now we consider the choice of
bases. The input tensor is

v=>Y Qv withv? €V forjeD. (11.53a)
i=1 jeD

Let Tp be a suitable dimension partition tree for D. The easiest approach is to
choose

=@ (1<i<r aeTp\{D}) (11.53b)
JEa

as a frame (cf. (11.19)). Note that r, = r for all « € Tp\{D}. Because of
b =b{* @bl*  (1<i<r ar,assonsof ), (11.53¢)
the coefficient matrices are of extremely sparse form:

()  Jlifl=i=j .
iy = {O otherwise. } 1<4,5,0<r, a€Tp\{D}. (11.53d)

Only for a= D, the definition b( )= =30 bgal) ® b(az) is used to ensure rp =1,
i.e., CP1) = 1In particular, the matrices C(*%) are sparse, diagonal, and of rank
one for o # D.

Now we denote the basis vectors bz(-a) from (11.53b,c) by bz(.(f))ld. Below we con-
struct an orthonormal hierarchical representation. )

Step 1 (orthogonalisation at the leaves): By QR or Gram matrix techniques one
can obtain an orthonormal bases {b(J Ji1<i<r; i} of span{v :1<i<r} with

r; <7 (cf. Lemma 8.12). Set B; = [b( 2 b(J )] Then there is a transformation
matrix T with

Tk
W] = BjT(‘j), ie., véj) = th(j)bg]) (1<e<r).

i=1

B;_)ld _ [v?)

Step 2 (non-leaf vertices): The sons of & € Tp\L(Tp) are denoted by o and
as. By induction, we have bﬁ“lg =3, 2™ (1 = 1,2). From (11.53¢) we
conclude that

’I"al Taz

b= DY tede ple) gl (1< <) (11.54)
=1 j=1
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with the coefficient matrix

g = (), =l (11.54b)

ol

(1<l<r 1<i<rs, 1<j<ry,).Theidentity C iy Z) = ab" for the vectors
a= T.(Otfl), b= T(OQ) proves the first statement of the next remark

Remark 11.54. (a) The matrices C'%") from (11.54b) are of rank 1.

. a,l a,m
(b) The Gram matrix G, = G(C,,) has coefficients g( ) — <Cold ) C’(()ld )> (cf.
(11.37b)) of the form

957‘:2 _ <ZS(041) (041)> <Zs(a2) (%2)>'

Therefore, the computational cost for orthonormalisation is 212 (rs, + 74,) (in-
stead of 2r27,, 74, as stated in Lemma 11.31 for the general case).

Using G, we can construct an orthonormal basis {bga) .1 <0< 1y} leading
to B2 = B, 7(®) and an updated C(**).

Step 3 (root): For o = D choose rp = 1 with obvious modifications of Step 2.

11.4 Approximations in H,

11.4.1 Best Approximation in H.,

11.4.1.1 Existence

Lemma 8.6 has the following counterpart for ..

Lemma 11.55. Let V = ®;l:1 V; be a Banach tensor space with a norm not
weaker than ||-||,, (cf. (6.18)). Then the subset H. C 'V is weakly closed.

Proof. Let v(*) € H, be a weakly convergent: v(*) —v € V. Because of v(*) € H,
we know that dim (U™ (v(*))) < r;. By Theorem 6.24, dim(U™"(v)) < r;
follows. Also the nestedness property URi™(v) C UZi*(v) @ ULin(v) follows
from (6.13). Hence v € H, is proved. O

The minimisation problem for H, reads as follows:

. d _ T,
Givenv € ||, V; andv = (ra) ,eq, € NP,

) 9 (11.55)
determine u € A, minimising ||v — u||.
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The supposition of the next theorem is, in particular, satisfied if dim(V}) < oc.

Theorem 11.56. Suppose that the Banach space V. = ® 1 Vj is reflexive with a
norm not weaker than ||-|.,. Then Problem (11.55) has a solutlonfor allv eV, ie,
for given representation ranks v = (1) there is a tensor Unest € He C V
which solves

a€eTp’

Iv = el = inf v .

Proof. By Lemma 11.55, H, is weakly closed. Thus, Theorem 4.28 proves the
existence of a minimiser. a

In the rest of this chapter we assume that V is a Hilbert tensor space with induced
scalar product. Since Upest € ®;l:1 U Jmi“(v), the statements from the second part
of Lemma 10.7 are still valid. These are also true for the truncation results from
§11.4.2.

11.4.1.2 ALS Method

As in the case of the tensor subspace format, one can improve the approximation
iteratively. Each iteration contains a loop over all vertices of Tp\{D}. The action
at « € Tp\{D} is in principle as follows. Let v € V be the given tensor and
u = pith (TD, (Ca)aeTo\£(Th) D) (Bj)jeD) the present representation in H.,.

If « = {k} € L(Tp), u is replaced by upe, which is the minimiser of
{Ilv = o8 (To, (Ca), ), (By)jen)|| - Br €K™ with BY Bi=1},

i.e., a new rj-dimensional subspace Uy C V), is optimally chosen and rep-

resented by an orthonormal basis B;*V. Replacing the previous basis By from

u= p%r%}ﬁ (TD, (CQ)QGTD\“TD), D), (Bj)jep) by BpY, we obtain the repre-

sentation of u,.. Note that the change from By, to B;°" corresponds to a unitary
mapping Ay. By Proposition 11.34, ey, = (4 @ 4 k])u holds with Ay, =

If « € Tp\L(Tp), a new r,-dimensional subspace UL C V,, is to be de-
termined. Since U, = range(B,), one has in principle to minimise over all
B, € (V)" with BB, =1. Since the basis B,, does not appear explicitly in the
representation p%r{%( .), one has to use C,, instead. Note that BB, =1 holds if

and only if G(C,) = I holds for the Gram matrix G(C,,) (cf. (11.48b)). Hence,

the previous approximation u = p%r%}ﬁ (TD, (Cﬁ)BGTD\L:(TD)7 D), (Bj)jeD) is

replaced by uyew Which is the minimiser of
{HV — itk (T, (Cp)perpo(tsn). P, (B)jep)|| : Ca with G(Ca)zf} :

b pew] by (11.24). If
Aq irange(Bg ) — range(Bge) with A, b(a) b( * isa unitary mapping, the

7, new

transition from C,, to C2°V produces Upew = (Aq ® Age)u with Aye = T (see
second part of §11.3.2.4).

Cuev — (qﬂﬁﬁ)“‘ defines the basis B2V = [b(a)

I,new? " "
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11.4.2 HOSVD Truncation to H..

As for the tensor subspace format in §10.1, the higher order singular value decom-
position can be used to project a tensor into H.. In the case of the tensor subspace
format 7, we have discussed two versions: (i) independent HOSVD projections in
all d directions (§10.1.1) and (ii) a successive version with renewed HOSVD after
each partial step in §10.1.2.

In the case of the hierarchical format, a uniform version (i) will be discussed in
§11.4.2.1. However, now the successive variant (ii) splits into two versions (iia) and
(iib). The reason is that not only different directions exists but also different levels of
the vertices. Variant (iia) in §11.4.2.2 uses the direction root-to-leaves, while variant
(iib) in §11.4.2.3 proceeds from the leaves to the root.

11.4.2.1 Basic Form

We assume that v is represented in H and should be truncated into a representation
in H, for a fixed rank vector v < s. More precisely, the following compatibility
conditions are assumed:

Ta < Sq forall « € Tp,
rp =1, Te, = T, for the sons o1, 09 of D, (11.56)
Ta < ToyTay forall o € Tp\L(Tp) and {1, as} = S(«).

The last inequality follows from the nestedness property (11.11c). The equation
Tey = T, for the sons 1,02 of D is due to the fact that for V = V,, ® V,,
we have the matrix case: The minimal subspaces Uglli“(u) and Uglzi“(u) of some
approximation u € V have identical dimensions (cf. Corollary 6.6).

First we describe a truncation to uyesyp € H Which is completely analogous to the
truncation to 7, discussed in Theorem 10.3 for the tensor subspace representation.
Nevertheless, there is a slight difference. In the case of 7y, there are single projec-
tions P; (1 < j < d) from (10.5) and uyesvn = P v holds for the product P,. of all
P;. Since the P; commute, the ordering of the P; in the product does not matter.
In the hierarchical case, one has to take into consideration that not all projections
commute.

In the case of s, let B2 = [b{*) . b{")] be the HOSVD basis discussed
in §11.3.3. Denote the reduction to the first r,, bases vectors (assuming 7, < s,) by
Bred .= bl .. b)), The projection P, from V,, onto range(Bre?) is deter-
mined by P, =B!*4(Br*4)H, The same symbol P, denotes its extension to V via

Py 1= Py @ idge, ie., Pa(®j€D u) = [Pa(®j€a u)| @ [®j€ac u)

for any u; € Vj (cf. (3.39a,b)).
Given v = pi(Tp, (Ca)aerp\c(1p), ), (Bj)jep) (cf. Definition 11.36),
the projection P, must be expressed by means of the coefficient matrices C,, as
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detailed in the following procedure with r = r,:

procedure REDUCE(q, r);

1) delete C'(* for £ > r:

2) if level(«) > 1 then for the father 5 do
2a) if o = By is the first son of 5 then

reduce C(8-0) g K51%52 1o (ci (B, E)) € K52 else

T, 1>

2b) if « = 35 is the second son of ﬁ then

reduce C'%9) € K*1%52 to (CE,BJ‘7Z))1<1'<51 1<j<r

e Ksrxr,

Concerning the ordering of the sons see Remark 11.4. s; X sy denotes the actual
size of C'(¥) before reduction. Note that the remaining coefficients c(a é), CEBJ 4
unchanged, only those referring to {b cr+1<{0<s,}are deleted by reducmg
the size of C,, Cg.

The recursive version of this procedure is

procedure REDUCE"(a, t);
begin REDUCE(q, 74);
ifa ¢ L(Tp) then for all o € S(a) do REDUCE" (o, 1)

end;

REDUCE"(D,t) maps v = pipPg(-) € Hs into Wyesvy = Prv € H,. Since no
arithmetical operations are performed, the computational cost of the procedures
REDUCE and REDUCE" is zero.

Remark 11.57. (a) If o, 3 € Tp are disjoint, the projections commute: P, Pz =
P3P, . Otherwise, P, Pg and P3P, may differ.

(b) If P,,, P3 are orthogonal projections onto subspaces U, Ug with U, C Ug, the
identity P,, = P, Pg = P3P, is valid.

(c) Let 01 and o5 be the sons of D € T'p. The projections P,, and P,, (as mappings
on V) satisty P,, v = P,,v.

Proof. For Part (c) note that v =) o, bl @ bl O

To study the consequence of Remark 11.57a, we consider o € Tp\L(Tp) and
its sons a1 and ap. While P,, and P,, commute, they do not commute with P,
which can be seen as follow. First we describe the action of P,. A tensor v, € U,

has the representation Sa
B Qe
with bf) from the HOSVD basis BX" = [b{*) .. b{")]. Hence, the projection

yields .
Pov, — Z () Z a)iz (@0 o) g ples)

=1 i=1 j=1

where we use the representation (11.24) of bga (index bound s,, replaced by r,!).
The projections P,, and P,, produce
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To‘l Taz

P, Po, Pava = Zc‘”zz (@O plen) @ plee) (11.57)

=1 j=1
(summatlon up to Tq, instead of s,,). Now, P,, P,, P, Vv, belongs to the subspace
U, = span{b : 1 < £ < r,} with the modified vectors

Tay Tas
bl =33 el ) @ bl (11.58)
=1 j=1
U, is a subspace of U,, ® U, for Uy, := span{b(o”) 1<¢<ry,},ie.,the
nestedness property (11.11c) holds.
On the other hand, if we first apply P, P,,, we get

Poy Po Ve = za: () il il (a £) b (1) ® b(az) Zza: ng)f)gx)
3 J 1

with the modified vectors b(a) from (11.58). The next prOJectlon P, yields some
vector P, P,, P,, v, in U, := range(B,) = span{b 11 <<y} # U,
Therefore, in general,

Pozgpalpozvoz 7é Papagpalva

holds proving noncommutativity. Further, Uy, is not a subspace of U,, ® U,,, i.e.,
the construction does not satisfy the nestedness property (11.11c).

These considerations show that the HOSVD projections have to be applied from
the root to the leaves. A possible description is as follows. For all level numbers
1 </ < L :=depth(Tp) (cf. (11.7)) we set"’

0 .
P T HQGTD,le'uel(a):e Pa' (1159)

Since all P, with level(a) = ¢ commute (cf. Remark 11.57a), the ordering in
the product does not matter and P(©) itself is a projection. Then we apply these
projections in the order

ugosvp := PO PE=D ... p?) ply, (11.60)

The following theorem is the analogue of Theorem 10.3 for the tensor subspace
representation. Again, we refer to the best approximation Upes; € H,, Which exists
as stated in Theorem 11.56.

Theorem 11.58. Let V = ®76D V; and Vj; be pre-Hilbert spaces with induced
scalar product®. For v € Hs and v < s satlsfymg (11.56) the approximation
upgosvp € H. from (11.60) is quasi-optimal.:

|lv —unosvpl| < Z Z O‘) )2 < V2d —3||v — upest]| - (11.61)
a i>ra+1

crga) are the singular values of M, (v). The sum )", is taken overall « € Tp\{D}
except that only one son o1 of D is involved.

19 Atlevel £ = 0 no projection Py is needed because of (11.12), which holds for HOSVD bases.
20 The induced scalar product is also used for Vo, « € Tp\L(Tp).
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Proof. The vertex aw = D is exceptional, since P = 11 P,=PF,,F,,
a€Tp, level(a)=1

(01,02 sons of D) can be replaced by F,, alone (cf. Remark 11.57c). Since

uposvp := P .. PP, v, Lemma 4.123b yields

Iv = wnosvol® <Y (7= Pa) vII*

The number of projections P, involved is 2d — 3. The last estimate in

2 « 2
=PV =" (01™) < v = upe| (11.62)

follows as in the proof of Theorem 10.3. Summation of (11.62) over a proves
(11.61). O

For all a with 7o, = 74,7a, OF 7o = 54, the projections P, may be omitted.
This improves the error bound.
The practical performance of (11.60) is already illustrated by (11.57).

Proposition 11.59. The practical performance of the HOSVD projection (11.60) is
done in three steps:

1) Install HOSVD bases at all vertices as described in §11.3.3. For an ortho-
normal basis this is achieved by HOSVD* (D) from (11.46b).

2) Delete the basis vectors bga) with ro, < 1 < So. Practically this means that
the coefficient matrices C\*) € K®1%%%2 for { > r, are deleted, whereas those
C@D ywith 1 < ¢ < r, are reduced to matrices of the size K1 %"z This is
performed by REDUCE* (D, ¢).

3) Finally, Wosvy is represented by pigs® (T, (CQ)QGTD\L(TD), P (B;)jep)
referring to the bases B, = [f)ga), ceey BSO‘)] generated recursively from Ej and C,:

o4

504) — b Jorae L(Tp)and1 <i<r,,
= T g Ub @ B fora € T\L(Tp) and 1 < € < 1.

Note that these bases are suborthonormal, not orthonormal. To reinstall ortho-
normality, the orthonormalisation procedure from §11.3.2 must be applied.

According to Remark 11.40, the cost of Step 1) is about (107 + 27?n)d, while
Steps 2) and 3) are free. The cost for a possible re-orthonormalisation is discussed
in Remark 11.32.

11.4.2.2 Sequential Truncation

In the case of the tensor subspace representation, a sequential truncation is formu-
lated in (10.7). Similarly, the previous algorithm can be modified. In the algorithm
from Proposition 11.59 the generation of the HOSVD bases in Step 1 is completed
before the truncation starts in Step 2. Now, both parts are interweaved. Again, we
want to truncate from Hs to H,., where s > t.
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The following loop is performed from the root to the leaves:

1) Start: Tensor given in orthonormal hierarchical representation. Set o := D.

2) Loop: a) If o ¢ £(Tp), compute the HOSVD bases B,,, and B, for the sons
aq and o of « by HOSVD(«x).

b) Restrict the bases at the vertices «; to the first r,, vectors, i.e., call the proce-
dures REDUCE (a1, 7, ) and REDUCE (a2, 7, )-

¢) As long as the sons satisfy «; ¢ L£(Tp) repeat the loop for a := «;.
Let the tensor v = p%h (T, (Ca)aerp\c(rp), P (Bj)jep) € Hs be given
by an orthonormal hierarchical representation. The call

HOSVD-TrSeq(D, t)

yields the truncated tensor V= pyTr (TD7 (CQ)QGTD\L(TD), D), (Bj)jeD) € H,:

procedure HOSVD-TrSeq(q, t);

ifa ¢ L(Tp) then

begin HOSVD(a); let a1, a2 € S(a);
REDUCE(aq, 1y, ); REDUCE(as, 1y, );
HOSVD-TrSeq(aq,t); HOSVD-TrSeq(az, t)

(11.63)

end;

Remark 11.60. (a) Note that the order by which the vertices are visited is not com-
pletely fixed. The only restriction is the root-to-leaves direction. This fact enables a
parallel computation. The result does not depend on the choice of the ordering. In
particular, computations at the vertices of a fixed level can be performed in parallel.
This reduces the factor d in the computational work to log, d. Another saving of the
computational work is caused by the fact that C,, has smaller data size than C,.
(b) When the HOSVD basis ]~3a1 is created, this is by definition an orthonormal
basis. If, however, the computation proceeds at . := a1, the truncation of the basis at
the son vertex of v destroys orthonormality. As in the basic version, an orthonormal
basis may be restored afterwards. However, even without re-orthonormalisation the
sensitivity analysis from Theorem 11.53 guarantees stability for the resulting sub-
orthonormal bases.

Below we use the sets T defined in (11.8) and L = depth(Tp) (cf. (11.7)).

Theorem 11.61. The algorithm HOSVD-TrSeq(D, t) yields a final approxima-
tion u, € H, with

L
v =uel < Z \/ZaeTff) Zi>ra+l (61@))2 (11.64)
(=1 =

L
< |1+ Z \V #Tg) [V — Upest || »
=2

where 6§a) are the singular values computed during the algorithm. The sum ),  is

understood as in Theorem 11.58, i.e., at level { = 1 only one son of D is involved.
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Proof. 1) When bases at a1, s € S(«) are computed, they are orthonormal, i.e.,
G(B,,) = I holds for the Gram matrix. All later changes are applications of pro-
jections. Thanks to Exercise 11.48, G(B,,) < I holds for all modifications of the
basis in the course of the algorithm. This is important for the later application of
Theorem 11.53.

2) Algorithm HOSVD-TrSeq(D, t) starts at level £ = 0 and reduces recur-
sively the bases at the son vertices at the levels £ = 1 to L = depth(Tp). v° := v
is the starting value. Let v* denote the result after the computations at level £. The
final result is u, := v’. The standard triangle inequality yields

L
v =l <DV = v .
{=1

As in (11.59), we define the product PO H eT® Pa, but now P describes

the orthogonal projection onto span{b( 1 <1< ra} where b( ) are the (no
more orthonormal) basis vectors computed by the present algorlthm We observe
that v/ = P v!~! Lemma 4.123b allows us to estimate by

”VE _ V271||2 — H(I_ P(l))vfleQ < Z ||(I— PQ)V£71H2.

aeTy)
Theorem 11.53 states that
(1= BV PP < S0 (6177 (11.65)
i>ra+1
since the perturbations are 6b( ® —0forl < i< ry, but 5b —b§"‘> with

||b(a | = 1fori > 7, + 1. This proves the inequality in (11.64). Concermngﬂ =1,
one uses again that P,, P,, = P,, (a1, € S(D)).
3) Next we prove that the involved singular values cr(a) are not larger than those
( ) from the basic algorithm in Theorem 11.58. During the sequentlal process we
v151t each vertex o € Tp and create an orthogonal basis b (1 <7 < s4) by
calling HOSVD(«). For theoretical purpose, we choose coefﬁment matrices C,,
corresponding to these bases. The truncation process v +— ... — v/ — v —
. — u, starts with the original tensor v and ends with u,. Fix a vertex 5 € Tp
and let v/, v’ be the tensors before and after the truncation at 3. Via M, (v’) and

M, (v"") we obtain singular values, for which a;/(o‘) < al(a) is to be proved for all
o C f. For these cases we apply (5.12c): Eg, = Z:Bj_ (5 cBHCBH and
Corollary 5.15: the squared singular values are the elgenvalues of the matrices E,.
More precisely, we have E/ and E!/ correspondmg to v/ and v’

3a) Case o = f. E, = diag{o*, ..., %™ }2 holds because of the particular
choice of basis {b{"'}, while truncation yields £ = diag{o} ™, ..., o7 *}2 with
cr;'(a) = ag(a) for 1<i<r, and a;/(a) = 0 for r, <i<s,. Hence, £/ < E/ holds.
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3b) Case o ; 3. We apply induction in the subtree Tz (cf. Definition 11.6). It
suffices to explain the case of a being the first son of 5. Equation (5.12c) states
that B, = >71%_, ez(-f)C(ﬁvi)C’(ﬁ'fj)H (note that G, = I because of orthonormality).
Using this identity for £, and E{' instead of E,, the inequality £ < Ej; together
with Lemma 2.15 proves E// < E’, and, by Lemma 2.27a, agl(a) < ag(a). This
sequence of inequalities proves
5 <™ forl<i<sa, aeTs, (11.66)
4) Thanks to (11.66), inequality (11.65) can be continued by the comparison
Z@TQH(UfO‘))Q < ||V — Upest|| with the best approximation (cf. (11.62)). 0

The sum ) ,+/- - - appears in (11.64), since the perturbations from the different
levels are not orthogonal. We may estimate the error by \/ Yool =Py) v||? as in
the proof of Theorem 11.58, but now the HOSVD basis at vertex « is not related to
the singular value decomposition of M, (v), so that we cannot continue like in the
mentioned proof.

Remark 11.62. The factor C(Ty) := 14 S5, 1/ #Tg )in (11.64) depends on the
structure of T},. If d = 2%, the perfectly balanced tree Ty leads to

L-2
C(Th) =1+ Y 257072 = (24 V2) Vi — 1 - 2V2 = 3.4142Vd — 3.8281.
£=0
For general d, the tree T}, with minimal depth [log, d| (see Remark 11.5a) yields

L-2

C(T) = Vd—28-1 4+ 3 207072 41 < 41213 22/% — 3.8284.

(=1
The worst factor appears for the tree of maximal depth L = d — 1 (see Remark
11.5b), where

C(Ty)=1+2(d—-2).

Remark 11.63. In principle, Algorithm (11.63) can be modified such that after
each reduction step (call of REDUCE) the higher order SVD is updated. Then

all contributions in \/Za (I = P,)v||? can be estimated by ||v — upest || and we
regain the estimate in (11.61).

11.4.2.3 Leaves-to-Root Truncation

As pointed out in §11.4.2.1, the projections P,, should not proceed from the leaves
to the root, since then the nestedness property is violated. Grasedyck [73] proposes
a truncation from the leaves to the root modified in such a way that nestedness is
ensured. Let a tensor v € H, be given. A truncation at the sons ay,a; € S(«)
reduces the size of the coefficient matrices C'(*) so that the computational work at
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vertex « is reduced. We assume that the target format . satisfies (11.56). We use
the notation Tg ) from (11.8) and the abbreviation L := depth(Tp). The leaves-to-

root direction is reflected by the loop L, L —1,...,1 in the following algorithm:

L+1

Start: The starting value is u™™":= v.

Loop from ¢ := L to 1: For all o € Tg ) determine the HOSVD from M (uh).
Let U, be spanned by the first r,, left singular vectors of M, (u’*!) and define
the HOSVD projection P, as orthogonal projection onto U,. Set u’ := P(Ou’+!,
where P(*) .= HaeT}f) P,.

The fact that in each step the matricisation M, (u’*!) uses the last projected
tensor u‘*! is essential, since it guarantees that the left-sided singular value
decomposition of M, (u**1) for a € Tg) leads to basis vectors bz(-a) €U,, ®Ug,
(a1, ag sons of ). This ensures nestedness.

Theorem 11.64. The algorithm described above Yyields a final approximation
u! € H. with

BN R
a i>ra+1

The sum , , is understood as in Theorem 11.58. The singular values o

of My (u1) with £ = level ().

(@)

. are those

Proof. We remark that V = , ® P V. Consider all

aGT(D[) ora€L(Tp), level(a)<

ue { @ ®a€Tg) Ua } ® { @ ®aeL(TD), level(a)<t Va }

with subspaces U, C U,,® U, satisfying dim(U,,) = r,, provided that a € Tg )
(note that U,,, U,, are already fixed). Let uf__ be the best approximation in
inf [|[u’*! — u| = [[u’*! —uf_,|. This tensor satisfies

é *
Upest € [ a ®QGT(D[) UG‘ } ® [ a ®o¢€£(TD)7 level(a) <t Va ]

*

for certain subspaces U}, a € Tg ), Again, the proof of Theorem 10.3 yields

||ué+l o ué” < /#Tg) Hué+1 o uﬁcstH

for u’ := POu*1 since P is the tensor product of #7') projections P,,. We
have uf _, = P;u‘t! = p; P+ pl+2) ... p(L)y with P} being the product of
the orthogonal projections onto U7,. The nestedness property together with Remark
11.57b shows that

Pyt pt+2) . p) — px — pl+) pli+2) .. p(L) py,
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This implies that
[t = ]| = [[PEFDPER). L Pty — pEFD P2 pO Py
— Hp(é+1)p(£+2) ... p) (v — P;v) H <[V = Prv]| < |[v = upest]

Together, we see that

[uf = wf|| < AT ||V — tpest|

We claim that u’T! — u’ L u™*! — u™ for £ # m. Without loss of generality
assume ¢ > m. We have u”*! — u™ = (I — pm)p(m+i) ... plt)... p(Ly,
Again, Remark 11.57b and the nestedness property prove that all projections P(?)
are pairwise commuting; hence, u”™ ! —u™ = P (u™*! — u™) is orthogonal to
ut! —u’ = (I — P®)u’*+!. Therefore, we can estimate as follows:

[v =] =[[(v—u") + (u" —u"") 4.+ (0 -]
< VlIv—ul P 4 ok — kP 4 u? -

S V#TE + o+ #TD v — et

Again, we can argue that at level ¢ = 1 one projection is sufficient:

POw? = P, P,,u®= P, u’

This reduces #Tg) = 2to L. Intotal, \/- - - = v/2d — 3 proves the assertion of the
theorem. ad

11.4.2.4 Error Controlled Truncation

So far, we have prescribed a fixed ¢ for the truncation. Instead, one can prescribe
a tolerance ¢ > 0. Given v € H,, we want to find an approximation v € H,
with v < s such that ||v — V|| < e. The following heuristic strategies will yield an
t < s such that for any smaller component than v, the error bound by ¢ cannot be
ensured. The theoretically optimal choice of ¢t and v € H, would be the minimiser
(t,v) € N2 x H, of

min {memory cost of v € H, witht < s, [|[v—v| <e}.

The truncation from §11.4.2.1 allows the easiest realisation of an error controlled
truncation. Given v = pf{3R (. ..) € M., all singular values afo‘) (e € Tp\L(Tp),

1 <4 <s,) are available. We may order them by size:

012022 ...20,2>...20,,., Vmax = Z Sa- (11.67)
a€Tp\L(Tp)
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For all indices v, there are a[v] € Tp\L(Tp) and i[v] € [1,s4[,] such that
(alv])

Oy =0y It is easy to choose a minimal v, such that

> ol <en (11.68)

Then define r, = min{i[v] — 1 : v. < v < vpax with afv] = a} (and 7o, = s, if
the latter set is empty). This defines a format #.. Truncation to H, as in §11.4.2.1
leads us to v € H, with ||v — V|| < € because of (11.61).

For the sequential version from §11.4.2.3, one has to split £2 into e2=3"7"" 2.
Then, in each level ¢, one can proceed as before but with ¢ replaced by ;. This
means that all afo‘) with a € Tg)\E(TD) are ordered as in (11.67).

The sequential version from §11.4.2.2 requires the splitting ¢ = Zfz_ol Eg.

In the approaches from above, we have maximised

Z (S — Ta) s

aeTp\L(Tp)

which is the number of omitted basis vectors. If the gained storage is to be max-
imised, the strategy has to be refined as follows (taking the example of the trunca-
tion from §11.4.2.1). Omitting one basis vector at vertex a saves a storage of size*!
Niem (@) = SaySas + $3Sar, where {1, a2} = S(a) and {a, &'} = S(B), i.e.,
/3 is the father of . The term s, 54, corresponds to the deleted matrix C(®%=)

while 535, is related to the omitted rows Cs(a;’ﬁ) (if «v is the first son of 3). Instead
of (11.67), one can order the quantities

6y = o\ V |/ Nvem (@V]) -

The indices v. <v <vpyax are selected with minimal v, subject to (11.68) (with o,
not g,).

11.5 Joining two Hierarchical Tensor Representation Systems

11.5.1 Setting of the Problem

We consider the following situation: v/ € H.» and v"/ € H,~ are tensors involving
two hierarchical systems related to V = ®‘;:1Vj with a common dimension parti-
tion tree T'p, but different basis systems

(BL)aec(rn) Bu)aecn) (Colacrp\crn) (Cu)actp\o(Th)s

21 At the beginning, the ranks s,, are defined by s from H . After each truncation step, one of the
Sq is replaced by s, — 1. Therefore also the memory save may decrease.
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and different subspaces {U’, } e, and {U% }nery, -
We want to construct a hierarchical system H, by means of subspaces {U 4 } ey,
defined by
U,:=U,+U, foraeTp.

Then, H. represents all tensors of Up = U’p + Uy, i.e., the tensors v/, v/’ from
above belong to the new, common basis systems.

Each tensor in H and H,~ is characterised by the respective coefficients ¢
and ¢’(P) | A subtask is to transform these coefficients into new ones referring to the
new basis of Up.

Before we discuss the solution of this problem under various requirements on the
bases, we ensure that the problem makes sense.

/(D)

Remark 11.65. The subspaces {U, }aer, defined above satisfy the nestedness
condition:
U,+U, c (U, +U,)®(U,,+UL,)

fora € Tp\L(Tp) and a1, a2 € S(a).

11.5.2 Trivial Joining of Frames

The least requirement is that B/, = [b/® ... b/*] ¢ (U;)T‘; and B! =

[b’l/(o‘), . b//(a)] € (U’;)Tiﬁ are frames spanning the respective subspaces U/,

s Dprr

and U”.. Since no linear independence is required, the simple definition

B, := b by b b i@ )
is a frame generating U, := U/, + U/. The drawback is that the cardinality
ro = 1l + 7 of the new frame is fully additive, even if the subspaces U7, U7
overlap.
An advantage is the easy construction of the coefficients. Consider a vertex
o € Tp\L(Tp) with sons v, . The coefficient matrix C"(*) representing b;(o‘)
and the matrix C"(*) representing bg(a) lead to the block diagonal matrix

(a,0)
@o . | C 0
c = |: 0 C//(oc,f) :|

representing the new columns of B, by those from B, and B,,.

If v/ € U, is coded by the coefficient vector ¢/(P) € K>, the new coefficient

is [Cli)D)}, while v// € U, coded by ¢(P) e KD is expressed by the coefficient

vector [c,,?D)} )

Remark 11.66. The joining of frames requires only a rearrangement of data, but no
arithmetical operation.
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11.5.3 Common Bases

Let B/, and B/ carry the bases of the respective spaces U/, and U’,. For the joint
space U, = U/, + U/, we want to construct a new common basis B,.

11.5.3.1 General or Orthonormal Case

The computation proceeds over all &« € T, from level depth(Tp) to 0. In principle,
the two bases B/, and B! are joined into one basis by means of the procedure
JoinBases from (2.35). Here, we have to distinguish the case of leaves o€ L(Tp)
from inner vertices, since the bases are explicitly known for leaves only.

The procedure takes the following form, where Tl()’\) is defined in (11.8).

for A := depth(Tp) to 0 do
begin for all o € Tg‘) do
if « € L(Tp) then apply (11.70a-c) else
begin apply (11.71a); (11.69)
if « # D then apply (11.70b,¢)
else apply (11.71b)
end end;

Case of leaves. If o = {j} € L(Tp), the matrices B = [bll(j), ce b;(,‘_j)] and
J

B! = [b/ll(j o b;’,_(,j )] contain the explicitly available basis vectors. The call of
JoinBases(B’, B}, r;, B;, T',T") (11.70a)
yields a basis B; = [bgj ), ey b&?] together with its cardinality r; and transformation

matrices 7 € K™ *"i, T" € K"i*"i with the property B’ = B;T" and B} = B;T"
(cf. (2.34)). The basis change at o = {j} influences C’(%¥) and C""(%-9) for the
father vertex 8 of a.. Assume that v = [3; is the first son of 8. Then Cfl(c%}z) =
7B 3O (TE))T from (11.32) holds with T(3) = T" and T(#2) = I i.e., the
coefficient matrix from H ., becomes Cf](gf) =T’ C;(lg’g). If a = 5 is the second
son of (3, then C{fe’if) = C(/)(l’g 2 T'T holds. The coefficient matrices from H,~ are
treated analogously:

c/Bo .= o B =BT (11.70b)

new new

crBl = C(;’lgf’l) or c"BA) = C(;’lgf'l) T (11.70c)

new new

depending on whether « is the first [second] son of 3 (left [right] identities).

Case of inner vertices. Let a« € Tp\L(Tp) and assume that by procedure
(11.69) the sons a;, e of o have already common bases B,, and B,,. There-
fore, the coefficient matrices C"(%) € K™o1 %7o2 of H. and C"(@0) g K1 XTo2 of
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Htu refer to these common bases (see (11. 70b ,©)). The matrices are gathered in

= (¢ f)) ;2 and C = (O f)) *, - The matrices in C/, are linearly
’(a l)b(al) ® b(az)

1ndependent if and only if the represented vectors b g( ) = > j Cij

are linearly independent. The call of

JoinBases(C/,,C” r,,C,,T",T") (11.71a)

yields the collection C,, = (C(®9)}2  of r, linearly independent matrices C'(**)

representing the new basis vectors b( *) = =c EOJ‘ Ople) g b(a2) 1<t<r )

The matrices 7", 7" describe the relations C/, = C, 7" and C’O’[ =C, T, i

Ce =3 T,CeN (1< e <), @D =Y IO 1< <)
k=1 k=1

(cf. (2.34)), which are equivalent to B/, = B, 7" and B!, = B, T". Hence, again
the transformations (11.70b,c) are to be applied.
If o = D, the coefficients ¢/(P) [¢/(P)] of the tensors v/ € Hy [V € Ho] are
to be updated:
L) =1 dD) forv' eHe, L) =T""P) forv"eHe  (11.71b)

(cf. (11.34)). Note that (11.71b) has to be performed for each tensor represented by
these schemes (cf. Remark 11.7b).

Remark 11.67. (a) Provided that B, is already a basis, one option of the proce-
dure JoinBases is to produce a new basis B,, whose first 7/, columns coincide
with those of BY,. 2 Then T" = [0} holds, that means for instance that the definition
Cfl(f,ve) : T’C;(lg 9 in (11.70b) copies all entries czgﬁolo)l for1<i< r’Bl, 1<5< 7”;32
into czgﬁ nczN and adds the entries czgﬁ nczN = 0forry < i < g if B = «
orrﬁ <j<rg if o =a.

(b) Assume that V,, = K™ for k € D. Then the cost of JoinBases in (11.70a)
is Nqr (nk, ), + 71). For € Tp\L(Tp), the cost of JoinBases in (11.71a) is
NQr(Tay * Tas, Th + 1) (cf. Lemma 2.19b).

(c) The computation of (11.70b,c) can be reduced to either (11.70b) or (11 70c) (see
Part (a)). For T” # I, the transformation (11.70c) costs 27’argrg TB operations,
where one of the sons {31, f2} = S(f) coincides with «.

(d) Assuming the bounds 7, r.,, 7 < r, ny < nand 2r < n, we can estimate the
overall cost by < dr? (12r + 8n)

In the case of the hierarchical representation with orthonormal bases, procedure
JoinONB is to be used instead of JoinBases. This does not change the arith-
metical cost.

22 The optimal choice is to retain the basis B/, or B’/ of largest dimension.
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11.5.3.2 HOSVD Case
Here we consider two tensors

v/ = P8R (To, (CL)aeror ey, ), (B))jep),

// HOSVD

= PHTR (TDv (CQ)OZGTD\L(TD)’ c (D)v (B; )jGD)

together with their weights X/, and X/. Remark 5.17 states that the HOSVD basis
B,, of the family [v’ v"'] at vertex « is obtained by diagonalisation of

Mo(VIMa(V )+ Ma(v )Mo (v = BLEZZBY + BB, (11.72)

We start with the leaves a={;j}. By JoinONB(B;, BY,r;, Bj, T’,T") we obtain
an intermediate orthonormal basis B; with the properties

B =B;T' and B} = B;T".

The right-hand side of Eq. (11.72) becomes B; (TS + 1" 127" BH,
Diagonalisation of the r; x r; matrix

T'PTM 4+ T SPT = 7T (11.73a)
allows us to form the final basis
B; == B;T (11.73b)

Now, the right-hand side of (1 1.72) equals B; EQBH i.e., we have determined the
HOSVD representation of [v' v”] at vertex o = { ]} The identities B} = B;THT"
and B/ = B;THT" follow from T~* = TH. Therefore, the coefficients C'( (6.0 and
3D with B = father({j}) are transformed into C"%-*) and C""(%+*) according
to Lemma 11.24.

Assume that new bases are created at the son vertices of & € Tp\L(Tp). The
isomorphic formulation of (11.72) in terms of the coefficient matrices becomes

Z (é/(a,l)zgé/(a,f)H + é//(a,l)ngO//(a,E)H) '
¢

By JoinONB(C’a, Cg, o, Ca, T, T") we obtain a common orthonormal basis
C,, (isomorphic to B,,) and proceed as in (11.73a,b):

T's2TM 4 7" = 7521 and C,, = C,T. (11.73¢)
Note that the basis change

B/,,B” — B, with B, = B, T"T" and B” = B, T"T"”
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involves again a transformation C'(%:0) C"(5:) y 180 OB gccording to
Lemma 11.24.

Finally, at the root & = D the coefficients ¢/(P) and ¢/(P) are updated by
C;](eDW) — THT/C/(D)7 nge) — THT”C”(D). (11.73(1)

Eventually, we obtain the common representations

D
V= PSP (T, (Ca)aerp\ (7o) Crents (Bj)jen),

(11.73¢)

v/ = pi (T, (Ca)aeTo\L(Tn)» ) (Bj)jen)-

Remark 11.68. The generalisation from two tensors to a family {v; : 1 < i < p}
of tensors is obvious.

11.5.3.3 Truncation

One option is to determine the exact common representation (11.73e) first and then
to truncate according to §11.4.2.

A second, cheaper approach performs truncation together with the computation
of the common bases. After obtaining 7" from (11.73a), we define T}, by the first
7 ¢r columns of T' (either 7; ¢, is a prescribed dimension or determined implicitly
from the singular values in the diagonal matrix X;). Then, B; ¢, := BjTtr spans a
subspace Uj , of the reduced dimension 7;¢,. Let P; := BjMB;-ftr be the ortho-
gonal projection onto U, ¢,. Consequently, v/ and v” are replaced by P;v’ and
P;v". Furthermore, the bases B’ and B are to be replaced by P; B’ and P; B,
which are no longer orthonormal, but B , represents an orthonormal basis. Instead

of the previous relation B’ = B;THT’, one now obtains
P;B; = B;wT{)T' and P;B/ = B;THT".

Therefore the updates of C'(%:9) C"(P:9) for the father B of o = {j} involve
THT' and THT". Since THT' € K"3+*" _the updated version C|\"**) is of size?
T3, 4c X T, instead of 75 X 75 . Because of the reduced size, the following
calculations are cheaper.

The further truncation at the inner vertices follows the same line.
Remark 11.69. The truncation controls the absolute error. If two tensors v/ and

v’ are converted into a common representation in order to compute the difference
v/ — v with ||[v/ — v"|| < ||Vv'||, the usual cancellation effect may occur.

23 This holds after truncation at both son vertices 51 and Ss.
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11.6 Conversion from Sparse-Grid

The sparse-grid space Vg and the spaces V(;) are introduced in (7.18) and (7.17).
Given v € Vg, and any dimension partition tree Tp, we define the characteristic
subspaces U, (o € Tp) as follows:

Uo= > @V foraeTp\{D}, (11.74)

S lj=L+d—1 jE
jEa

and Up = span{v}.

Because of (7.17), we may replace the summation in (7.18) and (11.74) over
Zéj :LZ:£+d—1 by ij SL

We have to prove the nestedness property (11.11c): U, C U,, ® U,,. Itis
sufficient to prove

® V(Zj) C Ua, ® Uq,

JjEa

for any tuple (£;);jecq with 3, ¢; = L. Obviously,

®V(fj) = ® V(@j) ® ® V(fj)

JEa JE1 JEa2

Since ZJEO” ¢; < L, the inclusion ®j€a1 ‘/(gj) C U,, holds and, analogously,

®jcas Vi) € Uas:
If we also define Up by (11.74), Up = V, follows. Hence, v € V, belongs
to Uy, ® Uy, (a1, ag sons of D) proving

Up =span{v} C Uy, ® U,,.

All subspaces U, satisfy dim(U,) < dim(Vg,) = O(2FL4~1). This proves
that any sparse grid tensor from Vi, can be exactly represented in hierarchical
format with subspaces of dimensions not exceeding dim (V).



Chapter 12
Matrix Product Systems

Abstract The term ‘matrix-product state’ (MPS) is introduced in quantum physics
(see, e.g., Verstraete-Cirac [190], [105, Eq. (2)]). The related tensor representation
can be found already in Vidal [191] without a special naming of the representa-
tion. The method has been reinvented by Oseledets and Tyrtyshnikov ([152], [155],
[159]) and called ‘TT decomposition’.l

We start in Sect. 12.1 with the finite dimensional case. In Sect. 12.2 we show that
the TT representation is a special form of the hierarchical format. Finally three con-
versions are considered: conversion from r-term format to TT format (cf. §12.3.1),
from TT format into hierarchical format with a general tree T (cf. §12.3.2), and
vice versa, from general hierarchical format into TT format (cf. §12.3.3). A closely
related variant of the TT format is the cyclic matrix product format. As we shall see
in Sect. 12.4, the change from the tree structure to a proper graph structure may have
negative consequences.

The algorithms for obtaining HOSVD bases and for truncations are mentioned
only briefly. The reason is the equivalence to the hierarchical format, so that the
algorithms defined there can be easily transferred. The interested reader finds such
algorithms in [155].

12.1 Basic TT Representation
12.1.1 Finite Dimensional Case

Consider V = Q);_, V; with V; = K" and atensor v € V = Q);_, V; written as

Pd—1
(d—1) (d)
[1112 Z Z Zlkl kﬂzkz' o Uk siaoaka—1 Yka—1ia (12.12)
k1=1 kq—1=1

! While the first interpretation of ‘TT’ has been ‘Tree Tensor’, the later reading is ‘Tensor Train’.
We avoid the term ‘decomposition’ (there is no uniqueness, cf. §7.1.3) and prefer the term “TT
representation’ or ‘TT format’.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 371
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_12,
© Springer-Verlag Berlin Heidelberg 2012
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forall (41,...,44) € I:= I x ... X I;. The scalars v,(cillijkj can be considered as

entries of a tensor of order three from K%i-1 @ K & K%, where
Kj={1,...,p;} for0<j<d (12.1b)

In the cases of 7 = 1 and j = d, we set

po = pa =1, o = ) I (12.1¢)

i1k 1,i1ky? ka—1ia ka—1iq,1°

sothat KEe @ Kt @ KK = K KN @ KK > KN @ KE1 and KEe-1 @ Kfe @ K K4 =~

K&Ka-1 ® Kla,

Rewriting v(J) ik A v,(j) 1, [i5], we reformulate (12.1a) as

Pd—1 ). )
1 2) . d—1 .
7'112 Z Z Ul(ﬁ 7’1 ’Ul(clkz[w]. ’Ul(cd 27)%1 1[7’d 1] ’Ul(cd 1[7"1]
k1=1 kd 1=1
(12.1d)

Fixing the indices 1, . . ., 14, we interpret v,(é )71 ks [i] as entries of the matrix

V@[] = (Ul(c]j),lkj [ij])kjflemfl,kjekj eKM- (e ;) (122a)

(using (12.1c)). Then the entries v[i1iz - - - i4] can be regarded as matrix products:
Viivig---iq) = VO[i1] - V@lig] - - - V@D, ] VD e K. (12.2b)

This representation justifies the term ‘matrix-product representation’. Note that
Vi) € KPP 2 KPt s a row vector, while V(9 [ig] € Kra-1x1 =2 Rpa—1
is a column vector.

For fixed k;j_1, k;, the entries v,(j]l y [#;] define the vector v(]) ok € Kl =V,
(forall 1 < j < d, using (12.1c)). Then (12 la) is equivalent to

P1 P2 Pd—1

_ (3) (d—1) (d
V= Z Z Z Ul klkz ®Uk2k3 ®.. '®’de—2kd 1 vy, —1,1 (12.3a)
ki1=1ka=1 kqg—1=1

Formulation (12.3a) can be used for general spaces V. Using K; from (12.1b)
together with (12.1c), we shorten the notation (12.3a) by

d
YooY @, withel) eV (12.3b)

ko€Ko ka€Kg j=1
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Definition 12.1 (T,). Let V = a®?:1 V; and fix a tuple p = (p1,...,pi-1) €
N?=1 The TT format is defined by

d . _
V= T @l windl? ey
k‘LGK‘L le J J J— J
T,=Tp(V):=X veV: (0<i<d) . (12.4)

o J1 forj=0o0rj=d
and#Kﬂ_{pj forl<j<d—1

Theorem 12.2. Let v € T, with p = (p1,. .., pa—1)- Then p; > p’ holds with
p; = rankg 53 (V) for1<j<d (12.5)

(cf. (5.6a)). Furthermore, a representation v €T+ for p*= (pi‘, e ,pjlfl) exists.

Proof. 1) Summation in (12.3) over all k,, except for v = j yields

Pj
v=Y" vl gyt i (12.6)
]i}j:].
{ } . () { } . (4)
Lojy j j+1,...,d} j
Vi, I = Z ®vkjj,1kj and vkj = Z vkjj,lkj'
ki€K; j=1 kieK: j=1
(0<i<j-1) (j+1<i<d)

This proves rank{lym_,j}(v) < pj (cf. Lemma 6.5). The results of §12.2.4 will
show that a representation (12.3) with p;f = rank{l)m’j}(v) can be obtained, i.e.,
v belongs to T+ a

The TT representation is denoted by

d
) »
PTT | P <(Ul(cjj1kj)kj1€Kjl> = Z ®vl(cjj,1kja (12.7)
1<j<d i

k;jeK;

where #K; = p; and v,(cillkj € V;. Note that (12.1c), i.e., #K¢ = #Kq = 1, is
always required.

12.1.2 Function Case

As already mentioned, the formulation (12.3a) holds for v,(j] )71 . €Vj, whatever the

. . Y .
vector space is. In the case of a function space V; we regain (12.1d) in the form

1 2 d—1 d
f(z1,...,2q) = Z v,(gl)(arl)-v,(ﬁ)kz(:zrg) e ~v,(€d72,)€d71(ard,1)-v,(€d)71 (zq)-
k€K, (1<j<d—1)
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Here, V() (x;) from (12.2a) can be regarded as matrix-valued function.
A further generalisation replaces the matrices by kernel functions. Then the
representation rank p; becomes infinite:

fxy,...,2q) = /v(l)(m, 961)1)(2)(&1, Xo, Ka) - "U(d)(lid_l, xq)dky...dKg_1.
Kix-XKg_1

By quadrature approximation one can regain the foregoing form with finite rank.

12.2 TT Format as Hierarchical Format

12.2.1 Related Subspaces

Let D := {1,...,d}. The dimension partition tree T} is given in Fig. 11.2, i.e.,
THT consists of leaves {j} (j € D) and interior nodes {1,...5} forj € D\{1}:

5" ={{1,...5}, {i}:1<j <d} (12.8a)
The first son of {1,...,5}is {1,...,5 — 1}, the second one is {j}:
SUL,....i) ={{1,....5—1},{j}} for2<j<d (12.8b)

According to (11.10), given a tensor v € T,(V'), we have to introduce subspaces
U, C V, foralla € TBT. For j = 1 we choose

Uy = Upyy = spanfoy) : ki € K1} (12.92)

Here, the vectors v ko (1) (and later v,(C e ) are those from the representation (12.3a).

For j > 1 the trivial choice
U, =V; for j € D\{1} (12.9b)

is made. The next interior node is {1,2} € ThT. As in (12.6) we form

P1
V]E; 2}, Z vil,il ®v,(j),€2 and Uy g = span{v,gz} sk € Ko}

kl 1
In the general case, vk """ = kekK; ®z 1k &, 1s obtained recursively by
(0<1<7 1) ’
. Pi-1 . .
vibe = N i g0 L (€ K. (12.9¢)
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These tensors define the subspace
Upy,...jy = span{vi " ok e Kj} forj e D\{1} (12.9d)

(the case j =1 is already stated in (12.9a)).
{1,..., j -1}

Since v " " €Uy, j-1y and v,(C ) .k, € Uj = Vj, we obtain the inclusion
U3 CUn,. -1y ®U; for j € D\{1}, (12.9¢)
which is the nestedness condition (11.11c), since {1,...,7—1} and {j} are the sons

of {1,...,7}. Because of # K, =1 (cf. (12.4)), there is only one tensor vii""’d} =v
which spans Up. This proves

veUp and dim(Up)=1. (12.9f)

Following Definition 11.8, the tensor v € T, is represented by the hierarchical
subspace family {Ua } e

12.2.2 From Subspaces to TT Coefficients

Let the subspaces U{l 4} € Vi1, satisfy conditions (12.9¢,f). Choose any
basis (or frame) {b v k€ K 1} of U1y = Uy and rename the basis vectors by

(1) b(l) For j € {2,. — 1} let {b U ke K; ;} be a basis (or frame) of
U{l ;1 and assume by 1nduct10n that the tensors

.....

j—1 1 2 j—1
by V= S wVeud, e 0ol | (ko €Kmr) (12.10)
kl,...,k}j 2

are already constructed. By inclusion (12.9e), the basis vector b,(cj ) has a represen-
tation

b = 3 3 o bV @b witha = {1,...,j},cf. (11.24).

kj—1,t5
kj—1€K; 1€l

Setting v(J) ey =20, C ((j kl Z b () (12.10) follows for j instead of j — 1. For j=d,
the tensor ve Up C Uy, a1} ®Ud is written as v = sz ckf 11)Zdb,(fi 11) ® bl(-j).

(d) _ AP p(d) i
kgoy = sz ka1 i,0i, defines the last coefficients in the representation

(12.1a). Note that the cardinalities p; = #K; coincide with dim(Uy, .. ;3), pro-
vided that bases (not frames) are used.

Now, v

As a by-product, the construction shows how the data v(J )

Lk, are connected to
({1 7J} k) ’

the coefficients ¢, of the hierarchical format.
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12.2.3 From Hierarchical Format to TT Format

Now, we start from v € H, with the underlying tree TET from (12.8a,b) and a rank
tuple v = (TQ)QGTBT. We may construct a TT-representation based on the subspaces
(Ua)aeryr asin §12.2.2. Instead, we translate the data from

v =purr (T5', (Ca), P, (Bj)) € He

directly into the TT data of ptt (p,(

O ) with p; = (1, jy. By (11.26) the
explicit representation of v is

T

— 2 (B:ilB]) ()
v= D ‘i II e ® bitiay
i[a]=1 BETD\L(TD) ]
for a€THT
We rename the indices as follows: for @ = {1,...,j} € TAT we rewrite i[a] by kj,

and for leaves o = {j} € TAT, j > 1, we write ;. This yields

D L, e 1 2 d
v = Z Z cl(w) H ({”]} 5) bl(c1)®b1('2)®"'®b1('d)'

ig€ly ke=1
(2%1<d) (1<0<a)

Because of the choice U; = Vj for 2 < j < d, the basis {bl(-j) 11 € I;}is the
canonical one formed by the unit vectors of V; = K’i. This implies bgj ) (0] = i
Therefore, the entries of v have the form

pPe d
R Sl G
ke=1 j=2
(1<i<a)
Pe
_ L)y, ({1.2},k2) MLd=1}ka—1) ({1,....,d},ka) (D)
- Z bkl [Zl] " Chy ia REEE Cha—zyiag— o Z Cka_1.ia ! Chq
ke=1 kqg=1
(1<0<d—1)
with pg := ¢y . ¢y. Defining
oD [i1] = 0 [ia] forj =1, i €1y,
(4) c1 . ({15t k) . ;
’Uk]j—hkj [Zj] = Oy 1,ig7 ’ for2<j<d-1,1 ¢l (12.11)
v(d) [’L ] . Pd ({1 d},kq) (D) fori=4d = ’
kq_ql4d ka=1 Ckq_1,ia kq J = a, d d

withl <k; <pjforl <j<d-1,

we get the matrix formulation
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pPe

A . 1 2 . d—1 . d .
Viivia-ig = > oW i) ol lin] ool D fiaa] ol i),
ko=
(1§f§d1—1)

ie,veT,withp=(p1,...,pi-1)

12.2.4 Construction with Minimal p;

Given a tensor v € V and the dimension partition tree TTT the considerations of
§11.2.3 show that a hierarchical representation exists involving the minimal sub-
spaces U, = U2 (v) fora={1,...,j}. Hence 7, = dim(U™"(v)) =rank,(v)
(cf. (6.15)). As seen in §12.2.3, this hierarchical representation can be transferred
into TT format with

pi = dim(URT 5 (v)) = rankpy ) (v).

On the other side, the first part of Theorem 12.2 states that p; > ranky }(v).
This proves the second part of Theorem 12.2.

12.2.5 Extended TT Representation

Representation (12.7) requires to store p;j_1p; vectors v,(;) k, from V;. In the
optimal case, all v,i) .k, belong to U M (v) whose dimension is rj. It is not
unhkely that Pi—1Pj > r; holds. Then it may be more advantageous to store a
basis {b; @D.1<i< rj} of U™ (v). The representations

Td—1

S DAL N SPCRt TUNERES
i=1 =1
)
v](ii)717kj — Zaf;]vkjfl;kj)b?(;]) (2 S] S d— 1),
i=1
lead to the overall storage cost
d d
erpj,1pj + er - size(Vj) with pg = pg = 1.
j=1 j=1

In this case, the tensor v is given by?

2 (Gykja1.kj) .
a;

is to be interpreted as a(1 k) for j = 1 and as a( ka-1) for j = d.

J
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d
J kj—1,k;) (49)
=2 Il « Q0
kieK; 1<i;<r; j=1
(OSiSd) (1<j<d)

This format is called ‘extended tensor-train decomposition’ in [158, Eq. (11)].
Note that the optimal values of the decisive parameters (ranks) are

rj =rank;(v) and p; =ranky . 1(Vv) forl <j <d. (12.13)

This format is completely equivalent to the hierarchical format with the particular
choice of the dimension partition tree TBT.

12.2.6 Properties

Remark 12.3. The storage cost forv € T is

> pjops - size(Vy)  with po = pa = 1,

where size(V;) denotes the storage size for a vector from V;. Under the assumption
size(Vj) =n  and pj=p foralll <j<d-1,
the data need a storage of size

((d=2)p*+2p)n
The storage cost is less, if some factors v,(f] )71 K vanish (cf. Remark 12.4).

The storage cost improves for the extended TT format (cf. §12.2.5), since then it
coincides with the storage cost of the hierarchical format.

Remark 11.4b states that any permutation of indices from D which correspond
to the interchange of sons {a1, as} = S(«), leads to an isomorphic situation. In the
case of the TT representation, the only permutation keeping the linear tree structure
and leading to the same ranks p; is the reversion

1,....d) — (d,d—1,...,1).

The reason is (6.17a): p; = rankyy ;3 (V) = rankg1,. a3 (V).

Note that the underlying linear tree 7})" is not the optimal choice with respect to
the following aspects. Its length d— 1 is maximal, which might have negative effects,
e.g., in Remark 11.62. Because of the linear structure, computations are sequential,
while a balanced tree T'p supports parallel computations (cf. Remark 11.60).
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12.2.7 HOSVD Bases and Truncation

In principle, the HOSVD computation is identical to the algorithm from §11.3.3.4.
The do statement ‘for all sons ¢ € S(«)’ in (11.46b) can be rewritten. Since for
the linear tree TBT, the second son o is a leaf, the recursion coincides with the
loop from {1,...,d} to {1,2}, i.e., from d to 2. The first matrix in this loop is
My := VD[] € KPe-1%74 (cf. (12.2b) and pg = 1), to which a left-sided singular
value decomposition is applied. Let H; be the result (i.e., My = HdEdGZ with
G, Hq orthogonal). The HOSVD basis of the d-th direction is given by H ;V(d) [o].
The matrix-product representation V1 [i1] - VP [iy] - - - VD[, 1] Vd[ig)
from (12.2b) is transformed into

VO[] - V@ig] - ... V@D Hy - HIV D[]

V (d,HOSVD) [ ]

with 1 (¢HOSVD) [q] ¢ Kri®F " xna where the rank pHOSVD = ranky..4_13(v)

is possibly smaller than pg_;. For general 2 < j < d — 1, the matrix

. HOSVD n;

M; = v [i1]Hj 1 V(j)[iz]HjH V(J)[inj]HjH] c KPi-1%P;
possesses a left-sided singular matrix H; € KA 325" and the matrix-product
is further transformed into

V(l)[il]- . -V(jfl)[ij,l]Hj . H?V(j)[ij]HjH .. ~H;_1V(d’1) [ig—1]Hy 'H,';V(d)[id]-

1/ (4,HOSVD) [i5] 1/ (d—1,HOSVD) [ig_1] / (d,HOSVD) [id]
The final HOSVD matrices are
V(l,HOSVD) [.] _ ‘/-(1)[.]1;127 V(j.,HOSVD)[.] _ HJHV(j) [O]Hj+1

for2 < j < d— 1, and V(@&HOSVD)[¢] — [THV (D[e]. The computational cost can
be estimated by

d
2> 3, (pj_znj_l +2pin; + gpj_l) : (12.14)
j=2

In §11.4.2.1, the truncation based on the HOSVD bases leads to the estimate
(11.61) with the factor v/2d — 3, since 2d — 3 projections are applied. This number
reduces to d — 1 for the TT format, since only d — 1 projections are performed
(reduction of Hj to the first pfj columns). The hierarchical format requires further
d — 2 projections for the subspaces U; C V; (2 < j < d — 1) which are now fixed
by Uj = V;

The truncation of §11.4.2.3 leads again to the factor v/d — 1 instead of /2d — 3
(same reasons as above).
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12.3 Conversions
12.3.1 Conversion from R, to T,

Remark 12.4. (a) Let v € R,,ie,v =Y ®j:1 u$ . Then set pj := r for
1<j<d-1and

WO 0@ @6l fork =k =v
kT Wk e T Mo Uik T 00 otherwise

for the factors in (12.3a). Because most of the v,(f] )71_’ , are vanishing, the storage
cost from Remark 12.3 reduces to the storage needed for R,

(b) Part (a) describes the implication v. € R, = v € T, for p = (r,...,r). If
r = rank(v), p = (r,...,r) is minimal in the case of d < 3, while for d > 4, the
ranks pi (j ¢ {1,d — 1}) of p* with v € T~ may be smaller than r.

Proof. We consider Part (b) only and prove that p; = pg—; = 7. Lemma 3.38
defines vl[,} (1 < v < r) and states that these vectors are hnearly independent. This
implies that

p1 = ranky}(v) = rankgy gy (v) = dim{vlM :1<v<r}=r

For pg—1 use pg—1 = rankgg(v) = dlm{v[ li1<w< r} = r. Note that for
d < 3, allindices 1 < j < d — 1 belong to the exceptlonal set {1,d —1}. O

12.3.2 Conversion from T, to H. with a General Tree

The format T, is connected with the tree TBT and the ordering 1,...,d of the
vector spaces V. We assume that another dimension partition tree T’y is based on
the same ordering.® The tensor v = pr7(p, (v,(c ) "k )) € T, is described by the
data v,(;) K € Vi

By the assumption on the ordering of the indices, each a € T'p has the form

a={jo.ja+1,... ja}

for suitable j/,, j/ € D. We define

@ (4)
by iy = Z Sl by, @V K, 1 © o OU, o, (12150)

Ja—
3, k// 1

for kjf’xfl S Kj(/)tfl, kjg S Kjg (with Ky = K4 = {1}), and

3 According to Remark 11.4, several orderings can be associated with T'p. One of them has to
coincide with the ordering of T5™.
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Ua = span {uf™) ik 1 € Ky o, ki € Ky | (12.15b)
gh, —1hg a @ a a

Note that p; := # K. Since the number of tensors on the right-hand side of (12.15b)
is # K, —1# K = pj. —1pjr, we obtain the estimate

dim(Uq) < pjr—1pjn fora={jeD:j, <j<jl} (12.15¢)
For o € Tp\L(Tp) with sons a1, vz, we can rewrite (12.15a) as

“1(3,),1,% - ¥ ]ga/n ok ®“’(sz=kjg2’ (12.16)

Jau
]i}j// EKj//
@2 a2

since j,, = jb, jo, = Ja, — 1, and j, = j/. Equality (12.16) proves the nested-
ness property U, C U,, ® U,,. Since for o = D, u,(g ,)7 Ky = = v holds, also

v € Up is shown. Hence, {U, }
is satisfied: v € H..

weTy, 18 @ hierarchical subspace famlly and (11.15)

Proposition 12.5. Let v € T, with p = (p1, . .., pa—1) and consider a hierarchical
format H. involving any dimension partition tree Tp with the same ordering of D.
(a) Allv € T, can be transformed into a representation v € H., where the dimen-
sions t = (rq : « € Tp) are bounded by

To < pjr—1-pjn fora={j:j, <j<ju}€Tb. (12.17)
p; are the numbers appearing in p = (p1, . .., pa—1)- The estimate remains true for

pj i=rankg (V).

(b)If Tp = TET (cf- (12.8a,b)), r(1,... j3 = p;j holds.

(c) If d < 6, a tree Tp with minimal depth can be chosen such that all r,, are
bounded by some r; or p; from (12.13), i.e., no product like in (12.17) appears.

Proof. 1) (12.17) corresponds to (12.15¢). Using the definitions r, = rank,(v)
for vertices a = {j : j,, < j < ji} and (12.5), ie., pjs -1 = rankg(v) for
g ={1,...,7, — 1} and p;» = rank,(v) = rank,.(v) for v¢ = {1,...,50},
inequality (12.17) is a particular case of Lemma 6.19b.

2) Consider the case d = 6 in Part (c). Choose the tree depicted below. For a leaf
a € L(Tp), the rank r, is some r; from (12.13). The vertices {1,2} and {1,2,3}

lead to P2 and P3, while T{4,5,6} :T{1)273} =pP3 and T{5,6} :7’{172)374} = pP4. O

A simplification of the previous proposition is as {1,2,3.4,5,6}
follows: if the TT representation uses the constant ranks (1.2 ; ? 56}
p = (r,...,r), the ranks of the hierarchical format are AN N

always bounded by 72. This estimate is sharp ford > 8as {12} {3} {4} {56}
shown by an example in [75]. Up to d = 6, the better bound - o

. ) . {1} {2} {5} {6}
r can be achieved with optimally balanced trees.
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12.3.3 Conversion from H.to T,

Given a hierarchical format #. involving the tree T'p, we may consider T, with
an optimal permutation of the dimension indices from D = {1,...,d}. Rewriting
this new ordering again by 1,...,d means that the .-vertices from of Tp are
not necessarily of the form {j : j/, < J < ji}. The Ty-ranks p; = rankg J}(v)
can be estimated by products of the ranks r, = rank (v) (o« € Tp) appearing in
the hierarchical format as follows.

The set {1, ..., j} can be represented (possibly in many ways) as a disjoint union
of subsets of Tp:

{1,....5}=Jo  (disjointe, € Tp). (12.18)

The existence of such a representation is proved by the singletons (leaves of Tp):

{1,...,j} = 1{v}, yielding the largest possible value s¢; = j. In the best case,
{1,...,4}is already contained in Tp and »¢; equals 1. Let %; min D€ the smallest
»; in (12 18) taken over all possible representations. Then Lemma 6.19b states that
p; < l/:‘l“‘“ Tqmin, Where ™ are the subsets with {1,...,j} = J i gmin

However, since p; = rankg J}(V) coincides with rankg;1 . a)(v ), one has
also to consider partitions {j + 1,...,d} = U2, B, (B, € Tp). Let 5/, and
0 be the optimal choice in the latter case. Then

’ "
2§ min 5 min
< mi . .
p; < min | | Tgmin | | T gmin

v=1 v=1

follows. Assuming a hierarchical format H, with r, < r for all a € Tp, we obtain

min{ s/

the estimate p; < r Gomins? min} . Introducing

Mpax ‘= IMax { rmn{%7 mins %;:min} 1< < d},
we get

max {p; : 1 < j < d} < pPmax,

To understand how large s5,,x may become, we consider the regular case of a
completely balanced tree for d = 2© with even L (cf. (11.1) for L = 2). We choose

L
2
ji= Z 4v (12.19)
and note thatd — j = 1+ ZL/ >~12.4¥. Since all subsets from Tp have the size 2/
for some y1 € {0,..., L}, one verifies that {1,..., j} needs exactly 5 . = L/2

subsets v, min- Similarly, {j+1,...,d}is covered by at least L /2+ 1 subsets. This

proves
L
Hmax — 5 = 5 lOg2 d.
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Conclusion 12.6. Let T be the balanced tree for d = 2. Assumlng a hierarchical
format H with ro =r for all « € Tp, the rank p; for j=32_ 41’ is bounded by

p; < ralogd = gzlogar (12.20)

Conjecture 12.7. One can construct tensors v € H, such that inequality (12.20)
becomes an equality.

The reasoning is as follows (see also [75]). By Lemma 6.19c¢, rank,mi (V) =
rankgmin (v) = 7 implies p; = = = 19827 for a suitable tensor v € V. However, such
a tensor may violate the conditions rank, (v) < r for the other vertices a €1p.
Nevertheless, for the special j from (12.19) and the associated vertices o™ and
pmin equality (12.20) can be proved. The missing part is the argument that another
partition of {1, ..., j} consisting of sr > sy, vertices may be such that the proof
of p; = r** does not apply. In this case, at least p; < r*~! must hold. See also the
example mentioned below.

In more detail, the following cases can be distinguished:

1)1 < d < 5: The ranks p; of T, coincide with certain 7, from H.. For d < 3,
any tree after reordering coincides with the linear tree. For d = 4 take the natural
ordering of the balanced tree T'p. Then,

pP1 = T{1}7 P2 = 7'{172}7 p3 = I‘al’lk{lﬂzyg} (V) = rank{4} (V) — T{4}

holds. If d=5, four leaves (say 1-4) are contained in pair vertices (say {1,2}, {3.4}).
Use the numbering ¢y =1, i3 =2, i3 =15, i4 = 3, i5 =4 for T\,. Again, we may use
ps=ranky 5 5 (v) =rank(z 41 (V) =734}

2) 6 < d < 16: Assuming 1, < 7 for H., the ranks p; of T, are bounded by
pj < r? (equality sign is taken for suitable v and j). For the case d = 6 we choose
the balanced tree* with three vertices {1,2}, {3,4}, {5.6} of size 2. Then all triples
{i1,12,13} as well as their complements are of size 3, while the vertices of T, are
of size 1, 2, 4, 6. Hence, the quantity min{s} ;, s} mm} from above is at least 2.
An example in [75] proves that already for d = 6 the maximal TT rank is the square
of the hierarchical ranks.

3) d = 17: Take the balanced tree of 16 leaves and add the vertices {17} and
{1,...,17}. Then p; < r3 holds for some j. For a proof take any permutation
{i1,...,416} and consider the set {i1,...,i7}. It requires %7 min > 3 subsets.
The complement {i7,...,416} has 10 elements To obtain s ,;,, = 2 one must
use 10 = 8 + 2, i.e., {zl, ..., 17} must be the union of two vertices « € Tp with
cardinality 8 and 2. This proves 17 ¢ {i7,...,i16} and 17 € {i1,...,i7}. Now,
17 is contained in {i1, ..., 410} and leads to %/lo,min > 3, while {411, ...,417} with
7 elements proves /g i, > 3.

4 However, the tree containing the vertices {1,2}, {1,2,3}, {5,6}, {4,5,6} has the same length and
allows the estimate p; < 7.
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12.4 Cyclic Matrix Products and Tensor Network States

The definition pg = pg = 1in (12.1c) or #K; = 1 for the index sets for j = 0
and j = d has the purpose to avoid summations over these indices. Instead, one can
identify the indices of Ky = K and allow pg > 1:

Pd—1 Pd

d—1
V= Z Z Z de kl klkz ®... ®’Ul(€d—2l)€d 1 ®v ( ) 1,ka (12.21)

ki=1 ka—1=1kq=1

This results into a cycle instead of a linear tree. In the following, we set D = Zg4
which implies 0 = d and hence py = p4. Although this tensor representation looks
quite similar to (12.3a), it has essentially different properties.

Proposition 12.8. (a) If p; = 1 for at least one j € D, the tensor representation
(12.21) coincides with (12.3a) with the ordering {j + 1,7+ 1,...,d,1,...,j}.
(b) The minimal subspace U mm( ) is not related to a single parameter py, in
(12.21), i.e., py, cannot be mterpreted as a subspace dimension.

(c) Inequality rank;(v) = dlm(UJmm( v)) < pj_1p; holds for (12.21).

(d) In general, a cyclic representation with rank;(v) = p;_1 p; does not exist.

Proof. 1) Assume that j = d in Part (a). Then pg = pg = 1 yields (12.3a).
p1 pd (1) (1]

2) Fix j = 1. Then the representation v = > j ;> 3" v,y @ v, holds
with VE] = Zkz Koo kg ®Zl 9 v,(g? &, - Both indices k4 and k; enter the def-
inition of UM (v) = {tp(vg kl) € V[l]} in the same way proving Part (b).

Obviously, the dimension is bounded by pgp1 = pop1 as stated in Part (c).
3) If rank;(v) is a prime number, rank;(v) = p;_1p; implies that p;_1; = 1 or
p; = 1. Hence, by Part (a), (12.21) cannot be a proper cyclic representation. a

According to Proposition 12.8a, we call (12.21) a proper representation, if all p;
are larger than 1. In the cyclic case, the ranks p; are not related to the dimensions of
U J‘-m“(v). Therefore, we cannot repeat the proof of Lemma 11.55 to prove closed-
ness of the format (12.21). In fact, non-closedness is proved (cf. Theorem 12.9).

The cycle Z4 is only one example of tensor representations based on graphs
(instead of trees). Examples® are given in Hiibener-Nebendahl-Diir [105, p. 5], in
particular, multi-dimensional grid-shaped graphs are considered instead of the one-
dimensional chain 1 — 2 — ... — d used in (12.3a). Whenever the graph contains a
cycle, statements as in Proposition 12.8b-d can be made and instability must be ex-
pected because of Theorem 12.9. If a connected graph contains no cycle, it describes
a tree and corresponds to the hierarchical format (with the possible generalisation
that the dimension partition tree T'p is not necessarily binary; cf. Definition 11.2).

The following result is proved by Landsberg-Qi-Ye [136]. It implies that a similar
kind of instability may occur as for the r-term format (cf. Remark 9.14).

Theorem 12.9. In general, a graph-based format containing a cycle is not closed.

3 The graph-based tensor format has several names: tensor network states, finitely correlated states
(FCS), valance-bond solids (VBS), projected entangled pairs states (PEPS), etc. (cf. [136]).



Chapter 13
Tensor Operations

Abstract In §4.6 several tensor operations have been described. The numerical
tensor calculus requires the practical realisation of these operations. In this chapter
we describe the performance and arithmetical cost of the operations for the different
formats. The discussed operations are the addition in Sect. 13.1, evaluation of tensor
entries in Sect. 13.2, the scalar product and partial scalar product in Sect. 13.3, the
change of bases in Sect. 13.4, general binary operations in Sect. 13.5, Hadamard
product in Sect. 13.6, convolution of tensors in Sect. /3.7, matrix-matrix multipli-
cation in Sect. 13.8, and matrix-vector multiplication in Sect. 13.9. Section 13.10 is
devoted to special functions applied to tensors. In the last Sect. 13.11 we comment
on the operations required for the treatment of Hartree-Fock and Kohn-Sham appli-
cations in quantum chemistry.

In connection with the tensorisation discussed in Chap. 14, further operations and
their cost will be discussed.

We repeat the consideration from §7.1 concerning operations. Two mathematical
entities s1, so € S are represented via parameters p1,p2 € Pg, i.e., s1 = ps(p1)
and s; = pg(p2). A binary operation [ leads to s := s; [J so. We have to find
a parameter p € Pg such that s = pg(p). Therefore, on the side of the parameter
representations, we have to perform (7.2):

pi=p1Epy = ps(p) = ps(p1) B ps(p2).

The related memory cost is denoted by Npem(+) and the number of arithmetical
operations by Ny with ‘[J° replaced by the respective operation.

The following list yields an overview of the asymptotic cost of various opera-
tions for the different formats. Here, we assume the most general case (different
bases etc.) and consider only upper bounds using n = minn;, r = maxr, etc.!
Furthermore, the cost of the j-th scalar product is assumed to be 2n; — 1.

! Note that the meaning of the bound r differs for the formats, since different kinds of ranks are
involved.

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 385
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_13,
© Springer-Verlag Berlin Heidelberg 2012
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full r-term tensor subspace hierarchical
storage n? dnr r? 4+ dnr dr3 + dnr
basis change 2dn?*1 2dn2r 2drd+T 2dr3
orthonormalisation 2dr?+1 4 2dnr? 2dnr? + 4dr?
u+v nd 0 2draTT 4+ 2dnr? Rdnr? + 8dr?
v; evaluation 0 dr 2rd 2dr3
(u,v) 2nd dr? + 2dnr?> 2drd+1 4 8dnr? 2dnr? + 6dr?
(U, v) e 2ndT#o 124E0° £ 2#anr? 2drdT#Y £ 84anr? < 2dnr? + 6dr?
(v, V) (jye nd+1 %dr2 + dnr? 2drd T + 8dnr? < 2dnr? + 6drt
uGv nd dnr? r24 4 dnr? dnr? + (d—1)r*
Av 2dna+1 2dn2r 2d (rd+1 + n2r + nr2) 2dn?r
truncation ~ dr’R+ d’rR 3drdTT £ 2dr%n 2dr2n + 3dr?

The cost of the truncation is cited from §9.5.4 for’> R,., from §8.3.3 for 7;, and
from (11.46¢) for H..
The terms involving n may be improved by applying the tensorisation technique
from §14 as detailed in §14.1.4. In the best case, n may be replaced by O(logn).

13.1 Addition

Given v/, v"" € V in some representation, we have to represent v := v/ + v”.

13.1.1 Full Representation

Assume V = ®?:1 K% with I = X;l:1 I; (cf. §7.2). Given v/, v” € V in full
representation, the sum is performed directly by

/ "
Vi =V +V;

forallie I

The memory Nyem (V) = #1 is the same as for each of v/, v"/. Also the number of
arithmetical operations equals

full
N+u = chm(v

d
) =#1 =[] #L.

J=1

As a variant, one may consider sparse tensors. Then, obviously, v is less sparse
than v', v" | unless both terms possess the same sparsity pattern.

Another variant is the full functional representation by a function. Given two
functions function v1(...) and function v2(...), the sum is represented by the

function v(iy, ..

call increases: N, = Ny + Nyo.

2 Here, the cost of one iteration is given.

.,iq) defined by v(...) := v1(...) +v2(...). Hence, the cost per
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13.1.2 r-Term Representation

Givenv’:zz lv,(,l)® ®v( ) € R, and v” _Z 1wy ® ®w( ) c R,
the sum v = v’ + v” is performed by concatenation, i.e.,

r+s
vV = ZU,(}) ®...®vl(,d) € Ryts, wherevﬁﬂzy = wl(,j) for1<v<s, 1<5<d.

The memory is additive: Nyom (V) = Nmem (V') + Nmem (v”), while no arithmetical
work is required: Ny = 0.

Since the result lies in R, ; with increased representation rank r + s, we usually
need a truncation procedure to return to a lower representation rank.

Consider the hybrid format from (8.21). It v/ = p (v, 3, (al!), (B;))
and v/ = p?){g;]( ".J, (a "(7)), (B;)) holds with identical bases, the procedure
is as above. The coefficients are joined into (al(,J)) with 1 < v <7r:=7¢"+7¢".
If different bases (B}) and (BY) are involved, these have to be joined via
JoinBases(Bj, B} ,r;, B;, T’ (@) 770G)). Now, v" can be reformulated by coef-
ficients ) = T")a”\9) with respect to the basis B;. v/ may stay essentially
unchanged, since B’ can be taken as the first part of B;. Afterwards, v/ and v”
have identical bases and can be treated as before. The total cost in the second case
is .

N, = Z (Nqr(nj, vl + ) +r;(2r] —1)).
J=1

13.1.3 Tensor Subspace Representation

Case I (two tensors from 7, with same bases). First we consider the case that
v’,v"" € T belong to the same tensor subspace U := ®d U; with r; =dim(U;).
The representation parameters are the coefficient tensors a’,a” € K7 with J =
,1 Jj, where i € J; = {1,...,r;} is associated to the ba51s vectors b(7 (cf.
(8 6b)) The addition of v, v e U reduces to the addition a := a’ + a’ 2 of the
coefficient tensors for which the full representation is used. Hence, §13.1.1 yields
d
Nuem(v) = Ny = #3 =[] ;.

j=1

Case II (two tensors with different bases). Another situation arises, if different
tensor subspaces are involved:

d d d d
v':Zaﬁ@bggj)eU' = ®UJ'-, v’ = Z a§’®b;/j(j)eU” = ®UJ’-'.

ied  j=1 j=1 i€y’ j=1 j=1
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The sum v := v/ + v” belongs to the larger space U:=U’'+U" = ®?:1Uj with
Uj := Uj + Uj = range(B}) + range(B ),

where B} = [bll(j ) blr(,j )] and B} = [bll/( 2 bl i )] are the given bases or
frames of U} C Vj and U}’ C Vj, respectively. The further treatment depends on
the requirement about B; := [b\, .. ., b%)].

1. If B; may be any frame (cf. Remark 8.7d), one can set r; := 7, + 7 and

. X6} 1(5) ”(J) 1(5)
B; = [t} v b B b ].
Then a € K7 with J = X?Zl Jjand J; = {1,...,7;} is obtained by concate-
nation: a; = a{ fori € J' C J, apyy = af fori € J, wherer’ = (r],...,r}).
All further entries are defined by zero. There is no arithmetical cost, i.e.,

Tr,frame __
NT —0,

but the memory is largely increased: chm( ) =#J = H =17 (note that, in
general, Niem (V) 3> Nmem (V') + Nimem (V"))

2. If B; should be a basis, we apply JoinBases(B}, B/, r;, B;, T'), T"(9)) from
(2.35), Which determines a basis B} [b( ). b(J )} of U; together with trans-
fer maps b =y \T 7)17(7) and b”(J) Z T 7)b(J) It is advantageous
to retain one part, say B , and to complement B’ by the linearly independent
contributions from B;’ Wthh leads to T7,’ 9 = 6Z;€ The dimension r; =dim(U;)
may take any value in max{rj, 7} < rJ < 7% + 7. It defines the index sets
Ji={1,...,r;}and J= ><F1 Jj Mry =1+ r;’, the memory is as large as in
Case 1. The work required by JoinBases depends on the representation of the
vectors in Vj (cf. §7.5). Set® T := ®;l:l T'0) and T := ®?:1 7”0, Lemma
8.9 states that ‘

v = Pframe ( (B )1<j§d) = Pframe (Tla/7 (Bj)lgjgd) )

V" = prrame (2" (B”)1gjgd) = prame (T"2", (Bj)1<j<a) -

Then a:=T"a’+T"a" is the resulting coefficient tensor in v = ppame(a, (B;)).

The cost of JoinBases is Z;l:l Naor(nj,rj + 1), if V; :dK"a‘. The update

a := T'a’ + T"a” of the coefficient tensor leads to 2#J > ’_, r; operations.

If n; <nandr; <r,the overall cost is ‘

NI < 2dnr® + 2dr* .

3. In the case of orthonormal bases B’;, B, B, one applies JoinONB (cf. (2.36)).
The coefficient tensors are treated as 1n Case 2. The cost is as in Item 2.

3 T can be chosen as trivial injection: T(;(g) =0agp



13.2 Entry-wise Evaluation 389

13.1.4 Hierarchical Representation

Case I (two tensors with identical bases). Assume that both tensors v/, v’ € H.
are represented by the same data (TD, (Ca)aeTn\£(Tn)s (Bj)jep), only their
coefficients ¢/(P) and ¢/(P) differ. Then the sum v := v/ + v’ is characterised
by v = putr (Ip, (Ca)acto\o(rn): ¢P, (Bj)jep) with the coefficient vector
cP) .= (D) 4 "(P) ¢ K>, The cost is marginal:

Nj‘r—lt,Case 1 =7rp.

Case II (two tensors with different bases). Here we assume that both terms
v € H. and v € H,» use the same dimension partition tree Tp:

v = pHTR(TD7 (C/oc)OLGTD\E(TD)v CI(D)7 (B;')jED)a

(D) (B//

v" = purr (TD, (Cl)acTo\£(Tp): € " )ieD)-

First we consider the involved hierarchical subspace families from Definition
11.8a. Let {U }aer, and {U” },e1,, be the subspaces associated with v/ and v”,
respectively. The sum v := v’ 4+ v” belongs to {U,, }oer, with U, := U/, 4+ UL.

As in §13.1.3, we have to determine bases of the spaces U’ + U . This procedure
has been described in §11.5. According to Remark 11.67d, the cost is bounded by
< 8dr?(r? + n), where r := maxr; and n := maxn;. Having a common basis
representation, we can apply Case I from above. Hence, the cost is

Nf"case ' < 8dnr? + 8dr*.

An increase of storage is caused by the fact that, in the worst case, the subspaces
U, = U/, + U’ have dimension dim(U,) = dim(U’) 4+ dim(U”.). In particu-
lar, dim(Up) > 2 can be reduced to 1 without loss of accuracy. Possibly, further
subspaces U, can be reduced by the truncation procedure of §11.4.2.

13.2 Entry-wise Evaluation

For V; = K", the tensor v € V:®?:1‘/} has entries v; with i=(iq,...,iq) € I
and the evaluation A; : v — v; € K is of interest.

In connection with variants of the cross approximation (cf. §15), it is necessary
to evaluate v; not only for one index i, but for all k in the so-called fibre

Fi)={kel=1I x...xIj:ke=igforl e {1,....,d}\{j}}.

Note that the component k; of k € F(j,i) takes all values from I;, while all
other components are fixed. The challenge is to perform the simultaneous evalu-
ation cheaper than #1; times the cost of a single evaluation.
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The entry-wise evaluation may be viewed as scalar product by the unit vector
e e V with e}l) = & (i,j € T), since v; = (v,e!)). Therefore, the evaluation of
the scalar product with an elementary tensor is closely related.

Full representation of v need not be discussed, since then vj is directly available,
ie., Nrtem —

eval

13.2.1 r-Term Representation

If v is represented in r-term format v = Y | ®?:1 v € R, the entry vj

equals >/ | H?Zl (v,gj))ij. Its computation requires
Nr—term —rd—1

eval

arithmetical operations.
The cost of the evaluation for all indices k € F(j,1) is

NI (F (4, 1) = r (d + 2415 — 2) — #1;.

Here, the products [T,y d}\{j}(vl(,é))i,Z (1 < v <'r) are computed first.

13.2.2 Tensor Subspace Representation

The tensor subspace representation v =, _ ; ax ®?:1 b,(jj ) yields

d .
Vi1, ...,lq] =vi= ZkeJ ag szl(b,?j))ij

withJ = J1 x ... x Jgand J; := {1 < i < r;}. The evaluation starts with
summation over k; yielding a reduced coefficient tensor a[ks, ..., k4] etc. Then
the arithmetical operations amount to

d d
Te _
Np=> -1 J] n < 243
(=1 j=0+1
Summation in the order k1, ko, . . ., kg is optimal, if r; > r9 > ... > ry. Otherwise,

the order of summation should be changed. If r; < r, the cost is about N, ‘Ifal < 2rd,
For the simultaneous evaluation, the summations over all k; are to be performed
in such an order that ¢ = j is the last one. For j = d, the cost is

U
—

- d
NI(F (1) = (2r¢—1) H T4 #1 (2rg —1).
1 j=0+1

o~
Il
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13.2.3 Hierarchical Representation

Fora C D = {1,...,d} the index i, belongs to I, = X <, I;. The evaluation of

the i, entry
’I"al TQ2

B = =B i, by i) (131)
i=1 j=1
of the basis vector bga) is performed recursively from the leaves to the root:

procedure eval®(a, i);
for/ :=1tor, do

if « = {j} then ﬂ(a) = b(j) [i;] else  {leaf}

begin eval®(ay,1); eval® (ag, i); {a1, a2 sons of a}
Tay Tag
Béa > Z c(az (o B§a2) {non-leaf vertex, cf. (13.1)}
1=17=
end;

(cf. (11.26)). The evaluation of v[i] is implemented by

function eval(v, i);

begin eval®(D,i); s := 0;
for/:=1torpdos:= s—l—ch) ﬂ(D)

eval .= s

end;

The asymptotic computational cost is

H
Nev:xl =2 E TalaiTas (061, g sons of a) .
OtETD\L‘,(TD)

For r,, < r, the cost is bounded by N :f/;l < 2dr3.
The cost of the simultaneous evaluation at F(j, i) amounts to

NZ: (F(4,1) = Nch;1 + 2#1; Z Talay -

eval
a€Tp\L(Tp) with jea; €S ()

The latter summation involves all non-leaf vertices o with a son «; containing j.
The total cost is bounded by 2r? [dr + (depth(Tp) — 1) #1;] (cf. (11.7)). Note
that the tree Tp can be constructed such that depth(Tp) ~ log, d.

13.2.4 Matrix Product Representation

The TT format is introduced in (12.1a) by means of a representation of an entry vj.
Since the data v,(gj ) ; .. are already separated with respect to ¢;, only the matrices
J—1tRj
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,(f ) ik [i;] from (12.2b) enter the computation. Correspondingly, the evaluation of

the rlght -hand side requires less operations than in §13.2.3:
New = QZMP@H- (13.2)

For py < p, thisis N1, ~ 2 (d — 2) p?
For the simultaneous evaluation in the case of j € {2,...,d — 1}, perform the
product of the matrices V(%) in (12.2b) such that V; - V%) . Vj; holds with

vectors V7 € KPi—1 and Vir € K#4. Its evaluation for all k; € J; yields

Jj—2 d—2
NIL(FGA) = pi1p 2o+ 1) + > (2pe = 1) pesr + Y (2pe1— 1) pe
=1 =;

d—2
R~ 2(Pj—1p? + 2521 Pépf-i-l)-

The cases j = 1 and j = d are left to the reader.

13.3 Scalar Product

Given pre-Hilbert spaces V; with scalar product (-, > the induced scalar product
nV=, ® -1 Vj is defined in §4.5.1. The correspondmg norms of V; and V are
denoted by || I and [[[|. We suppose that the computation of (u, v) ; is feasible, at
least for u, v 6 U; C Vj from the relevant subspace U;, and that its computational
cost is

N; (13.3)

(cf. Remark 7.12). In the case of function spaces, (u,v) j for u,v € U; may be
given analytically or approximated by a quadrature formula®, provided that U. jisa
subspace of sufficiently smooth functions.

The scalar product (u,v) is considered in two situations. In the general case,
both u and v are tensors represented in one of the formats. A particular, but also
important case is the scalar product of u—represented in one of the formats—and

an elementary tensor d
v=Q)v" (13.4)

represented by the vectors v/ € V; (1-term format).

A related problem is the computation of the partial scalar product defined in
§4.5.4. It is important since the left or right singular vectors of the singular value
decomposition can be obtained via the partial scalar product (see Lemma 5.13).

4 Whether approximations of the scalar product are meaningful or not, depends on the applica-
tion. For instance, a quadrature formula with n quadrature points cannot be used to determine an
(approximately) orthogonal system of more than n vectors.
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13.3.1 Full Representation

For V = K! with T = X‘j:l I;, the Euclidean scalar product (u, v) is to be com-
puted by > 3, ; uiVj so that N. .y = 241 The computation may be much cheaper
for sparse tensors. The full representation by a function is useful only in connection
with a quadrature formula. The case of (13.4) is even a bit more expensive.

The partial scalar product in K depends on the decomposition of {1, ..., d} into
disjoint and non-empty sets o and a© := {1, ..., d}\«. This induces a partition of I
intol =T, xIe with T, = X, [ and Ipe = X I;.Thenw := (u,v) . €

JEQc
KIe @ K« is defined by the entries’

Wy k= E Uy’ i Vk/ i for i/, K € I,.
’ i”EIac ’ ’

The computational cost per entry is 2#1 .. Since w has (#IQ)2 entries, the overall
costis Ni.y 1, = 2 (#1a)° #Lae.

e

13.3.2 r-Term Representation

For elementary tensors, the definition of (-, -) yields (u,v) = H?:l <u(j),v(j)>j.
Combining all terms from u € R,, and v € R, , we obtain the following result.

Remark 13.1. The scalar product of u € R,., and v € R, costs
d
N = rar(d+ 0 V)
operations with N; from (13.3). The case of (13.4) is included by the choice ry = 1.

For partial scalar products we use the notations o, a® C {1,...,d} and w :=
(u,v)y _ asin§13.3.1. First, letu = ®?:1 u) and v = ®?:1 v\ be elementary
tensors. Then

(u,v),. = ( B <u<j>7v<j>>j) (@uo)) ® (@v@) cEV,®V,
jeac JEa JEa

with V, = & jea Vi is again an elementary tensor. The same considerations as
above lead to the next remark. Since (v, v) . (i.e., u = v) appears for the left-sided
singular value decomposition of M, (v), this case is of special interest.

Remark 13.2. (a) The partial scalar product w:=(u,v)_. of ue R,, and ve R,
costs N(. .y = rury (#a® + Zje(lc N;) operations. The tensor w € V, ® V, is
given in the format R, with r := ryry.

(b) Because of symmetry, Nfo%ac reduces to Lgﬂ) (#a° + > jcar N;) for the
computation of (v,v) . .

> The notation u; ;~ assumes that a® = {j*,...,d} forsome 1 < j* < d. Otherwise, U (i7,i7)
with a suitable permutation 7 is needed. However, this does not effect the computational cost.
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13.3.3 Tensor Subspace Representation

Case I (two tensors from 7, with same bases) The easiest case is given by u =
Y ey Al ®j 1 bfj) €Teandv =) ;ay ®J 1 bfj) € 7T, belonging to the same
subspace U := ®j:1 U; with orthonormal bases B; = [bgj), . ,bg)] of U;. Then

<U., V> = <au’ av>J

holds, where the latter is the Euclidean scalar product of the coefficient tensors in
KY. The cost is Ny =2#J=2 H‘;Zl r; (cf. §13.3.1).

b(J)Eﬂ,

Case II (tensor from 7, and elementary tensor). If u= Zl c7 & ® j=1b;

while v is an elementary tensor, (u,v) = > ;; a; ®?:1 <bl(-j_), (4)); requires

d d d
221"]—1 H Tj+ZTjN
j=1 =j+1 =1

operations. The second sum corresponds to the scalar products B(J ) (b( 2 v(3)>
where N; is the cost of a scalar product in V; (cf. (13. 3)) Performlng first

the summation of » . ;a H ﬂ(J ) over 1 < 41 < 7 for all combinations of

12,13, ...,14, We obtain Z aIB( with the cost (2r; — 1) ra - - - 74. Proceeding
with summation over s, . . ., 14, We obtaln the cost given above.

Case III (tensors from 7. and 7.»). If u' = ", a ®j 1 1j € Tw and
u’' =3 ay ® - Z(J ) € Tew use different bases, the computation of

-3 Y aja] H< : ”<J>> (13.5)

) i€J keJ”
requires d d d
1 !0 i
Z 2r + 1 H 7T +Z7’jrj N;
j=1 t=j+1 j=1
operations.

Remark 13.3. Assume n; < n and rj, 1),/ < r. Then the asymptotic costs of
Cases I-III can be estimated by

Lot I:2(+dnr), L 2% +dur?).

An alternative way for Case III is to transform u’ and u” into a representa-
tion with a common orthonormal basis B; as explained in §8.6.3. The expense is
8dnr? 4+ 2dr?*! (cf. Remark 8.42). Having a common basis of dimension < 2r, we
can apply Case I. Hence, the total cost is

nr: NJ»

Ty = 8dnr? + 2dritt + (2r)?.

This leads to the following remark:



13.3 Scalar Product 395

Remark 13.4. For Case III with n < 35 1 p2d=2 %rd_l - 6%2‘17"1_2, it is advanta-
geous first to transform u’ and u’ mto a representation with common orthonormal
bases B;. The cost is O(dnr? + r¢min{r, 2% + dr}).

In the case of a partial scalar product w = (u,v)_. € Kl* @ Ko, we have
similar cases as before.
b(J)

J=1"1
V=D e, & ® =10 ( ) . Again, under the assumption of orthonormal bases, the
partial scalar product can be applied to the coefficient tensors:

w = Z Cik ®b£;) ® ®b§€7j) with ¢ := (a",a") .

(iL,k)ETaxJ o JEa JEQ

Case I (two tensors from 7, with same bases). Letu = ) 5.4 ®

Therefore, the cost is given by NZ—”,> e = 2 (#JQ)Q#JQC (cf. §13.3.1). Note that
the resulting tensor w € K!» ® K= is again represented in tensor subspace format.

The most important case is u = v and « = {j}. Then,

d
NPy pe=(+ ) [ foru=vanda = {j} with r; = #J;. (13.6)
k=1

Case II (tensors from 7, and 7). Now we assume that v/ =) . 3 aj ® i1 ;5_] )
and v/ = > .. Y a e i1 ;/(J ) use not only different bases, but also different
subspaces of p0551b1y dlfferent dimensions. Basing the computation of the partial
scalar product w := (v/,v"); on the identity®

w= Z Z [ Z Z ag’,i“aﬁ/,k”H< 13’ 7 Z/(/J)>}®bi7)®®b// ()

Ved, kel tied ck'"edl. JEQC JEQ JE«
::bi/,k/
we need
<T>ac H Ll 4 E r }’Nj—i—lowerorder
jEac

operations for the evaluatlon of the coefficient tensor b € KJe ® KJe. Here, we
assume that all 7, = #£J7 and 7/ = #J} are of comparable size.

The alternative approach is to determine common orthonormal bases for j € o
requiring #a° (8nr2 + 27’d+1) operations (assuming common bounds 7 and n for
all directions). Then, Case I can be applied. The estimate of the total cost by

N<VT{> we S #a (877,1"2 + 27’d+1) + o#et pdt#a
shows that the second approach is cheaper under the assumptions N; = 2n; — 1
and n < 72472/ (3#a°) up to lower order terms.

% Note that the index i € J' = X?_l Jj of ai = aj, ;, is split into the pair (i’,i") , where
iedJ, = XjeaJ andi” € Jae = X ;¢ J;. Similarly fork € J”.
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13.3.4 Hybrid Format

The hybrid format u = pyyp,(-) from §8.2.4 implies that u=) ; _; af' ® =1l l]
T, where a¥ € R,.(K”) is represented in r-term format. The cost of a scalar
product in K77 is denoted by N (usually, this is 2#J;).

Again, we distinguish the cases from above.

Case I (two hybrid tensors with same bases). Here, u,v € 7, are given with
identical subspace U := ®?:1 U; and orthonormal bases B; = [bgj), e b%)] of
U,. Again, the identity (u,v) = (a%,aV); holds. Since a%,a¥ € R, (K’) and
a¥ € R,,(K7), the latter scalar product can be performed as discussed in §13.3.2.

The cost is J

ra’v | d + Z N pi
j=1
Case II (hybrid tensor and elementary tensor). Let u be of hybrid format,
while v is the elementary tensor (13.4). As in §13.3.3, the scalar products ﬂ(J ) =
(bm v\9)); are to be computed. Since a = ZU 1®7 La a) € R,, we obtain
(W, v) = > icsa Hj’:ll ﬂfj) =5, Hj:1< ay ),ﬂ(ﬂ)> involving the K7-scalar
product with 8() = (55‘7))i€,]j. The total cost is

d d
D riNj+ry N
=1 =1

Case III (hybrid tensors w1th dlfferent bases) For hybrid tensors u’, u” with
coefficient tensors a’ = ZV 1 ® 1 a/”) and a” = _ ®?:1 al?, the right-
hand side in (13.5) can be written as

=211 2 X2 aﬁj’[ij]aii(”[kj]<b2§”7blf”>j] (13.7)

v j=1 Lijed) kel
and requires

NTr Z ’ // Nj-i-?ﬂ‘/?‘”)

operations, which are bounded by

2dnr? + 214, it 7, v v’ r" <7 and Nj < 2n.

Alternatively, we introduce common bases. According to Remark 8.43, the cost
including the transformation of the coefficient tensors a’, a” is 8dnr? + 2dr>. The

additionof a’ € R, and &’ € R, requires no arithmetical work, but increases the
representation rank: r = r’ + 7",

Remark 13.5. For Case Il with n > (12 /d — r)/3, the first variant based on (13.7)
is more advantageous. The cost is bounded by 2r? (dn + 7?).
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13.3.5 Hierarchical Representation

We start with the scalar product (u,v) of u € H, and an elementary tensor v. =
®?:1 v from (13.4). Define v(®) := Qjca vU) and use the recursion

To‘l T’Q2

(), = 35S o) () s

=1 j=1
(cf. (11.24)), where a1, o are the sons of a.

Remark 13.6. The computation of all <b§a), v(o‘)>a fora € Tp,1 < ¥ < r,, can
be performed by
d
> {ra@ray + Dra, =13+ Y miNj+2rp—1 ({1, 02} = 5(a))

a€Tp\L(Tp) j=1

arithmetical operations. Under the assumptions r, < 7 and N; < 2n — 1, the
asymptotic cost is
2(d—1)r® +2rn.

Proof. Set B := (b{*) v(®)),, and B(a) (5*))7=, € K™= Given the vectors
B(@1) and B(@2), (13.8) implies that BEO‘ = S ;"21 cg;l Z)Bl-(al)ﬁj(-”), ie.,
Béa) = (BleTo(ehglaz) for 1 < ¢ < r,. Therefore, the computation of 3(®)
requires ro (274, + 1) 7o, — 1 operation. The recursion (13.8) terminates with the
scalar products (bm 0@, Wthh cost Z -, r;IN; operations. Finally, the scalar

product (u,v) = ;" (D)ﬁe takes 2rp — 1 operations. O
Next, we consider the scalar product (u, v) of general tensors u, v € H,.
Case I (two tensors from 7, with identical bases). Two tensors

u= p%r’%}%{(TDa (COL)OzETD\ﬁ(TD)’ C7(J,D)7 (Bj)jep )v V= p%r’%}%{( cee Cg;D)v e )

given in the same format H., with orthonormal bases (cf. §11.3.2) satisfy

(u,v) = <c$lD),cE,D)>, (13.9)
where < (D) E, > is the Euclidean scalar product in K"?. The cost is negligible:

Ney= 2rD — 1. Note that Case I holds in particular for u = v.

Case II (two tensors from 7, with different bases). Next, we consider two tensors

u' = puTR (TD, (C"Nperproirp), P, (B/(a))aeﬁ(TD)) and (13.10a)

w’ = putr (To, (C"aerpc(r)s ' (B )aceqry) ) s (13.10b)
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which are given with respect to different bases. Note that the bases need not be ortho-
normal. The next lemma uses the subtree T}, from Deﬁnition 11.6. (-,-) 5 denotes
the scalar product of the tensor space Vg := Q). iep Vs

Lemma 13.7. Let {b’i(ﬁ c1<i<ry}and {b;’(ﬁ 1 < j < rj} be the bases
involved in (13.10a,b) for B € T,. The computation of all scalar products

/ " . .
<bi(6);bj('8)>,8 forlgzgrg, ISJSTg, B eT,
costs
ZT‘/‘ 7‘”- N. +2 Z T‘/ (7‘/ T‘N T‘N —I—T/ 7”/ T‘N —I—T”T‘/ 7‘”)
Ly B\ B1"B1" B2 B1" B2" p1 B B2" B2
jEa BETAN\L(Tw)

(B1, B2 sons of B) arithmetical operations, if these quantities are computed as
detailed in the proof.

Proof. By property (11.24), we have the recursive equation

O by, RN 8. B /(5 o)y (1/(52) ()
(b, =202 0.4 ) (077 b))
=1 1 m=1n=1
” (13.11)

Let S(® € K™#*"5 be the matrix with the entries Sé,f) = <b;(’8), bg(ﬁ)m. Eq. (13.11)
involves the matrices S¥1) € K"#1*"%1 and §(%2) € K"#2%"%: defined by the entries

SV = (o) )y and SR = (017 b)) o,

Note that the fourfold sum in (13.11) can be expressed as the Frobenius scalar
product (SHTC!(P:0 8B C"(5-F)) . The computation of

My = SPTC" 08P foralll < ¢ <7

needs 277 (1} 75 73, + 75, 75,73, ) operations. The products <M4,C”(°‘vk)>F for
alll </ < T/B and 1 <k < T/é cost 21"’67",’8’1"’627“[32

The recursion (13.11) terminates for the scalar products (-, -) 5 with respect to the
leaves 8 = {j} and j € «. In this case, S (%) requires the computation of 7} U {]}
scalar products in V;, each with the cost N;.

The scalar productof u’ = 3272, ¢/Pb/?) and u” = 372 "(D)b"( equals

i=1Ci j=1 J
b & (D) (D) (D) ,"(D)
/ /! ! "
= Z Z ¢, ey, <b€ , by, > .
=1 k=1
The computation of Sé,?) = <b;(D),bZ(D)> is discussed in Lemma 13.7 for
a := D. The computation of (u/,u”) = (P))TSP)"P) costs 21, (rlfy + 1)

operations. Altogether, we get the following result.
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Remark 13.8. (a) The recursive computation of the scalar product (u’,u”) (see
proof of Lemma 13.7) costs

d

Niy =D riyrin N (13.12a)
j=1
20Dl (P T T ) 2 (7 + 1)
«€TH\L(Tp)

operations. Under the assumptions 77, ., < r and N; < 2n, the cost is bounded by
Ny <2dr°n+6(d—1)r" +2r%. (13.12b)

(b) Equation (13.9) does not hold for a non-orthonormal basis. In that case, the
scalar product (u, v) has to be computed as in Case II. By Hermitean symmetry of

SL) = (b{™ b!™),,, the computational cost is only half of (13.12a).

An alternative approach is to join the bases of u’ and u” as described in §11.5.
By Remark 11.67, this procedure requires

Ny < 8dr? (T2 + n)

operations. Obviously, the latter cost is larger than (13.12b). However, for the special
case considered in §14.1.3, this approach is advantageous.

Next we consider the partial scalar product (u’,u”) .. Here we concentrate to
the case of a € T)p. We recall that the partial scalar product (v, V) . is needed for
the left-sided singular value decomposition of M, (v) (see Lemma 5.13). The result
of (u’,u”) . is a tensor in the tensor space V,, @ V, for which a hierarchical format
is still to be defined. Let o’ be a copy of a disjoint to v and set A(«) := alUa’. The
dimension partition tree 7'y () is defined as follows: A(c) is the root with the sons
o and o . The subtree at vertex avis T}, (cf. Definition 11.6) and the subtree at vertex
o’ is the isomorphic copy T, of T,. The bases b # (B €Ty [b ” ® (B € Tu)]
of u’ [u”] define the subspaces U, v € TA(Q)\A( «), together W1th their bases,
while the basis of the subspace U 4(q) is still to be determined.

The computation of (u’, u”) . follows the description in §4.5.4. First, we form
u' ®@ v’ € V ® V, which is represented in the hierarchical format with the tree
TA(D). Let 01 and o be the sons of D. Since either a C 07 or a C o2, it follows
that either a® D o3 or a® D o1. Without loss of generality, we assume o D o9 and
apply the contraction €,, from Definition 4.130:

ueu =, ueu’)eV,, @V,,.

Let

J

rD
Z D)b ;(D) Z(Dxf)b;(dl) ®b;(02) and
/=1 03,7
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W 3 DI & b

k,m.,n
Then
_51(12)
—’_/_\ -
¢, (Weou) — Z Z c;D) ;(D é)cg(m (D.k) <b"(02),bx(oz)> b;(al>®b;;§al>
0,7 k,m,n ! ! 72

holds. For each pair (¢, m), the coefficient of b, o) g b”(al) is the sum

) (D) (PO D) JHDR) o)

C,j.kn

c;g-D) = ZCZ(D)CQE-D’Z) and ! Zc” D k)

4

Then, the fourfold sum equals C'(P) §(72)(C"(P))H —. C'(71) and yields the repre-
sentation

Set

Co,(W @ u7) = > drb 7 @by € V,, @V, (13.13)

T,m
The computational cost (without the determination of .S ;ZZ)) is

21";37“:711"’02 + 27“%7“” rl , T 27“017“021"0 + 21"011"01 ’0/2

Now we proceed recursively: if ;1 = «, we are ready. Otherwise, let 017 and
o012 be the sons of oy, apply €,,, [Cs,, ] if @° D 012 [if a® D o071] and repeat
recursively.

The overall cost is given under the simplification rg, rg < 7. Then the com-
putation of the coefficients in (13.13) requires 873level(). In addition, we need
to compute the scalar products <b;-(5 ) bi? )) gforall € {yeTp:yNa=~0}.
The latter set contains d — #a — level(«) interior vertices and d — #a leaf
vertices (see (11.6) for the definition of the level). Hence, Lemma 13.7 yields a cost
of 2(d— #a)r*n + 6 (d — #a — level(a)) r*. The result is summarised in the
following remark.

Remark 13.9. Assume o € Tp. The partial scalar product (u’, u”)
formed with the arithmetical cost

can be per-

ac

2(d — #a)r*n + 6 (d — #a — level(a)) r* + 8r3level(a).

The resulting tensor belongs to V, ® V,, and is given in the hierarchical format
with the dimension partition tree T (o) explained above.
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13.3.6 Orthonormalisation

One purpose of scalar product computations is the orthonormalisation of a basis
(QR or Gram-Schmidt orthonormalisation). If the basis belongs to one of the
directly represented vector spaces V;, the standard procedures from §2.7 apply.
This is different, when the basis vectors are tensors represented in one of the tensor
formats. This happens, e.g., if the vectors from V; are tensorised as proposed in
§14.1.4. Assume that we start with s tensors

given in some format with representation ranks r (i.e., 7 = max; r; in the case of
b, € Tr and r = max, 1o for b; € #,). Furthermore, assume that dim(W) is
sufficiently large. Here, one can choose between the following cases.

1. Perform the Gram-Schmidt orthonormalisation without truncation. Then an exact
orthonormalisation can be achieved. In general, the representation ranks of the
new basis elements b € W equal jr for 1 < j < s leading to unfavourably
large ranks.

2. The same procedure, but with truncation, produces basis elements b;" which
are almost orthonormal. This may be sufficient if an orthonormal basis is intro-
duced for the purpose of stability.

3. Let B := [by - - - bs] € W* be the matrix corresponding to the basis and com-
pute the Cholesky decomposition of the Gram matrix: BB = LLH ¢ K***,
The (exactly) orthonormalised basis is B"*W = BL~H (cf. Lemma 8.12b). In
some applications is suffices to use the factorisation BL~" without performing
the product.

13.4 Change of Bases

In general, the vector spaces V; [or U;] are addressed by means of a basis or frame

(bgj))lgignj which gives rise to a matrix B; := [bgj) bé‘j) . bgf;)] € V" Consider
a new basis (bgﬁgew)lﬁiém,ncw and B}°" together with the transformation
N new
By =BT, e, b)) = TP (13.14)
i=1

nj = Njnew holds for bases. If B; is a frame, also 7 new < m; may occur.
We write 7 [rj_,ncw] instead of 1 [ new], if the bases span only a subspace U;.
In the case of the tensor subspace format and the hierarchical format, another
change of bases may be of interest. If the subspaces are not described by ortho-
normal bases, an orthonormalisation can be performed. This includes the deter-
mination of some orthonormal basis and the corresponding transformation of the
coefficients.
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13.4.1 Full Representation

The full representation Ziel aj bz(-ll) ®...0 bz(-j) (cf. (7.3)) is identical to the tensor
subspace representation involving maximal subspaces U; = V; with dimension

= #1;. The coefficient tensor a € KI is transformed into a,ey = Ta € K!
Wlth the Kronecker matrix T = ® T (cf (8.7b)). The elementwise operations

_ (1) (d)
are apsy o= Yty dop o T @k kg With 1 <vig By < mj.

1112 1g 11 k1 7
The arithmetical cost is

d d
Ng:fslllS change = 2( E nj) H n; < 2dndt! forn := m;ﬁix n;.

Jj=1 Jj=1

13.4.2 Hybrid r-Term Representation

Letv= ZZ:1®?21UE})€RT. If v/ €K1 represents the vector Z;Zlvl(fl) vWev;,
the transformation with respect to the new bases B;“" yields

S )y — Ao T(a) b — Ao <nj o) £j>> b

-

(cf. (13.14). Hence, the transformed tensor is
I d
v = Z ®@ @D eR,  withol) = TP,
Multiplication by the 1 new X 1 matrices T leads to the total cost

NR

basis-change ~—

d
=r Z Njmew (21 — 1) < 2drn? for n := maxn;.
J
j=1

13.4.3 Tensor Subspace Representation

Here, it is assumed that only the bases representing the subspaces U; C V; are
changed. We assume that the basis vectors bz( IZeW, 1 <4 < 7§ new, are given together
with the 7; X 7; new matrices TG, The cost for transforming the coefficient tensor

is as in §13.4.1, but with nj replaced by r;:

le;;ls change = 2 Z ( H Tk new H Tk> < 2dr®t! forr:= max{rj,rj new | -

Jj=1 =

(13.15a)
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Another type of basis transform is the orthonormalisation in the case that the
format 7. is described by general bases (or frames) BOld = [bgj()ﬂd, e bfi )old o)
By procedure RQR(n,7j 01d, 7, B 4.Q, R) from (2 29) one obtains a new ortho-
normal basis BV = @ = [bg I)]ew, .. b%)new] together with the transforma-
tion matrix 70) = R, i.e., B“eWT(J) B"ld Note that in the case of a frame
B"ld the dimension 7; may be smaller than 7j,0ld- The cost for calling RQR is
NQR(nJ , 7*] old) = 2nj ol The cost of an application of TG to the coefficient

tensor is NbaSlS change from above. Altogether, the cost of orthonormalisation is

NTr

orthonormalisation

< 2dr¢t 4 2dnr? (13.15b)

with 7 := max; 7j,01q and n := max; n;.

13.4.4 Hierarchical Representation

The transformation considered here, is a special case of §11.3.1.4. The basis trans-
formations (13.14) influence the coefficient matrices C(@0 for vertices a« € Tp
with at least one son {j} € L(Tp). Let ay denote the first son and ay the second
son of o. Then

TG CLD (TENT  ifay = {51} and ag = {ja}

Cleh) = ¢ Tl oled if o1 = {j1} and oy ¢ L(Tp)

Ci? ()T if a1 ¢ £(Tp) and az = {j}
for1 < ¢ < r,. Otherwise, C(@t) ig unchanged. The computational work consists
of d matrix multiplications:

d
lej:ls -change — =2 Z 737 jnewTbrother(j) < 2dr®. (13.16a)
j=1
The brother of {;j} may be defined by {brother(j)} := S(father(j ))\{ J}-
Next, we assume that the bases (frames) B, := [bg @) bra | (@« € Tp)

of H, are to be orthonormalised. Generating orthonormal bases by RQR costs
Nqr(nj,rj) = 2n;r3 for 1 < j < dand Nqr(ra,7a) = 215 for € Tp\L(Tp).
Each transformation 7°(®) (ov # D) leads to 7, matrix multiplications (cf. (11.32))
with the cost 27,7,7572%, where v := father(a) and 8 := brother(a). T(P)
leads to 2r priy™ operations (cf. (11.34)). Hence, orthonormalisation is realised by

He _
Northonormahsatlon ({041, OQ} - S(a))
d
= 2anrj2- +2 Z (Ti +TalarTas (Tay + Ta2)) +2r%) (13.16b)
Jj=1 a€Tp\L(Tp)

<2dnr? +4(d—1)r* +2(d—1)r® + 212

operations, where r := max, r, and n := max; n;.
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13.5 General Binary Operation

Here we consider tensor spaces V. = ®‘;:1Vj, W = ®?:1Wj, X = ®?:1X js
and any bilinear operation
[:VxW = X,

which satisfies’

d .
®U(]) B
j=1 J

d
w?| = &) (vu) Dw(j)) . 0D Ew e X, (13.17)
1

j=1

for elementary tensors. We assume that the evaluation of v¥) [ w(?) for vectors
vl € V; and wW) € W; costs N J'-j arithmetical operations.

13.5.1 r-Term Representation

Tensors v=> " ?:1 v € Ry, (V) and w = o ®;l:1 w) € R, (W)

v=1

leadtox :=vHw e R, n, (X) with

v Tw d

XZZZ@(UI(;)DMI(;)) € Ry, Tx =Ty Tw-

v=1 p=1 j=1
Under the assumption about N, jm, the total work is

d
NE- :rverNjD. (13.18)

Jj=1

13.5.2 Tensor Subspace Representation

Forv=Ypa @1 b € T (V) and w =Y, 5 all @, bV € Ton (W)

25

we conclude from (13.17) that
d
wi=ullv= Z Z alaj ® (b;gJ)DbZEJ)) :
ieJ keJ” j=1

We may define the frame b(/) := (b;(j)D bg(j) i € J}, k € J}) and the subspace
U; = span( 6()) € X. Then a possible representation is

7 The map [J; = [0 : V; x W; — X on the right-hand side is denoted by the same symbol [J.
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x=) a ®b(3) with J := >< Jj, Jj=J5x T, (13.19)

meJ j=1

b%) = b;(i) o bzl(f_,) €6 for m; := (m},m}) € J;,
J

R

am = apyan, withm = ((m},m}),..., (m},m)))

andm’ = (m},...,m}), m" = (m!,...,m}).

The cost for computing all frame vectors b%i € bW is #£J;N J'-I'. The coefficient
tensor a,, requires #.J multiplications. The total work is

NT = Z # T4 NE + H #I# ).

Jj=1

In general, bW is only a frame. Therefore, a further orthonormalisation of b
may be desired. By (13.15b), the additional cost is

2d(r?)4t 4 2dn(r?)? = 2dnr* + 2dr?3+2 (cf. (13.15b)).

13.5.3 Hierarchical Representation

Let v € Hy (V) and w € Hr (W) be two tensors described in two different
hierarchical formats, but with the same dimension partition tree T’p. Since v =

D C;(D)b/( ) and w = >k //(D)b”(D) one starts from

o Th

viw=> Y e P) )P (13.20a)
(=1 k=1

and uses the recursion

o " "
c‘1 a2 Tal a2

a)Db// Z Z Z ¢ (a,0) ;;Ea k) (b;(al) B b%al)) ® (b;(az) [ b{’;(az))

=1 j=1 i=1 j=1
(13.20b)
(cf. (11.24)), which terminates at the leaves of 1.
In the first approach, we accept the frame b(®) consisting of the 1,7/ vectors

b, e g b” (@) (1<t<rl,, 1<k<rl)describing the subspace U, . The computation
of 6@, 1< j <d, costs 3% G=1 TN ™ operations. Denote the elements of b(*)
by b$n> with m € Jo := {1,..., 7.} x{1,...,7"}, ie, bls) = bV @ b/ if
m = (¢, k). Then (13.20b) yields the relation

bi) = > > clemble) @bler)  with ¢fo™) = g%k (13.20¢)

P1g1 ;D2 q2
PEJaq € Jay
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for p = (p1,p2) € Ja,,q = (q1,q2) € Ja,.The new coefficient matrix C(®™) is
the Kronecker product

clem) = o't @ ¢"(@R)  form = (¢, k)

and can be obtained by #.Jo, #Jo, = 74, T, T, T, Multiplications.

Equation (13.20a) can be rewritten as

vHw= Z A DpD) with ¢(P) .= cggf)cxl(zD) form = (mq,ma)
meJp

involving #Jp = r,r7, multiplications. The result v 1 w is represented in H.(X)

with representationranks r,, := 1/, /. Altogether, the computational cost amounts to

d
N =3O INP+ 3 i, rrh S drfn (d— Dt L
j=1 a€Tp\L(Tp)

By (13.16b) with r replaced by 72, an additional orthonormalisation of the frame
requires 2dnr* + 4dr® + (lower order terms) operations.

13.6 Hadamard Product of Tensors

The Hadamard product defined in §4.6.4 is of the form (13.17). For V; = K" the
number of arithmetical operations is given by N JQ = n; replacing NV J-D. Therefore,
the considerations in §13.5 yield the following costs for the different formats:

d
N =TT ny. (13.21a)
j=1
d
Ng" =7y Tw an < dr’n with r := max{ry, v}, (13.21b)
j=1
d d
NI = " m# T d) + ] (##7)) < dnr® 402, (13.21c)
Jj=1 Jj=1
d
Ng‘ = Zr‘gr}’nj + Z T T Tho T+ rhrh <dr*n+ (d—1)r* + 17,
Jj=1 a€Tp\L(Tp)
(13.21d)
where n = max;{n;} and in (13.21¢) r := max;{#J}, #J]'}. Concerning an

additional orthonormalisation of the frames obtained for the formats 7, and H.
compare the remarks in §13.5.2 and §13.5.3.
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Above, we have considered the Hadamard product as an example of a binary
operation ® : V x V — V. Consider h := g ® f with fixed g € V. Then f — h is
a linear mapping and G € L(V, V) defined by

G(f)=gof (13.22)

is a linear multiplication operator. On the level of matrices, G is the diagonal matrix
formed from the vector g:

G = diag{g; : i € I}.

Remark 13.10. If g is given in one of the formats R, 7., H., matrix G has a quite
similar representation in R,., 7r, H. with vectors replaced by diagonal matrices:

d d
g = Z@gi‘j) =G = Z ®Gl(»j) with GZ(-j) = diag{gi‘j)[y] v el

i j=1 i j=1
d d _
g= Za ®b£j =G= Za ®BZ(JJ with B diag{bg)[u] cv eI},
i j=1 7j=1

and analogously for .. Even the storage requirements are identical, if we exploit
that diagonal matrices are characterised by the diagonal entries.

13.7 Convolution of Tensors

We assume that the convolution operations x : V; x V; — V; are defined and
satisfy (13.17). For V; = K"/ we expect N = O(n, log n;) replacing ND
realisation of the convolutlon of functions w1th similar operation count (7;: data
size of the function representation) is discussed in [85]. The algorithms from §13.5
with x instead of [J require the following costs:

N < O(dn?logn), (13.23a)
NE+ < O(dr*nlogn), (13.23b)
N < O(dr*nlogn) +r*, (13.23c¢)
NHe < O(dr*nlogn) + (d — 1) r*. (13.23d)

The same comment as above applies to an orthonormalisation.

A cheaper performance of the convolution will be proposed in §14.3, where in
suitable cases N = O(log n;) may hold.
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13.8 Matrix-Matrix Multiplication

Let V := L(R,S), W := L(S,T), and X := L(R,T) be matrix spaces with
R= ®J \R;, S= ®j 15’7, T= ®J ,Tj. The matrix- matrlx multlphcatlon is a

binary operation satisfying (13.17). In the case of R; =K" i , S =K" 7 , T =K"
the standard matrix- matrlx multiplication of A’ € E(RJ, S; ) and Al 6 E(S i T )
requires IV H— 2n n n arithmetical operatlons This leads to the followmg costs:

d
full R _S, T
Nitim = 2 [ nfinfn],
j=1

d
R, R _S T
Nyum = 2rr - 7s g n;n;n;,
j=1
d d
Nt =2 # T Tinfnin] + [T (#7#7]) < 2drn + 1%,
j=1 j=1
d
H _ v 1, RS T /i
Nona =2 _rrinfngnl + 3 vl v, rh,ri, + rhrh
Jj=1 a€Tp\L(Tp)

<dr*n® 4 (d—1)r* + 2

Note, however, that the matrix-matrix multiplication of hierarchical matrices of
size n; x n; requires only NYMM = O(nlog™n) operations (cf. [86, §7.8.3]).
Often, one is interested in symmetric (K = R) or Hermitean matrices (K = C):

M = M". (13.24)
Sufficient conditions are given in the following lemma.

d . . .
Lemma 13.11. (a) Format R,: M=Y"® M satisfies (13.24), if M) = (M)A

i j=1

(b) Format T,: M =3, ali] ®?:1 bz(-f) satisfies (13.24), if bg) = (bz(f))H

(c) Format H.: M € H. satisfies (13.24), g']‘the balses B; = (bg‘j))lgigrj cV;
in (11.28) consist of Hermitean matrices: bz(-J) = (bl(r]))H.

Proof. See Exercise 4.132. a

13.9 Matrix-Vector Multiplication

We distinguish the following cases:
(a) the matrix A € £L(V, W) and the vector v € V are given in the same format,
(b) the vector v € V is given in one of the formats, while A is of special form:
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A=AVgI®.. @l + IeAPDRI®.. . @I +...+I®..9I2AD, (13.252)
d
A=AV, (13.25b)
p d )
A=Y R4Y (13.25¢)
i=1 j=1
with A AZ(-j) € L(V;, W;) (where V; = W; in the case of (13.25a)). We assume
n; = dim(V;) and m; = dim(W;). A matrix like in (13.25a) occurs for separable

differential operators and their discretisations (cf. Definition 9.36). (13.25b)
describes a general elementary tensor, and (13.25c¢) is the general p-term format.

13.9.1 Identical Formats

The matrix-vector multiplication is again of the form (13.17). The standard cost of
AW p) jg 2njm; (for hierarchical matrices the computational cost can be reduced
to O((n; + m;)log(n; +m;)), cf. [86, Lemma 7.8.1]). §13.5 shows

full
Nuyvm = 2H L T
d

Rr _

Nyom = 2rv - Tw ijl njmgj,

Tr d / 1" d / " 2 2d
Nim = zz _ # Tl ngmy + [ GiT)) < 2drnm + 0%,
NH’ —92 L i

MVM = Ty M + Tor oy TasTas T 7DD

=1

aeTp\L(Tp)
< 2drinm + (d —1)r* + 1,

where n := max; n; and m := max; m;.

13.9.2 Separable Form (13.25a)

Let v € V be given in full format. w = (A(l) ®RI®I®...®I)v has the explicit

description Wiy ...ia] = Y ;' “ kl v[kiia ...ig4]. Its computation for all
i1,...,1q takes Qn%ng - ng operations. This proves
d
Nithsy =2 < > nj> < 2dnttL. (13.26a)
j=1



410 13 Tensor Operations

Next we consider the tensor v=Y"7_ ®° i1 v €R, in r-term format. Multi-

plication by A from (13.25a) leads to the following cost and representation rank:

NR

(13252) = (2n; —1)n; < 2drn®, Av € Ra.. (13.26b)

M&

Jj=1

In the tensor subspace case, v € ® 1 Uj is mapped intow = Av € ® i1 Y5
where U; C Vj and Y; C Wj. Its representation is v = >, -y ax ®j:1 b,(fj). For
A from (13.25a) the resulting subspaces are Y; = span{Uj, AG) U, }, which can be
generated by the frame (b,(gj),A(j)b,(cj) 1 <k < rj) of size r}” := 2r;. Denote
these vectors by (bg zv)lngT}N with

b =t and b} = ADB forl <k <.
Then w = Y5, bx @, by, holds with

bkl"'kj—l7kj+7"j7kj+1"'kd = akl"'kj—lykjykj+1"'kd for 1 S kg S Ty, 1 S ],6 S d,
bxk =0 otherwise.

The only arithmetical computations occur for b,(C er wi=A 7)b(J ) (cost: (2n;—1)n;

operations), while by needs only copying of data. However, note that the size of
the coefficient tensor b is increased by 2¢: the new index set J, has the cardinality
#J o HJ Y= QdH |75 = 294J. We summarise:

d
N0 = Zj:l (2nj —1)nj < 2drn®, rY¥ = 2r;, #Jw = 2743, (13.26c)
For v given in the hierarchical format, we obtain

Nfios < 2dr?, (13.26d)

as detailed for the case of (13.25b) above.

13.9.3 Elementary Kronecker Tensor (13.25b)

For v in full format, the multiplication of A from (13.25b) by v requires

d
Nishey =2 Z < H mk> ( II nk) < 2dndtt, (13.27a)

k=j

operations, where n := max;{n;, m;}.
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The r-term formatv = >\, XL, v 0) e R, requires to compute A(j)vgj )

Jj=1"
leading to
d
R7
N5 = szzl (2n; — 1)m; < 2drn®, Av € R,. (13.27b)

b(])

For the tensor subspace format v = 3, _jax ®;l 1 € T we obtain w =

Av =35 ay ®?:1 b,(ci{w, where, as in §13.9.2,

d
N(Tg 25b) = = (2n; —1)m; <2drn®, Y =7, #Iw =#I. (13270
=1
Next, we consider in more detail the case of v € H,. Let A(® = Qjca AU

be the partial products. Let v = >"'", (D)b(D) € H.. The product w = Av =
APy =30 CED)A(D)bZ(-D) satisfies the recursion

Taq Tas

AR =33 el (A )@ (ALOB™)  (far a2} = S(a)).

=1 j=1

At the leaves, A(j)bgj ) is to be computed for all 1 < j < d. Defining frames with
b(a) : A(O‘)b(a) forallao € Tp and 1 < ¢ < r,, we obtain the representation
w € H, with identical coefficient matrices C'(®*) and c( ) Note that the frame

vectors bg ‘2, are to be computed for the leaves o € E(TD) only, i.e., for a = {j},

1<5< d. Therefore, the computational work is
d
Ht
Nt = > - (2n; — 1)m; < 2drn?, (13.27d)

while the data size is unchanged.

13.9.4 Matrix in p-Term Format (13.25¢)

The general case A = > 7 | ®?:1 AZ(-j ) from (13.25¢) requires the p-fold work
compared with (13.25b) plus the cost for p — 1 additions of vectors:

N(twnzsc) = pN(13 250) = 2pdn®*, (13.28a)
NZE 25 < 2prdn®, W € Ry, (13.28b)
N(1325c) < 2prdn® + (p — 1)NI', (13.28¢)
Nl yse) < 2pdrn® + (p— )N, (13.284)

In the first two cases the addition is either of lower order (full format) or free of cost.
The values of N I” and N f“ depend on the choice frame versus basis. In the latter
case, N7 < 2dnr? 4 2dr®*+! and N7 < 8dnr? + 8dr*.
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13.10 Functions of Tensors, Fixed Point Iterations

Given a function f : D C C — C and a matrix A with spectrum in D, a matrix f(A)
can be defined.® Details about functions of matrices can be found in Higham [98]
or Hackbusch [86, §13]. Examples of such matrix functions are exp(A), exp(tA),
or A'/2 but also the inverse A~' (corresponding to f(z) = 1/2).

In particular cases, there are fixed point iterations converging to f(A). In the case
of A~1, the Newton method yields the iteration

Koot = 2Xpm — Xon AX o, (13.29)

which shows local, quadratic convergence. A possible starting value is Xy := I.
Equation (13.29) is an example of a fixed point iteration. If the desired tensor
satisfies X* = &(X*), the sequence

Xpng1 = B(X,n)

converges to X*, if @ is contractive. Assuming that the evaluation of @ involves
only the operations studied in this chapter, ®(X,,,) is available. However, since the
operations cause an increase of the representation ranks, the next iteration must be
preceded by a truncation:

Xit1 :=T(P(X)) (T": truncation).

The resulting iteration is called ‘truncated iteration’ and studied in Hackbusch-
Khoromskij-Tyrtyshnikov [93] (see also Hackbusch [86, §14.3.2]). In essence, the
error decreases as in the original iteration until the iterates reach an X * neighbour-
hood of the size of the truncation error (X *: exact solution).

For the particular iteration (13.29) converging to X* = A~!, a suitable modifi-
cation is proposed by Oseledets-Tyrtyshnikov [157] (see also [156]). The iteration
for Hy, Y),, X} is defined by

I’I}C = T0(2I — Yk), Yk-i—l = Tl(Yka), Xk+1 = Tl(Xka)

and uses a standard truncation 7' and a possibly rougher truncation 7p. In the exact
case (no truncation), H, — I, Y, — I, X, — A~ ! holds.

We conclude that approximations to A~* can be determined iteratively, provided
we have a sufficient starting value.

For other functions like A'/? and exp(tA) we refer to [86, §14.3.1] and [86,
§14.2.2.2], respectively.

A useful and seemingly simple (nonlinear) function is the maximum of a tensor
veV=Q_ Rl 2R I=X{_ )

max(v) := max{v; : i € I}.

8 In the case of a general function, A must be diagonalisable.
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Since min(v) = — max(—v), this function allows us to determine the maximum
norm ||v|| of a tensor. The implementation is trivial for an elementary tensor:

d d
max ®v(j) = H max (v(j)) ;
j=1 j=1

however, the implementation for general tensors is not straightforward. A possible
approach, already described in Espig [52] and also contained in [55, §4.1], is based
on the reformulation as an eigenvalue problem. The tensor v € V corresponds to
a multiplication operator G(v) defined in (13.22). Let I* :={i € I : max(v)=v;}
be the index subset where the maximum is attained. Then the eigenvalue problem

Gv)u=M1 (0£ueV) (13.30)

has the maximal eigenvalue A = max(v). The eigenspace consists of all vectors u
with support in I*. In particular, if I* = {i*} is a singleton, the maximal eigenvalue
is a simple one and the eigenvector is a multiple of the unit vector ei"), which has
tensor rank 1. Using the simple vector iteration or more advanced methods, we can
determine not only the maximum max(v), but also the corresponding index.

An interesting function in statistics is the characteristic function x(4,p) : R! — RI
of an interval (a,b) C R (including a = oo or b = oo) with the pointwise definition

1 vie(ab) I,
(X@p(v)); == {O otherwise } forveRl iel.

This function can be derived from the sign function:

+1 v;>0
(sign(v)); := 0 vi=0 forve Rl iel.
-1 wv;<O0

In contrast to (13.30), the tensor u := X(4p) (v) may have large tensor rank, even
for an elementary tensor v. However, in cases of rare events, u is sparse (cf. Remark
7.2). In Espig et al. [55, §4.2] an iteration for computing sign(v) is proposed, using
either

ub =T (3 4+ () (T': truncation) (13.31a)

or
k=T (%uk*1 oB-1-u"1toe ukil)) (13.31b)

with the constant tensor 1 of value 1 (1; = 1). Iteration (13.31a) requires a sec-
ondary iteration for the pointwise inverse

(=N, =1/uf""  foriel.

For numerical examples see [55, §6].
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13.11 Example: Operations for Quantum Chemistry
Applications

The stationary electronic Schrodinger equation

ZA sz R Z i—le U=\, (13.32)

k=1i=1 1<i<j<d

is an eigenvalue problem for a normed ‘wave’ function’ ¥(x1, ...,x4) € D(H) N
2Aq(L2(R3?), which must be antisymmetric because of the Pauli principle. The
quantity of utmost interest is the ground state energy, i.e., the lowest eigenvalue
A of ‘H together with the eigenfunction

¥ = argmin{(H®, D) : ||®||,. = 1,D € D(H) N Aa(La(R*)}. (13.33)

Formulation (13.33) is a minimisation problem for the Rayleigh quotient of H.

Usually, a direct solution of the linear eigenvalue equation (13.32) is not feasible
except for sufficiently small molecules. Larger molecules, consisting of hundreds to
thousands of electrons, are nowadays computed by means of single-particle models
as the Hartree-Fock model and the Kohn-Sham model of density functional theory
(DFT). These models compute an antisymmetric rank-one approximation

1

_ d
Uer,(X1,...,X4) = ﬁ det(¢; (x‘j))i)j:l
to the solution (13.33) of (13.32). This Slater determinant (cf. Lemma 3.72) is con-
stituted in the closed-shell case by d orthonormal functions 1, ..., pq € L*(R?)
which now have to be computed. Minimisation of (13.33) over the set of rank-1
functions yields as a necessary condition for the minimiser @ = (1, ..., @q) the

nonlinear Hartree-Fock equations
Fopi(x) =Xigi(x) (1<i<d), (13.34a)
where the Hamilton-Fock operator Fg depends on @ and is given by
1
Fap(x) 1= =5 Ap(x) + Velx) () + Vir ()ip(x) + (Kp) (x) . (13.34)

with the core potential V., the Hartree potential Vi and the exchange operator K
defined via'”

° The dependency on the spin variables s; € {—1/2,1/2} is suppressed (closed-shell case).
D(?H) is the domain of H.

10 [ is the number of nuclei with charge Zj, and position Ry € R3. All integrations are taken
over R3.
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d M Z
p(xy) =23 @i(x)pily),  Ve(x) =3 —a
i=1 i1 |x — Ril
Vir(x) = fiy_ﬁ dy,  (K(g) (x) = —1 l’fi ’;,)l o(y) dy.

Note that Viz (x) = Vi[p1, @2, p3](x) depends quadratically on ¢;. The equations
(13.34a) form a nonlinearly coupled system of eigenvalue problems, but differently
from (13.32) only functions in R3 are to be determined. Since it is known that the
solutions are exponentially decaying for [x| — oo, the unboundedness of R is not
a severe problem.

The success of tensor computations for this problem depends on the involved
representation ranks and therefore on the data compressibility. For a theoretical
discussion see Flad-Hackbusch-Schneider [61, 62].

A discretisation of (13.34a) by, e.g., a finite difference method on a regular grid
in a finite box with zero boundary conditions replaces functions in R? by grid func-
tions in ®§:1 R™ with possibly large n;. The evaluations of the potentials involve
almost all operations studied in this chapter.

1. Hadamard product. The application of the core potential, ¢ — V. is an example
of the Hadamard product. For this purpose, the function 1/| ¢ —Ry| has to be
approximated in one of the formats (see Item 2).

Another Hadamard product occurs in the computation of the electron density
n(y) := p(y,y) involved in the Hartree potential Vi, since it requires to square
the functions ;(y). Having computed V7, we have to perform the Hadamard
product Vi ® ¢ for all ¢ = ; (cf. (13.34b)).

A third Hadamard product appears in K(¢). Let ¢ = ;. Using the definition of
p, we see that

d
Kig) = -3 %/cpi(y)soj ) 4y.
i=1

| o~y

The Hadamard product ¢; ® ¢; has to be determined forall 1 <7 < 57 < 3
(for i = j, the result is already known from p(y,y)). There is even a fourth
Hadamard product ¢; ® v, where ¢ is the result of f % dy, which is
discussed in Item 3. A related problem is the evaluation of two-electron integrals
(cf. Benedikt-Auer-Espig-Hackbusch [12]).

2. Representation of the Coulomb potential. The techniques from §9.7.2.5.2 yield a
k-term representation of the function 1/|e|. A simple substitution x; — z; — Ry, ;
in this representation can be used for 1/| @ —Ry|. Since the representation in R,
can be transferred easily into any other format, the approximation of 1/| ¢ —Ry|
causes no problem.

The Coulomb potential 1/| @ —y| also appears in Item 3.
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3. Convolution. The function Vg is the convolution result of the electron density
n(y) = p(y,y) and the Coulomb potential 1/| e —y/|,i.e., Vi = I_il xn. Lemma
9.30 ensures that the approximation from Item 2 admits an accurate result of V.
For the performance of the convolution see §13.7, but also the later §14.3.

The function ¢ = [ % dy mentioned in Item 1 requires the convolution

I_il *n;;, where n;; := @; © ; is determined in Item 1.

4. Addition. Finally, V.o + V¢ 4+ K(y) has to be added.

5. Laplace inverse. An inverse iteration of the (nonlinear) eigenvalue problem
(13.34a) starts from the reformulation of (13.34a,b) by

0i=2(=A) " i — Ve — Virgi — K(i)) -

As seenin §9.7.2.6 and, in particular, in Remark 9.35, the inverse matrix (—A) !

possesses a simple and accurate representation in Ry. See also Khoromskij
[116].

6. Matrix-vector multiplication. The (Kronecker) operator approximating (—A) "
has to be multiplied by A; ¢; — Ve ; — Ve, — K(p;:).

The Kohn-Sham model of density functional theory replaces the nonlocal ex-
change operator K in the Fock operator F¢ by an exchange correlation potential
V. depending only on the electron density

Although this dependence is not known explicitly, several models developed in
physics yield satisfactory results. One of these models uses or the ‘local density
approximation’ (LDA) the so-called exchange part

ex(n(x)) = _Z <§n(x)>l/3

™

(cf. Koch-Holthausen [127, §6.4]), which gives rise to the next item.

7. Function evaluation. By definition, n(x) is non-negative, so that the function
fit) = t1/3 can be applied to each entry of the (grid) function. Here, the
generalised cross approximation method can be applied (cf. §15.1.3) or an
iterative approach as in §13.10.

A realisation of the computations using the formats R,., 7., and the hybrid for-
mat from §8.2.4 can be found in Khoromskij-Khoromskaia-Flad [121] (see also
[113]). The tensorisation from §5.3 and §14 has been employed in Khoromskaia-
Khoromskij-Schneider [114].



Chapter 14
Tensorisation

Abstract Tensorisation has been introduced by Oseledets [153] (applied to matrices
instead of vectors). The tensorised version of a K™ vector can easily be truncated
in a black-box fashion. Under suitable conditions, the data size reduces drastically.
Operations applied to these tensors instead of the original vectors have a cost related
to the (much smaller) tensor data size. Section 14.1 describes the main principle,
the hierarchical format ’Hfoe’“s corresponding to the TT format, operations with
tensorised vectors, and the generalisation to matrices. The reason, why the data
size can be reduced so efficiently is analysed in Sect. 14.2. Tensorisation mimics
classical analytical approximations method which exploit the smoothness of a func-
tion to obtain an approximation with much less degrees of freedom. Section 14.3
presents in detail the (exact) convolution of vectors performed by means of their
tensorisations. It is shown that the cost corresponds to the data size of the tensors.
Section 14.4 is devoted to the tensorised counterpart of the fast Fourier transform
(FFT). During the algorithm one has to insert truncation steps, since otherwise
a maximal representation rank arises. While the original tensorisation technique
applies to discrete data, Sect. 14.5 generalises the approach to functions.

14.1 Basics

14.1.1 Notations, Choice of Tp

As introduced in §5.3, vectors can be rewritten as tensors. Here, we restrict our
discussion to the case of vectors from K" =K’ with I ={0,1,...,n— 1} and

n = 2¢ (14.1a)
(cf. Remark 14.1 below). Let

d
o 2
V= ®j:1 K2, (14.1b)

where K? = K’ with J = {0, 1}. The isomorphism ®,, : V — K/ is given by

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 417
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_14,
© Springer-Verlag Berlin Heidelberg 2012
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means of the binary integer representation k = Z;l:l ij2j 1< 1; < 1):

b, : VK"

d
v v withvg = viy---ig) fork = Y ;2971 (14.10)

j=1

In special cases, the r-term format can be applied successfully to v € V. An
example is given in Remark 5.18, where the tensor has rank one, i.e., v € R;.

The tensor subspace format 7y is not of much help for V.= @?K2. In general,
the success of this format is caused by the fact that the subspace U; has a much
smaller dimension than V;. Here, dim(V;) = dim(K?) = 2 is already rather small.
Subspaces of dimension dim(Uj) = 1 rarely appear. If, however, dim(U;) = 2
holds, the tensor subspace format 75, ... 7) is identical to the full representation.

Therefore, we use the hierarchical format 7, from §11 for the representation of
v € V. Because of the special nature of K2, we modify the structure of #, as
follows. Let o« = {j} € L(Tp) be a leaf-node. The subspace U, = U; C V; = K?
is chosen as

U; =V (jeD=A{1,...,d}) (14.2a)

with the fixed basis b') consisting of the unit vectors
b =1, =10 (<j<d. (14.2b)

This simplification is justified by the fact that in most of the cases, the minimal sub-
space U; = Ujmi“(v) will be two-dimensional anyway. Fixing the basis by (14.2b)
avoids the overhead for coding U;. As a consequence,

rp=2 (1<j<d) (14.20)
holds for the representation ranks r, = r; of v characterising the format . at the
leaves o = {j} € L(T).

Concerning the choice of the dimension partition tree T, it will turn out that the
linear tree from Fig. 11.2 used for the TT format T, is a good choice:

Th'=DuU{{1,...,k}: k€ D} and

{1 ..k} has the first son {1,k — 1} and the second son {k}. (1 +2%

Another choice is a balanced tree 72" like in (11.1) or (11.2).
A first argument favouring TBT is that the tensor spaces Vy 1) = ®§:1K2

k . . . k k—1
correspond to vector spaces K2~ with a natural interpretation K?* = K2 ® K2,
but also 72" has realistic interpretations.

Another convincing argument is the storage cost (cf. Remark 11.22). The part

pHTR((B, )acc(Tp)) Vanishes because of the fixed choice of the basis (14.2b),
while pHTR (¢(P)) = 1, = 1 can be neglected. It remains the term
Ng;rn?((ca)aeTD\L(TD)) = Z Tala;Tas (14.3)

a€Tp\L(Tp)
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(a1, ag sons of av). Assume r, < r. In the case of TBT, the property as € L(Tp)
implies 7., = 2 and therefore

NHIR((C,)) <2(d—1)r2.

mem

The balanced tree Tga' contains products 7,7, 7o, Whose factors may all be of size!
7. This yields a storage requirement S(78") = O(dr?) cubic in r.

We recall that T, with ranks p = (p1 = 2, p2,..., pa) is characterised alge-
braically by subspaces U; C ®/K? for 1 < j < d such that

U; = K?, (14.4a)
U; Cc U;_; ® K? and dim(U;) = pj, (2<j<a), (14.4b)
veUy (14.4c)

holds for the represented tensor v € ®%K2.

Remark 14.1. The requirement n = 2¢ in (14.1a) is made for the sake of con-
venience. Otherwise, there are two remedies:

(i) Assume a decomposition n = H?Zl p; (1 < p;j € N, cf. §5.3) and use the
isomorphism K" = ®;l:l KPi. The advantage of tensorisation vanishes if there are
too large factors p;.

(ii) One might embed K™ into K™ (m > n) with m = 2¢ (or modified according
to (i)) by replacingv € K" by v € K™ withv; = v; (1 <7 <n)andv; = 0
(n <% < m). Many operations can be performed with v instead of v.

14.1.2 Format ’H';ens

Let p = (po = 1,p1 = 2,p2,...,pd—1,pda = 1). In the following we use a par-
ticular hierarchical format? Hfocns based on the linear tree TET which is almost
identical to T,,. The parameters of v € Htpcns are

3

v = it ((C) iy, ¢P)). (14.52)
The coefficients (C;)7_, with
C, — ( (N)) d G0 — ( w)) . KPi*2
J ¢ 1<t<p; o ¢ ik ]iSSZkSSPQJ ©
define the basis vectors bgl""’j ) recursively:
b = bV forj=1land1< (<2, (14.5b)
Pj—1 2
b =33 bV Veb?) a<t<p) forj=2,....d (1450
i=1 k=1

! Of course, the maximum ranks appearing in 75" and 7' may be different.

2 The TT format applied to tensorised quantities has also been called QTT (‘quantised TT” or
‘quantics TT” inspite of the meaning of quantics; cf. [114]).
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Here, the bases bgl) and bg ) are the unit vectors from (14.2b). Finally, the tensor v
is defined by?

v =cPpl®. (14.5d)

The differences to the usual hierarchical format are: (i) fixed tree TBT, (i1) fixed
unit bases (14.2b), (iii) vertex a ={1,..., ]} 1s abbrev1ated by 7 in the notations
b(J ) (instead of b 0‘)) and c(J (instead of c Y (iv) pa = 1 simplifies (14.5d).

The data C; from (14.5a) almost coincide w1th those of the T, format (12.1a).
For the precise relation we refer to (12.11).

Once, the data of v € K™ are approximated by v & 'Hf:“s, the further opera-
tions can be performed within this format (cf. §14.1.3). The question remains,
how v € K" can be transferred to v = &, 1(v) € H}ens and then approximated by
some v € Hfocns. An exact representation by v = &, 1(v) is possible, but requires
to touch all n data. Hence, the cost may be much larger than the later data size of v.
Nevertheless, this is the only way if we require an exact approximation error bound.
A much cheaper, but heuristic approach uses the generalised cross approximation
tools from §15.

14.1.3 Operations with Tensorised Vectors

In the sequel, we assume (14.1a,b) and represent v € ®%K? by the H}ens format
(14.5a) with representation ranks p;. The family C; of matrices in (14.5a) is
assumed to be orthonormal with respect to the Frobenius norm implying that the
bases in (14.5b,c) are orthonormal.

The storage size of v follows from (14.3) with 7o, =2: S =2 Z‘;:Q Pipi—1.

The addition of two tensors v,w € ®9K? with identical data (C;)2<;<q
is trivial. In the standard case, there are different data C}’ and C}V and the
procedure JoinBases is to be applied (cf. (11.71a) and Remark 11.67). The
arithmetical cost NQR (7o, * Tas, 7 + 777) mentioned in Remark 11.67b becomes®
NQr(2(pY_1 + p}1), pY + p}) < 8p? for p := max; {py, p¥'}.

The entry-wise evaluation of v from (14.5a) costs 2 2?22 Pj—1p; operations
as seen from (13.2). The latter computation uses the H}ens data which are directly
given by (12.11).

The scalar product (u, v) of two tensors with identical data (C;)2<j<g is trivial
as seen from (13.9). Otherwise, we may apply the recursion from (13. 11) Note
that (13.11) simplifies because B, € L(TFT) implies <b;<52) by = 6, (cf.
(14.2b)). The cost of the recursion becomes 7 Z i—2 P} P} Py_1p]_ - Alternatively,
we may join the bases as for the addition above In fact, this approach is cheaper,
since it is only cubic in the ranks:

3 Here, we make use of pg = 1. For pq > 1, one has v = > 0%, ch)bgd). In the latter case,
several tensors can be based of the same parameters (C; )9 G—o-

* The transformations from (11.70a-c) do not appear, since the bases B are fixed.
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d

43 (Y + o) (oY1 + ) (14.6)
j=2

A binary operation -] between tensors of V and W can be performed as in
§13.5.3, however, there are two particular features. First, the ranks r,, for the
second son—which is a leaf—is r,, = 2 (cf. (14.2¢)). In the matrix case it may
be ra, = 4 (cf. §14.1.6). Second, the results of b/*>) & by **) in (13.20b) are
explicitly known. The basis vectors b;(m) are from the set {[{], [7]} and their &J
products are again either zero or belong to this set (at least for all [-] considered here).
An example is the Hadamard product [J = ®, where b;-(a2) ® b@2) — &,-nb;‘”).
Hence, the general frame b(®2) used in the algorithm of §13.5.3 can be replaced by

{ [é] , m }. Correspondingly, the computational cost is reduced to

d—1
2> pYpY. (14.7)
j=1

The Hadamard product is invariant with respect to the tensorisation (cf. (14.1c¢)):
b, (VOw)=P,(v) O P, (w), (14.8)

i.e., the tensorisation of the vector-wise Hadamard product v ©w is expressed by the
tensor-wise Hadamard product v ® w. This binary operation is already mentioned
above.

As in §12.2.7, the HOSVD bases can be computed, on which the truncation is
based. The corresponding computational cost described in (12.14) for the general
case becomes

d 3
4 52
42%’?—1 (PjQ +2p; + gpj1) < 3 (d—1) (mjaxpj) ) (14.9)

=2

14.1.4 Application to Representations by Other Formats

The tensorisation procedure can be combined with other formats in various ways.
In the following, we consider the tensor space V = ®?:1 V; with V; = K™
and assume for simplicity that n; = 29 (6; € N). The tensorisation of the spaces
V; 2 V; = ®%K? leads to

d d &5
v=QV, = V=) [ QK (14.10)
j=1 j=1 \ k=1
14.1.4.1 Combination with r-Term Format
The r-term representation of v = 2:22 ®j:1 vgj ) € V is based on the vectors

o)

;. € Vj. Following the previous considerations, we replace the vectors vgj ) by



422 14 Tensorisation

(@) ()

(approximate) tensors v, € V; = ®@%K?. For the representation of v;”’ we use
the ' format (14.5a) involving rank parameters p'/) = (pj @ pgj ).

For n; < n, the storage requirement of the r-term format has been described by
drn. If a sufficient approximation V( 7 of data size O(p?log(n;)) = O(p?6;) and

(4)

moderate p = max,, pi’ exists, the storage can be reduced to O(drp? log(n)).

Similarly, the cost of operations can be decreased drastically. In Remark 7.12,
the cost of the scalar product in V; is denoted by N;. In the standard case V; = K™/
@) () replaced

we expect N; = 2n; — 1 arithmetical operations. Now, with v;”" and w,

(J)

by v, gj ) € V, the cost of the scalar product is

N; = O(p®log(n;)) with p= max{p pN W () )}

as can be seen from (14.6). Analogously, the cost of the further operations improves.

14.1.4.2 Combination with Tensor Subspace Format

The data of the tensor subspace format are the coefficient tensor a and the basis
(frame) vectors b(J ) e V; (cf. (8.6¢)). Tensorisation can be applied to b(J ) e V; with
the same reduction of the storage for bgj ) as above. Unfortunately, the coefficient
tensor a which requires most of the storage, is not affected. The latter disadvantages
can be avoided by using the hybrid format (cf. §8.2.4).

All operations with tensors from 7. lead to various operations between the basis
vectors from V;. If bgj ) e V; is expressed by the tensorised version bgj ) e ®% K2,
these operations may be performed much cheaper. For instance, the convolution in
V; can be replaced by the algorithm described in §14.3 below.

14.1.4.3 Combination with the Hierarchical Format

There are two equivalent ways of integration into the hierarchical format. First, we
may replace all basis vectors in B; = [b(J ... biﬂ € (U;)" by their tensorised

) e @diK2 using the ’H,mns format (14.5a). Consequently, all operations
©)

version b;

involving b;”’ are replaced by the correspondmg tensor operations for bgj )

The second, simpler interpretation extends the dimension partition tree 7p of
the hierarchical format. Each leaf vertex {j} is replaced by the root of the linear
tree TZJT used for the tensorisation, where A; = {1,...,0;} (see Fig. 14.1). The
resulting extended tree is denoted by T5*. The set L(T5®) of its leaves is the union
U;l:l L(TZ]T) of the leaves of TAT Hence, dim(V(®)) = 2 holds for all a €
L(TE*). One may interpret T8 as the dimension partition tree for the tensor space
V from (14.10), where a general (possibly balanced) tree structure is combined with
the linear tree structure below the vertices o € £(T'p ), which are now inner vertices
of T
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P M

Fig. 14.1 Left: balanced tree with 4 leaves corresponding to V; = K!6. The isomorphic tensor
spaces ®*K? are treated by the linear trees below. Right: Extended tree.

14.1.5 Matricisation

The vertices of the linear tree T are {1,...,5} for j = 1,..., d. In Definition 5.3
the matricisation My ;3 (v) is defined. In this case, My . ;3 (v) can easily be
described by means of the generating vector v = @, (v) € K" (n = 2%):

Vo Vgj  +°+ VUgd—1
U1 Vojqq *+* VUgd—147
Mu pv)=| . : | (14.11)
Vi1 V2i+1-1 *++ U2d_7

Hence, the columns of ./\/l{17,,,)j} (v) correspond to blocks of the vector with block
size 27. Anillustration is given below for M3 (v) in the case of n = 32. The columns
of M3(v) consists of the four parts of the vector.

‘.oooo.ooHooo.o.ooH..oo..ooHoo.ooo.o‘ (14.12)

We recall that p; = rank(M, . j1(V)).

14.1.6 Generalisation to Matrices

As mentioned above, the original description of the tensorisation technique by
Oseledets [153] applies to matrices. Let M be a matrix of size n x n with n = 2.
Since dim(K"*") = n? = (2¢)2 = 44, the matrix space K"*" is isomorphic to
®¥K2*2, the tensor product of 2 x 2 matrices. A possible isomorphism is given by
the following counterpart of @,, from (14.1c):

Bpn t M€ QI K2¥2 s M € K7
M[Va M] = M[(”laﬂl)a SRR (I/du /J'd)]
with v = Z?:l vi27Y = Z?:1 p20 7
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The latter definition corresponds to the (d — 1)-fold application of the Kronecker
product (1.5) to 2 x 2 matrices.

Again, the hierarchical format with the linear tree 7)7 can be used to represent
tensors M € V := ®9K?*2, Differently from the definitions in (14.2b,c), we now
have

= o0 = 3], 80 = (33 80 = (35 80 = [39).
This fact increases some constants in the storage cost, but does not change the format
in principle.

Now, matricisation corresponds to a block represen-
tation of the matrix with block size 27 x 27 as illustrated | A B C
in Fig. 14.2. This means that the columns of the matrix
M1, j3(v) are formed by these subblocks.

Concerning operations, matrix operations are of par-
ticular interest. The multiplication M’M" is a binary
operation. The operation count (14.7) holds with a
factor 4 instead of 2 because of r; =4. Also the matrix-
vector multiplication Mv of a matrix M € K™*™ by
v € K" using the tensor counterparts M € ®?K2*2 Fig. 14.2 Matricisation for
and v € ®?K? is of the same kind. n=32j=3

Finally, we discuss the ranks p; of certain Toeplitz matrices.’ The identity matrix
or any diagonal matrix with 27 periodic data has rank p; = 1, since the range of
M1, j3(v) is spanned by one diagonal block.

A banded upper triangular Toeplitz matrix consisting of the diagonal M;; and
off-diagonals M; ;4 (1 < £ < 27) has rank pj = 2. The proof can be derived
from Fig. 14.2. The 2/ x 27 blocks appearing in the matrix are either of type A
and B, or zero (type C). A simple example of this kind are tridiagonal Toeplitz
matrices, which appear as discretisations of one-dimensional differential equations
with constant coefficients.

If, however, the band width increases and an off-diagonal M; ;1 , with 21 41<
¢ < 227 occurs, a new nonzero block appears at position C, leading to rank 3.
Correspondingly, for a fixed £ € {3,...,27}, the rank becomes larger than p; = 2
for sufficiently small block size 2k % 2F when 2F < ¢ < 27,

A general banded Toeplitz matrix with diagonals M; ;4 for —2J < ¢ < 29 has
rank p; = 3, because a transposed version of block C appears in Fig. 14.2.

Explicit TT representations of Laplace and related matrices are given in [111].

Remark 14.2. A general, fully populated Toeplitz matrix satisfies

p; < min{247F 27 F1L

Proof. Because of the Toeplitz structure, there are at most gd—j+1_ _1 blocks of size
27 x 27. Each block is characterised by data forming a vector in K2~ —1. This fact
bounds the number of linearly independent blocks by 2/+1 — 1. a

3 A Toeplitz matrix M is defined by the property that the entries M;; depend on i — j only.
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14.2 Approximation of Grid Functions

14.2.1 Grid Functions

In the following, we assume that the vector v € K", n = 2‘17 is a grid function, i.e.,

b—
ve = fla+kh) for0<k<n-1, hi=—" (14.13a)
n

where f € C([a,b]) is sufficiently smooth. If f € C((a,b]) has a singularity at
x = a, the evaluation of f(a) can be avoided by the definition

v = fla+ (k+1)h) for0<k<n-—1. (14.13b)
Any approximation f of f yields an approximation v of v.

Remark 14.3. Let f € C([a,b]). Forj € Dand k = 0,...,2977 — 1 consider the
functions f; ;(e) := f(a + k27h + e) € C([0,27h]) and the subspace

Fj:=span{fjr:0<k< 20=7 _ 1}.

Then rank; ;1 (v) < dim(F}) holds for v € ®?K? with v = &,,(v) satisfying
(14.13a) or (14.13b).

Proof. The k-th columns of M ;3(v) in (14.11) are evaluations of f; 5. There-
fore, ranky; ;3 (v) = rank(Myy, . ;3(v)) cannot exceed dim(F7). O

The tensorisation technique is not restricted to discrete grid functions. In §14.5,
we shall describe a version for functions.

14.2.2 Exponential Sums

Here, we suppose that the function f can be approximated in [a, b] by

fr(x) = ayexp(—a,z), (14.14)
v=1

where a,, o, € K. Examples with a,,«, > 0 are given in §9.7.2.3 together with
error estimates for the maximum norm || f — f,| -

If f is periodic in [a, b] = [0, 27], the truncated Fourier sum yields (14.14) with
imaginary a,, = [v — (r 4+ 1)/2]ifor odd r € N. Closely related are sine or cosine
sums Y7 _, a, sin(vz) and 31"} a, cos(va) in [0, 71].

An example of (14.14) with general complex exponents «, is mentioned in
§9.7.2.4.



426 14 Tensorisation

As seen in Remark 5.18, the grid function v € K" corresponding to f, from
(14.14) has a tensorised version v = &, 1 (v) € ®?K? in R,

r
vV = g ay
v=1 J

d

1
[exp(_zj—lay)} (14.15)

i1

requiring 2rd = 2r log, n data.®

14.2.3 Polynomial Approximations for Asymptotically Smooth
Functions

Let f € C°°((0,1]) be a function with a possible singularity at © = 0 and assume
that the derivatives are bounded by

‘f(k) (:C)] < Cklz=" 2 forallkeN, 0 <z <1landsomea >0. (14.16)
Because of a possible singularity at x = 0 we choose the setting (14.13b).
Exercise 14.4. Check condition (14.16) for f(z) = 1/z, 1/2?, zlogx, and z°.

Functions f satisfying (14.16) are called asymptotically smooth. In fact, f is
analytic in (0, 1]. The Taylor series at xy € (0, 1] has the convergence radius zo.
The remainder | Y77y 2 /™ (z0) (2 — 20)¥| is bounded by

o0 2 k xlia T N
Oxoaz<1_x_0> =0~ (1_970) 0.

k=N

Lemma 14.5. Assume (14.16) and ¢ € (0, 1]. Then there is a polynomial p of degree
N — 1 such that

- L O 5 - l1—a—N

15 = pligagoe = s 170 —plo)] emei= 5 (5) 0.
Proof. Choose z9 = 3¢ and set p(z) = Sp o & f® (z0)(@ — 20)*. The
remainder in [£/2, £] is bounded by € ¢ defined above. O

If an accuracy ¢ is prescribed, the number N, satisfying e_ ¢ < € is asymptoti-
cally N = (log % + alog %)/ log %

Next, we define the following, piecewise polynomial function. Divide the inter-
val [1,1] into the subintervals [+, 2] = [274 21=d] (2174 22=d] (1 1]. For
each interval (277, 2! 7] define a polynomial p; € Py _1 (cf. §10.4.2.1) according

6 The factor in (14.15) can be integrated into the first factor. On the other hand, in the special case
of (14.15) one need not store the number 1, so that only (d + 1) data remain.
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to Lemma 14.5. Altogether, we obtain a piecewise continuous function fy (an hp-
finite element approximation) defined on [1/n, 1] satisfying the exponential decay

Hf - fNH[;_’l]_’OO <en:= 9—1+a(d+l)gl—a—N

Evaluation of fy yields the vector entries vy, = f ((k + 1)/n) and the tensorised
version v € @9K2.

Proposition 14.6. The tensor v constructed above possesses the {1, ..., j}-rank

Pi = rank{17,,,)j} = dim(./\/l{17,,,)j} (V)) < N+ 1.

Proof. For fx define the functions fx ;i from Remark 14.3. For k > 1, fn
is a polynomial of degree N —1, only for k = 0, the function fx ;¢ is piecewise
polynomial. This proves F; C Py_1 + span{ fn jo} and dim(F;) < N + 1. The
assertion follows from Remark 14.3. O

Since p; is the (minimal) TT rank of v in the Hfocns representation, the required
storage is bounded by 2 (d — 1) (N + 1)2.

A more general statement of a similar kind for functions with several singulari-
ties’ is given by Grasedyck [74].

14.2.4 Multiscale Feature and Conclusion

Multiscale considerations of (grid) functions use different grid sizes h; = 27h and
look for the behaviour in intervals of size h;. A typical method exploiting these
scales is the wavelet approach. Applying wavelet approximations to asymptotically
smooth functions like in (14.16), one would need few wavelet levels on the right
side of the interval, while the number of levels is increasing towards the singularity
at ¢ = 0. Again, one obtains estimates like in Proposition 14.6, showing that the
advantages of the wavelet approach carry over to the hierarchical representation of
v=2>0,1(v).

From (14.11) one sees that the subspace Uy, ;3 = range(Myy . ;3(v)) is
connected to step size 27h, i.e., to level d — j.

The approximation by exponentials, by hp-finite elements, or by wavelets helps
to reduce the data size n of the uniformly discretised function v to a much smaller
size, exploiting the regularity properties of the function. The tensorisation procedure
has the same effect. The particular advantage is that the tensor approximation is a
black box procedure using singular value decompositions, whereas the analytical
methods mentioned above are chosen depending on the nature of the function and
often require the computation of optimal coefficients (like in (14.14)).

7 Then, in the right-hand side of (14.16),  is replaced by the distance of x to the next singularity.
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14.2.5 Local Grid Refinement

Standard multiscale approaches apply local grid refinement in regions, where the
approximation error is still too large. The tensorisation approach has fixed a step size
h = 1/n. The data truncation discussed above can be related to grid coarsening.
Nevertheless, also a grid refinement is possible. First, we discuss a prolongation
from grid size h to h/2.

Remark 14.7 (prolongation). Consider a tensor v € V := ®?:1 K2 correspond-
ing to a vector v € K". We introduce a further vector space Vy := K? and define
yext c vext .— ®?:0 K2 by

vet= [ ewv. (14.17)

The prolongation P : V — V' is defined by v — v*** according to (14.17).
vt € Vet corresponds to &5, (vXF) = vt € K27 via

d
ext[: -1 ext : _2j
ve¥'ig, i1, la] =V i;27].

=0

Furthermore, v®*'[i] represents the function value at grid point 7 - (h/2). The
prolongation can be regarded as piecewise constant interpolation, since v®**[2i] =
v [24 4+ 1].

The prolongation increases the data size by one tensor [ﬂ . Note that the ranks p;

t 2 t _ ond+1 12

are not altered. Now, we redefine Vo = @);_, K* by V' = &) K=

Let v € V! be any tensor, e.g., in the image of the prolongation. Local refine-
ment of the corresponding grid function in the subinterval

[V-2j*-g,((,u+1)-2j* —1)-%] c[0,1]

yields a tensor v’, which satisfies the supposition of the next remark. If the refine-
ment is really local, the level number j* is not large.

Remark 14.8 (local change). Let v, v/ € ®971K? be two tensors such that &5, (v)
and &, ' (v') differ only in the interval %[V 227 (u+ 1) -2 — 1] for some
1<j*<d, 1<v<pu<2%=7" Then the respective ranks p; and Pl satisfy

o <pj+1 for j > j*,
pi <min{p; +27° 79,27} forl<j<j*.

Proof. For j > j*, only one block in (14.12) is altered so that the rank in-
crease is bounded by one. For j < j*, at most 27" blocks are involved so that
p;- <p;+2 “=J . On the other hand, p;- < 27 holds for all tensors. m|
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14.3 Convolution

Operations like the Hadamard product can be applied to vectors v = &,,(v) as
well as tensors v, and identity (14.8) states that the results coincide. Similarly, the
Euclidean scalar product (v, w) = (@, (v), P, (w)) of two vectors coincides with
the scalar product (v, w) of the tensors. Such a property is not obvious for the
convolution v x w of vectors which is discuss below (cf. Hackbusch [87]).

14.3.1 Notations

We consider vectors from K" = K’ with I = {0,1,...,n — 1}. The convolution
of v,w € K" is defined by®

min{k,n—1}
u=vxw withuy = Z vowp—e (0<k<2n—2). (14.18a)
{=max{0,k+1—n}

Note that the resulting vector u belongs to K271, since for all k € {0,...,2n — 2}
the sum in (14.18) is non-empty.

An easier notation holds for vectors (infinite sequences) from ¢y := ¢o(Np)
defined in (3.2):

k
x:lyxly =Ly, u=vrw withu,= wak,z forall k € N (14.18b)
£=0

(check that the result belongs to ¢, i.e., ux = 0 for almost all k£ € N).

In the following, we embed K" into ¢, by identifying v € K" and 0 € ¢y with
v = v for0 < k <mn—1and v, =0 for k > n:

K™ C 4. (14.19a)
A consequence of this identification is the embedding
K™ c K" forl <m <n. (14.19b)

Now we can rewrite (14.18a) as

k
uw=vxw withuy :wak,e (0<k<2n-2), (14.182°)
=0

since the additional terms vanish.

8 More generally, one may consider the convolution of v € K™ and w € K™ for different n, m.
We avoid this trivial generalisation to reduce notational complications.
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On ¢y we define the degree
deg(v) := max{k € N : v # 0}.
Then K™ is identified with the subset {v € o : deg(v) < n — 1}.
Remark 14.9. Let © = v+ w for u,v, w € {y. Then deg(u) = deg(v) + deg(w).

The reason for the name ‘degree’ becomes obvious from the following iso-
morphism.

Remark 14.10. Let P be the vector space of all polynomials (with coefficients
in K). Then P and ¢, are isomorphic. The corresponding isomorphism is given by

mily =P withav](z) =Y vpa®. (14.20)

The well-known connection of polynomials with the convolution is described by
the property

u=vxw foru,v,w € ly ifandonly if  7fu] = wv]r[w]. (14.21)

Definition 14.11 (shift operator). For any m € Z, the shift operator S™ : £y — £y
is defined by

Viem 1fm <1

w = S™(v) has entries w; = .
(v) ‘ { 0 otherwise

} for v € ¢.

For m € Ny, S™ maps (vg, v1, .. .) into
(O,...,O,’Uo,vl,...)
——
m positions
and has the left inverse S—™, i.e., ST S™ = id.

The interaction of the shift operator and 7 is described by

©[S™v](x) = ™ - 7[v](x) for m € No.

14.3.2 Preview and Motivation

Under the assumptions of §14.1.1, we rewrite the vectors v,w € K" as tensors
v,w € V. To simplify the situation, assume that the tensors are elementary tensors:
v = ®?:1 w0, w = ®?:1 wW) with v wl) € K2 We want to perform the
composition of the following mappings:
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(v,w) e VXV (v,w) e K" x K" withv = @, (v), w = Dy, (W)
s ui=vkw e K2 (cf. (14.182")) (14.22)

= u = O,y (u) € @TFIK2,

We denote the mapping (v, w) — u from above shortly by
u:=vVx*xWw. (14.23)

Note that the result u € U is a tensor of order d + 1, since the corresponding vector
u € K271 also belongs to K2” (cf. (14.19b)) and 2n = 2¢+1,

In principle, the numerical realisation can follow definition (14.22). However,
such an algorithm leads to at least O(n) arithmetical operations, since u := v *x w is
performed. Assuming that the data sizes of v and w are much smaller than O(n),
such an approach is too costly. Instead, the cost of v « w should be related to the
data sizes of v and w. An algorithm of this kind is obtained, if we perform the
convolution separately in each direction:

d

d d
Qv |« [ RQuwt? :®(v<j>*w<j>)7 (14.24)
j=1 j=1

j=1

provided that the right-hand side is a true description of u := v x w. Unfortunately,
this equation seems to be incorrect and even inconsistent, since the vector v xw(?)
belongs to K? instead of K2.

Because of (14.1c), this difficulty is connected to a well-known problem arising
for sums of integers in digital representation. When adding the decimal numbers
836 and 367, the place-wise addition of the digits yields

836
367
(11) 9 (13)

with the problem that 13 and 11 are no valid (decimal) digits. While this problem
is usually solved by the carry-over, we can also allow a generalised decimal
representation (11)(9)(13) meaning 11 - 10? + 9 - 10! + 13 - 10°, i.e., admitting
all non-negative integers instead of the digits {0, ..., 9}.

Such a ‘generalised representation’ for tensors will make use of the tensor space
@ introduced in §14.3.3. Note that a vector from K? appearing in the right-hand
side of (14.24) is already considered as an element of ¢y. It will turn out that (14.24)
has a correct interpretation in ®?¢;. A corresponding ‘carry-over’ technique is
needed to obtain a result in

U = %K.
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14.3.3 Tensor Algebra A(£,)

14.3.3.1 Definition and Interpretation in £,

The embedding K? C /; leads to the embedding

d d
V =2K? = Q) K* c 8% = X) lo
j=1

Jj=1

(cf. Notation 3.23). The tensor algebra (cf. §3.4) is defined by

A(4y) := spanf{a € @4 {y : d € N}.

Remark 14.12. A linear mapping F' : 24({y) — V into some vector space V is
well-defined, if one of the following conditions holds:

(@) F : @4y — V is defined as linear mapping for all d € N,

(b) the linear mapping F' is defined for all elementary tensors ®?:1 ) € @4,
and for any d € N,

(c) the linear mapping F' is defined for all elementary tensors ®;l:1 elis) € @4,
and for all i; € Ny and all d € N. Here, e(*) € ¢y is the unit vector with entries

ekl =0p (kv eNp).

Proof. By definition, 2((¢y) is the direct sum of ®%%, ie., non-vanishing tensors
of ®%¢y with different order d are linearly independent. This proves part (a). A
linear mapping F : ®%¢y — V is well-defined by the images of the basis vectors
e = @7, el foralli=(i;),_, , €N O

In (14.1c), the isomorphism @,, : V — K" has been defined. We extend this
mapping to 2((¢y) by

P Q[(go) — Ly, (14.25)
ac ®df0 — v € {

with vy, = > alitia .. .iq).

i1,...,iq €N such that k:Z?:l ij2i—1

Remark 14.13. Since ¢, is a subspace of 2(¢y) and ¢(v) = v holds for v € £y, the
mapping @ is a projection onto ¢y. Furthermore, the restriction of @ to the tensor
subspace V. = ®9K? C ®%, coincides with &, from (14.1c) (hence, @ is an
extension of &,,).
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14.3.3.2 Equivalence Relation and Polynomials

Definition 14.14. The equivalence relation ~ on 20({y) is defined by
a~b & @(a)=9o(b) (a,b € Aly)).

Since @ is a projection onto £y, we have in particular
&(a) ~a  foralla € A(Ly). (14.26)

The mapping 7 : £y — P is defined in (14.20). We want to extend this mapping

to A(Lo) D £o such that
a~b < Wg[a] = T [b] (14.27)

Definition 14.15. The extension® my : A({y) — P of w: £y — P from (14.20) is

defined b
efined by . 4

4] [@rl a(j)] () =1]._, #la®] («* ). (14.28)

Lemma 14.16. Mapping my from Definition 14.15 is an extension of w : {y — P
and satisfies (14.27). Moreover,
w[P(a)] = my[a]. (14.29)

Proof. 1) v € ly = @Y C A({y) is an elementary tensor ®;:1 v(@) with the
only factor v(!) = v. Definition (14.28) yields 7y [v](z) = H;Zl @22 ) =
7[vM](z') = w[v](z), proving the extension property g |z, = 7.
2) Lete®) := ®?:1 el € @, for some multi-index i = (i;),_, , € N{.
Since 7[e(%)](z) = x%, definition (14.28) yields ‘
d d

. . j—l _7‘71 ’L d l jfl
raleW](z) = Hj:1 rle@))(2? ) = Hj:1(x2 )i = Hj:1 22
d .
=2 fork:=) = ;207 (14.30)

Jj=1
Definition (14.25) shows ®(e)) =e(¥) € £, with k as above. Hence, 7[®(e!))] = 2"
proves (14.29) for a = e()). By Remark 14.12c, (14.29) follows for all a € 21(¢y).
3) The statement 7y [a] = 7wy [b] < 7[P(a)] = 7[P(b)] follows from (14.29).
Since m : ¢y — P is an isomorphism, also w[@(a)] = 7[P(b)] < P(a) = P(b)
holds. The latter equality is the definition of a ~ b. Hence, (14.27) is proved. O

Remark 14.17. a® (¥ ~ a and 7y [a ® (9] = 1y [a] hold for all a € A({p).
Proof. By Remark 14.12c, it suffices to consider the tensor a = ®?:1 (). Then
b:=a® e equals @71} e(7) with ig.1 == 0. By (14.28), ma[a] () = o* holds

with & as in (14.30), while g [b](z) = z* - 7[e(V)](x) = 2* - 1 = z*. Now, (14.27)
proves the assertion. O

9 It may be more natural to define the mapping 7o into polynomials of all variables z; (j € N) by
ot [®?:1 vD](x) 1= H?:l 7[v()] () . Then the present value g [®?:1 v(1](x) results
1

from the substitutions x; := x2 .
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14.3.3.3 Shift

Next, we extend the shift operator S™ : £o — £ to Sy : 2(£y) — A(p) by means

of 10
d

Sy <®j_1 v<j>) = (smvu)) ® ®j:20(j)_ (1431)

Remark 14.18. (S} (a)) = S™(®(a)) holds for all a € A({y). Sy’ is an exten-
sion of S™, since Si'|s, = S™.

Proof. According to Remark 14.12c, we choose a tensor a = e()) = ®;l:1 elis) ¢

®%o withi = (i;),_, , € Nj.Since &(a) = e*) holds with k defined in (14.30),
the shift yields the result S™(®(a)) = ¢*+™). On the other hand, (14.31) shows
that Sit(a) = et ™m) ®?:2 eli) and ®(Sy(a)) = e*+™) proving the first
assertion @(Sy (a)) = S™(&L(a)). The second one is trivial. O

On the right-hand side of (14.31), the shift operator S™ is applied to v(!) only.
Next, we consider shifts of all (@),

Lemma 14.19. Let m = (my,...,mq) € N&. The operator S®™) := ®;l:1 S
applied to v € @y yields

7 [Sv](z) = 2™y [v](z) . B d i1
Sy~ sm(a(v)) [ TS ; m; 2", (14.32)

Proof. 1) By Remark 14.12¢, we may consider v = e()) = ®?:1 elis), Set i :=
Z?:l i;20~1. Then, SMel) = ®?:1 eliitmi) yields

d d
raS™V](@) = m |t | (2) = [[alotm)¥ T = attm,
j=1

Jj=1

which coincides with 2"y [v](z) = 2™y [®?:1 eli)](x) = x™x*. This proves
the first part of (14.32).

2) S™(®(v)) = P(Sy(v)) holds by Remark 14.18. The definition of Sj' can
be rewritten as S(™) with the multi-index 1 = (m,0,...,0). Statement (14.26)
shows @(S(™)(v)) ~ St (v), hence S™(P(v)) ~ St (v). Since S(™)(v) and
S(m)y have the identical image 2™y [v](z) under the mapping 7y, property
(14.27) implies the second statement in (14.32). a

Corollary 14.20. Let v € ®%/5 and m, m’ € N¢. Then

d d
> m2 Tt =3 "mj27 implies Sy ~ 8™y,
j=1

Jj=1

10 Here, we make use of Remark 14.12b and restrict the definition to elementary tensors.
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14.3.3.4 Multi-Scale Interpretation

The representation of a vector from ¢y, by means of @(a) with a € 2({y) has
similarities to the multi-scale analysis of functions using a wavelet basis. A vector
v € ly is often viewed as the vector of grid values vy, = f(k) of a (smooth) function

f defined on [0,00). Let a = d: a® € ®%y and j € {1,...,d}. A shift in
v=1
position j is described by

ama=dV®.. 0d" Ve Bd)2d"e.. . 0

and corresponds to v = ®(a) — 0 = D(4) with & = 52’ v (cf. (14.32)). The
interpretation of v by vy = f(k) leads to ©, = f(u) with the shifted function
f(x) = f(x +27"). On the other hand, a multi-scale basis at level £ = j — 1 is
given by {1, } with the shift property ¥,,(x) = v, (z+ (v — u) 2°). Hence, the shift

f= chwu = f = Z (SC)un = Zcuflwu = chﬂ/)zﬂrl

v v

also results in f(z) = f(z + 2°).

14.3.3.5 Convolution

Finally, we define a convolution operation in 2((¢y). The following % operation will
be different (but equivalent) to the x operation in (14.23). The former operation
acts in A(4y) x A(Ly) and yields results in 2A(¢y), whereas the latter one maps
(®7K?) x (®9K?) into @?+1K2.

For elementary tensors a = ®;l:l a’) and b = ®
obvious definition is

d
Ra | «
Jj=1 J

d

i1 b from %4, the

d

b9 | = (a(j) X b(j)) (14.33)
1

j=1

(cf. (14.24) and (4.74)). Since 2((¢;) contains tensors of different orders, we define
more generally

da
® a@ | «
Jj=1 J

c) = aW) % bU)  for j < min{d,,ds},
and  § ) _ {a(j) ford, < j <d.ifd, = d., (14.34)

db c
b9 | =)W with d, := max{dy, d}
1 j=1

bY) ford, < j < d.if dy = d..

Note that (14.34) coincides with (14.33) for d, = dj.
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Corollary 14.21. Another interpretation of (14.34) follows. Assume a € ®% ¢, and
b € @%¢, with d, < dp. Replaceaby a := a® ®?C:da+1 e® ¢ @def; and set
ax b := a* b, where the latter expression can be defined by (14.33) with d = dj.
As

e xp=v*xel® =y forallv e £,
the new definition of a x b coincides with (14.34).

Property (14.21) has a counterpart for the convolution in 2(£y), which will be
very helpful in §14.3.4.

Proposition 14.22. (a) &(a x b) = &(a) x &(b) holds for all a,b € A({y), where
the second x operation is the convolution (14.18b) in (.
(b) The implication

c~axb &  &(c)=P(a)xP(b)
holds for all a, b, c € A(ly).
Proof. We apply (14.21), which holds for the y-convolution:
P(c) = P(a)xd(b) < 7[@(c)] = 7[P(a)] 7[D(b)].

By (14.29), this is equivalent to mg[c] = myla]my[b]. It suffices to consider
elementary tensors a = ®?11 aU) and b = ®?b:1 b() (extend Remark 14.12
to the bilinear mapping ). First we assume d, = d; =: d. Then definition (14.33)
yields

d d
[

— @) 5 pla)y =
mo[a* b(z) = 7y @ a'’’ x b (x) (14-28)j1;[17T

{W[a(j)](ﬁj’l) .W[b(j)](xﬂ’l)}

G pD (27" —
0 x b (@ )(14.21)

|
.E&

j=1

d
( 2] 1 2] 1 _
; mla¥ 1;[ (14.28)

alal(z) - ma[b](2).

This proves ®(a « b) = ®(a) x &(b) for a,b € ®%/,. For elementary tensors of
different orders d,, # d,, use the equivalent definition from Corollary 14.21. Since
7o [a] =mg([a] (cf. Remark 14.17), assertion (a) follows from the previous result.

Because ¢ ~ a x b is equivalent to &(c) =P(a x b), Part (b) follows from (a). O

1

I
.E&

3

Exercise 14.23. Let a,a’ € ®%/; and b,b’ € A({y) with a~a’ and b ~ b,
Provea®@b ~a' ®@b/.



14.3 Convolution 437

14.3.3.6 Carry-over Procedure

In §14.3.2 we have pointed to the analogue of the ‘carry-over’ for sums of inte-
gers. In the present case, the ‘carry-over’ must change an element a € 2A(¢y) into
a’ €2A({y) such that a~a’ and a’ € ®%K? for a minimal d. Equivalence a~ a’ en-
sures that both a and a’ are (generalised) tensorisations of the same vector @(a) =
@(a’) € £y. The minimal d is determined by the inequality 24~ < deg(®(a)) < 2.
The following algorithm proceeds from Step O to Step d — 1.

Step 0) Any element a is a finite sum ) a, of elementary tensors a, € L.

Case a) If d, > d, we may truncate to d as follows. Let a, = a/, ® a], with
a/, € @, and a?! € ®% . Replace a, by a, := Aa/, € @, where
A = (a)[0...0] is the entry for (i1,...,%4,—-4) = (0,...,0). Then ®(a,)
and &(a, ) have identical entries for the indices 0 < i < 2¢ — 1. The other may
differ, but in the sum Y a, they must vanish, since deg(®(a)) < 2¢. Hence,
>, a, ~ »_ a, are equivalent representations.

Case b) If d, < d, replace a, by 4, := a, ® ®
ensures a, ~ &,.

After these changes, the new a ~ a belongs to V := @7/,

(>1)

—q, 41 €. Remark 14.17

Step 1) a€ ®7/; has the representation ), att with components att e Lo

and a7V € ®j 5 {o. In case ofdeg(a,(, )) > 2, spht a = al” into V) + 52ayV
with a/(l) € K2. For this purpose, set

'V = (ag,a1) and 'V = (a3, a4,...) =52V € 1.
Then (14.32) implies

aW@a>V = d/DeaV+ (52a” (1) )®a(>1) ~ adW@al>D £a" 1)®(Sl >1))

Note that deg(a (1)) deg(ay ¢ )) — 2 has decreased. As long as deg(a (1)) > 2
this procedure is to be repeated.

At the end of Step 1, a new tensor a = ZV af,l)
obtained.

ey (1)

~ awith ay”’ € K2 is

Step 2) If d > 2, we apply the procedure of Step 1 to a(> )ina = > al,l) ® a(>1)
with d replaced by d—1. Each a(> is replaced by a a Z aw) Ravy (>2) a(>1)
By Exercise 14.23,a ~ 4 := Y oM @ (2) ® al(,,f) holds w1th a(l) a(2) € K2.

vt
Take & as new a. Reorganisation of the sum Z yieldsa=}" al ®a @) ®a(>2)
with al”, al?) € K2. &

Step d — 1) The previous procedure yieldsa = > ®7 1 a ) with a( 1) e K2 for
1<j<d—1.1fdeg(al”) > 2, split al” into aj\® + 524 with a){” € K2. As
in Case a) of Step 0), we conclude that >~ (® 1 a,(])) (52 () ) = 0. Hence,
a=>y, (@d llal(,J)) ® al” ~a is the desired representation in V 1= @7K2.
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14.3.4 Algorithm

14.3.4.1 Main Identities

A tensor v € ®?K? (d € N) possesses a unique decomposition'!
v=v ® [(ﬂ +v'® ['ﬂ with v/, v € @47 1K2.

The linear mappings v + v’ and v + v/’ from ®9K? onto @9 1K? are denoted
by ¢/, and ¢/], respectively. Their precise definition is

o (V ® [g]) =av, ¢ (V ® [g]) =pBv  forve @K

We start with the simple case of d = 1. The next lemma demonstrates how the
‘carry-over’ is realised.

Lemma 14.24. The convolution of [g], [7] € K? = ®@'K? yields
8]« ] =2(v) withv =[] [+ %] o] €K (14.35)

Furthermore, the shifted vector S* ( [g} * [}} ) has the tensor representation

S'([5] % 1) = @) with v = [2] @ [§] + [*94"] @ [§] € K2 (14.35b)

ay

Proof. An elementary calculation yields [g] * 1] = |:a6ivl3’7:| € K3, where the
85

latter vector is identified with (ay, @d + 57, 86, 0,0,...) € £y. We split this vector

into [, Jofﬁ,y} + 52 [%‘;}. From [aéoﬁﬁw] ~ [a;«gﬁw} ® [3] (cf. Remark 14.17) and

s[5 ~ (W) e ) ~ e (5'R) = [¥) e[
we obtain the first assertion. The second one follows analogously from
0
(< 10) = | | ~ 121+ 921
finishing the proof. O
The basic identity is given in the next lemma, which shows how the convolution

product of tensors of order d — 1 can be used for tensors of order d. Note that a’, a”

and u’, u” canbe expressed by ¢/;(a), ¢//(a) and ¢/;(u), ¢/j(u), respectively.

"' For d = 1, the tensors v/, v/’ degenerate to numbers from the field K.
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Lemma 14.25. Let d > 2. Assume that for v,w € @9 1K? the equivalence
viw~a=a ® [)]+a"®[]] € ®'K? (14.36a)

holds. Let the tensors v @ x,w @y € @%K? be defined by v = [g], y=7] e K%
Then,

ver)x(wey) ~u=ue[] + v ®[]eatK?
withw' =a' @ [ 77, 1 +a" @[] € ®K? (14.36b)
andv” =a' @[] +a" @ [*57] € @'K>.

Proof. Proposition 14.22 ensures that
(vear)x(woy)~ (viw)®@2z  withz:=2xy € K* C 4.

Assumption (14.36a) together with a’ ® [(ﬂ ~ a’ (cf. Remark 14.17) and

2d1

a” @ [|] =a" @ (9'[]) ~ &

a//
(cf. Remark 14.18) yields

(Vxw)® 2z~ (a +82 ') ® z.
Again, Remark 14.18 shows that

24=1 y @2t "
(Sq¢ a"Y®z=85 (d"®z)~a"®(S2).
Using (14.35a,b), we obtain
1 B8 0
a@z~a @[ ]e ] +aef]el],
(87 ) @e~a @ (Sz) ~val @[N] @ i +a" @ [*i] @ []].

Summation of both identities yields the assertion of the lemma. a

If z = [3] andy = []] are equal to any of the unit vectors [o]s [1]. the quantities
[aé()j:ﬁ'y] ’ [QO’J ’ [%5] ’ [0‘5;5[57}
arising in (14.36b) are of the form [8}, [(ﬂ, or m
Remark 14.26. Given v, w € ®%K?, Lemmata 14.24 and 14.25 allow to find the

unique u € ®¥1K? with v « w ~ u. In the following, we write v « w instead of
u. This notation coincides with the definition in (14.23).
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14.3.4.2 Realisation in Different Formats

First, we assume that v, w € K" are represented by v = &(v) and w = &(w) with
elementary tensors v = ®?:1 vU) and w = ®?:1 w®) . Already the convolution
v xwM) € ®?K? yields a tensor of rank 2, as seen from (14.35a). Assume by
induction that (®'j;11 o) ) ( ®‘j;11 wl)) ~ a € @K? has a representation rank
29=1 Then (14.36b) yields a representation rank 2¢. Since 2¢ = n is the bound
of the maximal tensor rank in ®?+1K2, the r-term representation may yield large
representation ranks for v x w, even if rank(v) = rank(w) = 1. Hence, the r-term
format R, is not a proper choice for the convolution.

Since the tensor subspace format 7, is questionable anyway (see discussion in
§14.1.1), we use the Htpe’“s format as described in §14.1.2. We recall the involved
subspaces U; C ®'K? for 1 < j < d (cf. (14.4a-c)).

Theorem 14.27. Let tensors v, w € ®%K? be represented as v € ’Htpc,ns and
w € ’Hfoc/f’s involving the respective subspaces U’; and U’/ 1 < j < d, i.e.,

U) = K2, U, cu’, ® K2, dim(U’) = p}, v €Uy,

TZK2, U'CU, @K’ dm(U") =, weuy (14379
Then v w € @91K?2 belongs to the format ’H:,C“S with
p1=par1 =2,  p; <2pip; (1<j<d) (14.37b)

The involved subspaces
U = span{¢),;(x*y), ¢j 1 (x*y): x € U}, y € Uj} (1<5<d) (14.37¢c)
with dim(U) = p; satisfy again
U =K’ U,;cU; 1 ®K? (2<j<d+1), vxwe Uz (1437d)

Proof. 1)By Lemma 14.24, U, defined in (14.37c) equals K? as required in (14.4a).
2)Letj € {2,...,d}. Because of Uj C U, @ K*and U/ C U7 | ® K*, we
have

x=vez, veU) |, reK? }}

y=wey,welUl  ye K2

U; C span {¢}+1(X *Y), Pyr(xKy): {
By (14.36a), v w € span{a’,a”} @ K? holds with a’,a” € U,_;. The tensors
u = ¢/, (xxy)and u” = ¢/, (x*y) from (14.36b) belong to U;_; ® K?,
proving U; C U;_; @ K? . O

The fact that the ranks are squared is the usual consequence of binary opera-
tions (cf. §13.5.3). The factor 2 in p; < 2p’p7 is the carry-over effect. The exact
computation using a frame b/) of size p; spanning U can be followed by an ortho-
normalisation and truncation.
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14.4 Fast Fourier Transform

The fast Fourier algorithm uses the same hierarchical structure as the tensorisation.
Therefore it is not surprising that the fast Fourier transform can be realised by means
of the tensors without using the original vectors. After recalling the algorithm for
vectors in §14.4.1, the tensorised version is derived in §14.4.2. The latter algorithm
is studied by Dolgov et al. [49], which also describes the sine and cosine transforms.

14.4.1 FFT for C™ Vectors

Let n = 2¢ and wy := exp(27i/n). The discrete Fourier transform (DFT) is the
mapping v € C" into v € C" defined by
0= Fyo with Fy = - (wi’)i oL
The inverse Fourier transform ¢+ v is described by Fc'l‘| involving wy instead of wy.
We recall the fast Fourier transform (FFT) in the case of n = 2¢. If d = 0, 0 = v
holds. Otherwise, introducing v! = (vk)z/% Yand 0! = (vk)Z;}l/z, we observe
that

5—1
. 1 |5 1
Vo = % 2 levg + Z wgkzvg+n = 7§Fd,1(v[ + ’UII) 5
.
B 7L ] 2kl E 2kl *LF I I
2k+1 = W Z Z Wy wdw+" = ld-1 (de(v v ))

| ¢=0
for 0 < k < n/2 — 1. The last expression uses a Hadamard product with the vector
g)n/271 c (Cn/2

@ = (g =0

For an algorithmic description one needs a function Divide with the property

= Divide(v,1), v/l = Divide(v,?2), and a function'”> Merge, such that the
arguments u = (ug,ut,..., n/z_l)T and v = (vg,v1,..., Un/g_l)T are mapped
into w := Merge(u,v) € C™ with w = (ug, vo, u1, v1, . - - ,un/Q,l,vn/Q,l)T, ie.,

wa = uk and wok41 = vg. Then the discrete Fourier transform can be performed
by the following recursive function:

function DFT (v, d); {v € C" withn = 29}
ifd= 0 then DFT :=wv else
begin v! := Divide(v,1); vl := Divide(v, 2); (14.38)

DFT = \}iMerge(DFT(v +v,d—1), DFT(wq ® (v —v™) ,d - 1))
end;

12 After d merge steps the bit reversal is already performed.
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14.4.2 FFT for Tensorised Vectors

The vectors v and © = F4v correspond to tensors v, v € ®@?C? with @,,(v) = v
and &,,(V) = 9. Note that

V=Fyv forF,:=&, ' F;®,. (14.39)
To perform F; directly, we have to rewrite the function D F'T" from (14.38) for the
tensorised quantities.
Lemma 14.28. Assume n = 24, d > 1. (a) The tensor v € @%1C? satisfying
&, (v!) = vl = Divide(v, 1) is obtained by evaluating v = &, *(v) atiq = 0, i.e.,
viis, oo yigo1] == V[i1,...,4a-1,0]  forall0<i; <1,1<j<d—1.

Similarly, @,,(vll) = v = Divide(v, 2) holds for

vifit, ... ig-1] = Vi, ... ia-1,1]  forall0<i; <1,1<j<d—1.
(b) Let w' ,w € C"? with w := Merge(w’,w™) € C". The tensorised quanti-
ties w! = 45;/12 (wh), wi = @;/12(10”), and w = @, 1 (w) satisfy

w=[]eaw +[)owl

=17 1
(c)wmwa=Q [ i1 } with @y, /5(T0q) = wy is an elementary tensor:
j=1 LWq

Proof. For (a), (b) use definition (14.1c). For (c) see Remark 5.18 and (14.8). O

By Lemma 14.28 there are direct realisations of Divide and Merge for the tensor
counterpart, which we denote by Divide and Merge. The tensorised version of
DFT is v = DFT(v, d) satisfying (14.39). The analogous algorithmic description
islS

function DFT (v, d); {v e ®IC?}
if d = 0 then DFT := v else
begin v! := Divide(v, 1); v/ := Divide(v, 2);

DFT = \%Merge(DFT(vI—l-vH, d—1),DFT(wy ® (vi-v),d - 1))
end;

Define 2;v by \%Merge(vl + vy © (v — vIT)) and observe the identity
Fi = (id® F4_1) {24. The d-fold recursion yields

Fg= 08024184,

where (2; applies to the components d — j + 1,...,d, while the components
1,...,d — j remain unchanged.

13 Instead of multiplying by 1/ V/2 in each step, one can divide by /1 in the end.
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In its exact form this procedure is unsatisfactory. Each {2; doubles the number
of terms so that finally n = 2¢ terms are created. As a consequence, the amount of
work is not better than the usual FFT for vectors. Instead, after each step a truncation
is applied:

FUne — T\ 1oy - Ty 1024 1T4f2q (T truncation). (14.40)

The (nonlinear) truncation operator 7); appearing in (14.40) can be based on a
prescribed accuracy or a prescribed rank.

Lemma 14.29. Given v, set

V(d+1) = {"(dJ’,l) =V le’ld _ .
V(j) = TijV(j+1)7 V(j) = TijV(jJrl) fOV] = d, ey 1.

Then V(1) =F "V has to be compared with v (1) =Fqv. Assume that T} is chosen
such that

175 (259 41)) = 296 || <ell 296l

holds with respect to the Euclidean norm. Then the resulting error can be estimated
by
[FEey — Fav]| < [(1+2)" = 1] |Ivll = de iv]].

Proof. Set §; := H{’(j) - v(j)H. Note that §(441) = 0. Since the operation {2; is
unitary, the recursion

5 =14 — vl = 1T (259 G21) = 259 Gan] + 25 VG = Vi) ||
<el| %G| + 12 Fury = vo)ll < e Vs || + 6+
<e|lvgenl|+ A +e) b =ellvl+ (1 +e) b

proves §; < [(1+¢) — 1] ||v]. 0

Next, we assume that the ranks pi,...,pq of Vv(;) € H}ens are uniformly
bounded by p. The main part of {2; is the Hadamard product with =zo;. The
corresponding cost (cf. (14.7)) is of lower order than the truncation cost O(dp3)
(cf. (14.9)). Since F“"v is obtained after d steps, we obtain the following result
about the computational cost.

Remark 14.30. If, using the Hfocns format, all intermediate results have TT ranks
bounded by p, the truncated FFT version F“"“v costs O(d?p?) operations.

Note that p is the maximum of the ranks of the input tensor v and of all inter-
mediate results v(; including the final Fourier image ¥. Concerning numerical
examples, we refer to [49].
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14.5 Tensorisation of Functions

So far, tensorisation has been applied to vectors which might be viewed as a grid
function. Now we use the same formalism for functions. This corresponds to the
multiscale treatment of functions.

14.5.1 Isomorphism $F

Consider a space F((a,b]) of functions defined on the interval (a,b] C R. The
norm (and, possibly, the scalar product) of F'((a, b]) must be such that the norm is
invariant with respect to a shift, i.e.,

1A #app = G+ miatspre) -

Furthermore, the function space F'((0, 1]) must allow discontinuities of the func-
tionsatv/n,1 <v <n-—1
In the following we try to establish an isomorphism between F'((0, 1]) and

d
VI =F((0,1/n]) @ QK>  wheren = 2%,

=1
For a better understanding, we first introduce the intermediate tensor space

V,, :=F((0,1/n]) @ K".

Definition 14.31. Define &,, : V,, — F((0,1]) by

f=2o.(p@v) € F((0,1]) for p € F((0,1/n]) and v = (vg)j_y € K" (14.41)
with f(2) = v - p(z — E) for £ < 2 < Bl and k € {0,...,n — 1}
For v = e(¥) being the k-th unit vector, f = an(cp ® v) can be regarded as ¢
shifted by k/n, ie., f(z +k/n) = p(z) for 0 <z <1/n and f =0 elsewhere.
In general, the function @, (¢ ® v) from (14.41) will be discontinuous, since we
do not require f(%) = vp(l/n) = vp41p(0 —0) = f(% —0).
Using the isomorphism @, : ®;l:1 K2 — K" for n = 2¢, we obtain V,, = V
and can define the final isomorphism

d
ol VI =F((0,1/n]) ® QK> — F((0,1]),

Jj=1

d d
455 <<p® ®v(j)> =, <tp®@n<®v(j)>>.
j=1 j=1



14.5 Tensorisation of Functions 445

Let " be the inverse of @ which maps F((0, 1]) into V'

n—1

k
vy f e F(0.1) = Y fr@ @y (W) with fi = f(-+ =) € F((0,1/n]).
k=0
Lemma 14.32. a) For function spaces F((0,1]) = L?((0,1]) (1 < p < o), the
mapping ®F : VE — F((0, 1)) is an isomorphism.
b) For function spaces F((0,1]) C C((0,1]), ¥} maps F((0,1]) into a proper
subspace of VE . If one extends F((0,1]) to the space

n—1

FPW((Ov 1]) = X F((%v %])

k=0
of piecewise smooth functions, ®% is again an isomorphism.

For the representation of a tensor v € V' = ® j—o Vj, a variant of Hiy"® can be
used. Note that D = {0, 1, ...,d} includes 0. T is again the linear tree. The spaces
V;=K2?forl < j<dare treated as before. In particular, the bases {b(J ) b } are
fixed (cf. (14.2b)). Only for 7 = 0, we follow the general concept of H, and choose
a subspace Uy C Vj by means of a basis {bi 1 <i<po}.

A prominent example of Uy is the subspace P,,_1 of polynomials of degree
po — 1. A simple basis is b;ﬂo) (r)=2%~1. A more stable choice is are the orthogonal
Legendre polynomial (mapped from [—1, 1] onto [0, 1/n]).

14.5.2 Scalar Products

Assume that V; = F((0,1/n]) is a Hilbert space with the scalar product
(-, g, while V; = K? (1 < j < d) is equipped with the Euclidean scalar product
(v, W), = V1707 + voWs. For VL = ®?:0 V; we choose the induced scalar product
(cf. (4.62) and Lemma 4.124).

Remark 14.33. For F'((0,1/n]) = L*((0,1/n]), the induced scalar product of

d

VI =F((0,1/n]) @ QK>

=2
coincides with that of L?((0, 1]).

For the practical implementation of the scalar product one needs the products

gix = <b§€0)7 b§0)> r of the basis functions spanning Uy, which are of course trivial in
the case of an orthonormal basis.
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14.5.3 Convolution

Let Ul ® ®;l:l K2 and U ® ®;1:1 K? be two subspaces of VI with possibly
different subspaces UL, U c F((0,1/n]). The convolution of two tensors v €
Ul® ®?:1 K2andw € Ul ® ®;l:1 K? is described in [87, §6]. Here, we suppose
that the products b ” « 5?0 € F((0,2/n]) of all basis functions of U{ and U"
are known. The result belongs to U/ ® ®j;rll K2, where UY is spanned by the
restrictions (bi’(o) * bfl’(o))|(071/n] and (bi’(o) * bfl’(o))(o +1/n)(0,1/n]- Note that
the result of the convolution is exact.

14.5.4 Continuous Functions

As mentioned in Lemma 14.32, functions from Vf; are, in general, discontinuous
at £ This is a drawback for applications, when continuous or even H'([0,1])
functions are required, i.e., £ (V) c F([0,1]) c C([0,1]).

A possible remedy uses a decomposition which is well-known from hp-finite
element approaches. Choose a subspace Uy C F([0,1/n]) with zero boundary
conditions: f(0) = f(1/n) = 0. Therefore, the space

Vi =Uy® é K2
is isomorphic to the subspace'* !
®),(V}) C Fol0,1] := {f € Fou([0,1]) : f(£) =0for 0 <k <n} C C([0,1)).
Define the space of piecewise linear functions:

F,[0,1] := {f € F([0,1]) : f(1) =0and f|[ﬁ k1) linear for 0 < k < n — 1}
and note that F}, [0, 1] is determined by the n nodal values f (%) for0 < k <n—1.
Hence, F},1[0, 1] is isomorphic to K™ and to

T v e

Vi .= ®j:1 K2.
The sum of Fy[0,1] and F},1[0,1] yields all f € F'([0,1]) with the side condition
f(1) = 0. To avoid the latter restriction, a further one-dimensional space must be

added.

As a consequence, there are two tensors v € VI and v/ € VI representing a
function. Operations, which cause an interaction of both data, like the scalar product,
are possible, but more involved (the matrices from Figure 14.1.6 come into play).

M For F([0,1)) = C([0,1)) or F([0,1]) = H'([0,1]), #L (VL) = F([0,1]) holds. For
smoother function spaces like F'([0, 1]) = C*(][0, 1]), the derivatives of f € ®1 (V%) are still
discontinuous.



Chapter 15
Generalised Cross Approximation

Abstract An important feature is the computation of a tensor from comparably few
tensor entries. The input tensor v € V is assumed to be given in a full functional
representation so that, on request, any entry can be determined. This partial informa-
tion can be used to determine an approximation v € V. In the matrix case (d=2) an
algorithm for this purpose is well-known under the name ‘cross approximation’ or
‘adaptive cross approximation’ (ACA). The generalisation to the multi-dimensional
case is not straightforward. We present a generalised cross approximation, which fits
to the hierarchical format. If v € H, holds with a known rank vector t, this tensor
can be reproduced exactly, i.e., v = v. In the general case, the approximation is
heuristic. Exact error estimates require either inspection of all tensor entries (which
is practically impossible) or strong theoretical a priori knowledge.

There are many different applications, where tensors are given in a full functional
representation. Section 15.1 gives examples of multivariate functions constructed
via integrals and describes multiparametric solutions of partial differential equa-
tions, which may originate from stochastic coefficients. Section 15.2 introduces the
definitions of fibres and crosses. The matrix case is recalled in Sect. 15.3., while the
true tensor case (d > 3) is considered in Sect. 15.4.

15.1 Approximation of General Tensors

In the following, we consider tensors from V = ®;l:1Vj with V; = K% and re-
call the full functional representation of tensors mentioned in §7.2. In that case,
all entries v[i1,...,i4] of v € V are available; however, they are not collectively
stored. Instead, they are obtainable via a function v(iy, 4, . .., %4). This approach is
the only possibility for standard functions, which can never be represented by the
infinite number of their function values. In the discrete case, a tensor v can often be
regarded as grid function:

V[il,...,id] Zcp(ilh,...,idh) (27 EIj CZ). (15.1)

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 447
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_15,
© Springer-Verlag Berlin Heidelberg 2012
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If,e.g.,I; ={0,...,n} and h = 1/n, the tensor v is the restriction of the function
¢ € C([0,1]9) to the uniform grid with step size h.

If v is given in some tensor format together with a procedure for its entrywise
evaluation, the full functional representation is given. Note that in the latter case, we
even do not need to know the kind of format.

The aim is to approximate the tensor in the hierarchical format ..

Next, we give different examples for tensors in full functional representation.

15.1.1 Approximation of Multivariate Functions

Even if a multivariate function' ¢ € C([0, 1]¢) is available, each call of ¢ might
be rather costly. The goal is the computation of an approximation v to the tensor v
from (15.1) in some tensor format. Then the evaluation of the tensor ¥[i1, ..., 44]
approximates the grid value @(i1h,...,i4h). Depending on the representation
ranks, the tensor evaluation may be much cheaper than the function evaluation of ¢.

As illustration we give an example from boundary element applications. Here,
the surface I" = 952 of a finite domain 2 C R3 is covered by a triangulation 7~ (set
of triangles). For piecewise constant finite elements (simplest choice) the system
matrix M € K7*7 is given by entries which are the following (four-dimensional)

surface integrals:”
dI'kdry
M ar _// // e @areT) a2

If the triangles A’ and A” have a positive distance, the integrand 1/ ||z — y|| is
analytic and there are efficient ways to handle this part of the matrix (cf. [86, Satz
4.2.8]). However, for neighbouring triangles (i.e., A’ N A” # () the entries M A o
must be computed. The required quadrature methods can be found in Sauter-Schwab
[166]; nevertheless, the final four-fold Gauss quadrature is expensive and makes the
generation of the system data to the costly part of the boundary element method.
Consider the situation of two triangles A’, A” intersecting in a common side.
Since the kernel of (15.2) is rotational and shift-invariant and homogeneous, we
may assume without loss of generality that the corners of A" are (0,0, 0), (1,0,0),
(x,y,0), while those of A” are (0,0,0), (1,0,0), (£,n, 7). Therefore, up to a
scaling factor, all integrals (15.2) with A’, A” intersecting in a common side are

given by the 5-variate function?

dlxdly

@(iﬂay,&nﬁ):// 01 19 ra // 07 117 161\ Tx =y
Lo LFL) e

0 0 T

0 0~ o
This function can be evaluated with any desired accuracy.

! For simplicity, we choose [0, 1]¢. Generalisations to [a1,b1] X ... X [aq, ba] are trivial.
2 As a typical example the kernel of the single-layer potential is chosen; cf. Hsiao-Wendland [104].

3 If the triangles (i) are identical, (i) have one corner in common, (iii) are disjoint, then the arising
integral is a function of 2 (case i), 8 (case ii), 11 (case iii) variables.
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Remark 15.1. If the goal is to approximate the grid values (15.1) for later evalu-
ations of the tensor representation of v, the time needed for the computation of v
is irrelevant. The format of the tensor representation should be chosen such that the
evaluation” is as cheap as possible. The r-term representation is a favourable choice,
since the evaluation cost is rd (cf. §13.2.1).

For ¢ from above and accuracies from 1073 to 10710, the evaluation of the tensor
representation turns out to be faster than quadrature by a factor 630 to 2800 (cf.
Ballani [5, Tab. 2]).

In the previous example the parameters are connected with the integration
domain. They may also appear in the integrand:

@(p1,...pa) == ///F(X,plw--]?d)dxa

whose numerical evaluation may be rather involved.

15.1.2 Multiparametric Boundary Value Problems and PDE with
Stochastic Coefficients

15.1.2.1 Formulation of the Problem

The multivariate function may be the solution of a boundary value problem:
L(z,p,u)u = f(z,p) inD, B(z,p)u = g(z,p) ondD, (15.3)
where z € D, p = (p1,...p4), j € P;.

Here, D C R™ may be an arbitrary domain. D may even depend on the parameters
p. L is a second order elliptic differential operator, which may depend on u, so that
the problem is nonlinear. B is a boundary operator, for instance the restriction to the
boundary. Assuming solvability of the boundary value problem for all p € P :=
X?Zle, we obtain solutions u = w(z, p) = u(x,p1,...pq). Formally, v depends
on d + 1 variables (x,p1,...pq) € D x P.

After the discretisation, D is to be replaced by a set D;, of nodal points. The
discrete solution is denoted by u;, = wup(x,p) for (x,p) € Dj x P. Now, the
evaluation of uy at a certain (grid) point in D;, x P requires the solution of the
discrete boundary value problem for fixed parameters p € P.

Next, we consider the boundary value problem

div a(z,w) gradu = f(z)in D, u = 0 on 042,

where the coefficients (‘random field’) a are defined on D x 2, and w € (2 is a
stochastic variable (even f and D may be stochastic). {2 is a probability space with
a probability measure P. To ensure ellipticity, one has to assume the inequalities
0<a- <a(r,w) <aq < oo for (almost all) (z,w) € D x £2.

# In particular, in connection with Monte-Carlo methods, evaluations are also called "samples’.
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The Monte-Carlo method solves many (discretised) boundary value problems
with different realisations of w. Another approach is based on the Karhunen-Loeve
expansion. As shown next, this brings us back to the situation of a multiparametric
problem (15.3).

15.1.2.2 Karhunen-Loéve Expansion

Itis convenient to split a(z, w) into ag (z)+r(z, w), where ag(z) = [, a( dP(w)
is the mean value, while r(z,w) is called fluctuation. Under minimal condltlons,
r € L?(D x £2) holds. This implies that the operator @ : L?(£2) — L*(D) de-
fined by the kernel r is compact. By Theorem 4.114 and Corollary 4.115, an infinite
singular value decomposition

a(z,w) = ap(x Z 00 (2)X;(w) (15.4)

holds with orthonormal systems {¢,} and {X,}. Since the mean value of X is
zero, X; are uncorrelated random variables. By historical reasons, (15.4) is called
Karhunen-Loé¢ve expansion (cf. Karhunen [109], Loeve [141, §37.5B]). Setting
o0 = 1, ¢o := ag, and X1 = P, we may write a(z,w) = 372, 0,0, () X;(w).
We recall that ¢; (j € N) are the eigenfunctions of C := ¢@*, whose kernel is the
two-point correlation

Cr(z,2') = /Qr(x,w) r(z',w)dP(w).

The critical question is how fast the singular values o in (15.4) are decaying.
Under suitable conditions, Todor-Schwab [171, 182] prove exponential decay.
This allows us to truncate (15.4) and to replace a(z,w) by

an (2, w) = ao(z +ZUJ¢J (w).

Assuming || X;[|_ < oo, the sets P; := range(X;) C R are bounded. We can
substitute w by p € P := X?il P; and X(w) by p; € P;. The multiparametric
boundary value problem

divay (x,p)gradupy = f(z) in D forallp € P, ups = 0 on 042,

with ap (2, p) = ap(z +ZUJ¢J x)pj,

has a solution ups(x, p) for all p € P. The solution u s (x,w) (‘random field”) can
be obtained by the back-substitution p,; — X;(w) (cf. [182, Prop. 3.4]).
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Tensor-based solutions of elliptic problems with multiparametric or stochastic
coefficients can be found in Khoromskij-Schwab [124], Khoromskij-Oseledets
[122], and Espig et al. [55]; in particular, we recommend the recent description
Schwab-Gittelson [170].

15.1.3 Function of a Tensor

Let f : K — K be any function.’ Given a tensor v € V = ®‘;:1Vj with V; =K,
the application of f to v is explained by ‘

fv)eV and f(v)[i1,..., 4] := f(V[i1,...,14])- (15.5a)

Even if v is an elementary tensor, there is no easy description of f(v). On the
other hand, if v is given in one of the formats, the evaluation of v[iy, ..., 44| is
well-defined and therefore also the determination of f(v[iy,...,i4]). Hence, f(v)
is given in a full functional representation. Again, the goal is to determine an
approximation w € V with w ~ f(v).

In (15.5a), an explicit function f is given. The tensor may also be determined
implicitly:

givenv € V find x € V such that g(x[i1,...,4]) = V[i1,...,44].  (15.5b)

Here, for instance, a Newton iteration can be applied to solve for x[i1, . . ., i4).

15.2 Notations

As usual, we write I = I1 x ... x [z and Ij; = X it I;.. The terms ‘fibre’ and
‘cross’ will become important. Fibres are a generalisation of rows and columns of
matrices.

Definition 15.2 (fibre). For 1 <j <d and i;; = (i1,...,%j-1,%541,,...,%a) € I
the j-th fibre of v € V at position if;) is the vector

F(v; 4, i[j]) =v(ig,... ii—1,9, 0441, --,0q) € V. (15.6a)

The simpler notation F(v; j,1) for i € I means F(v; j,if;}), where if; is obtained
from i by dropping the j-th tuple element. The involved indices form the (index)
fibre

Fiyiy) = F(G,i) = {k e T: kg =i¢forall £ € {1,...,d}\{j}}. (15.6b)

The first fibre F(M;1,j) of a matrix M € KI*!2 g the j-th column
MTe, j] € K11, while F(M;2,1) is the i-th row M|[i, o] € K2.

5 f : D — K may be restricted to a subset D C K, if all entries v][i1, ..., 44] belong to D.
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Remark 15.3. The vector F(v;j,if;) is the if;-th column of the matricisation
M;(v)eKlixTu,

Definition 15.4 (cross). The following d-tuple from V; x ... x Vy is called the cross
ofveVatiel:

C(v;i) == (F(vi1,i), F(v;2,i),..., F(v;d,i)). (15.7a)
The involved indices form the (index) cross
d
) = [J Fi.h). (15.7b)
j=1
Note that all vectors {F(v;j,i):1<j <d} Mis
of a cross have the entry v[i] in common. In the Mo
following example, the matrix cross C(v;i) at  [N7o Moy Mas May|Mas | Mag
(3,5) contains the fifth column and third row, Mas
while C(i) contains the indicated indices. Mss

Lemma 15.5. Let v € V = K! and i € 1 satisfy v[i] # 0. The elementary tensor

d
E(vii) = (v[i)' T Q) F(vsj.i) € Ry (15.8a)
j=1
coincides with v on the cross C(1), i.e.,

E(v;i)k] =v[k]  forallk € C(i). (15.8b)

Proof. k = (k1,142,...,1q) belongs to C(i) for all k; € I;. Note that v[k] =
F(v;1,i)[k1] and
1 1 d
E(vii)k] = WH}—(V;J} i)[k;] = W}—(V; Li)[k1]) H]:(V;ja i)[is]
j=1 v j=2
=v[k]
because of k; = i; for j > 2. Since F(v;7,1)[i;] = v[i] for j > 2, the identity
E(v;i)k] = v[k] follows. O

Property (15.8b) describes the interpolation on the cross C(i). The tensor £(v; i)
can be used for approximation.

Corollary 15.6. Let v € R, with s > r. An approximation u € R, can be obtained
by the following procedure:

u:=0; d:=v; forp:=1tordo (15.9)
begin choose i € I with d[i] # 0; u:=u+ &(d;i);d :=d — £(d;i) end;

Since ||v — £(v;1i)|| > ||v|| may hold, the optimal scaling would help (cf. [54,
Lemma 6.7]), but it requires a scalar product.
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Remark 15.7. Let v € V = Kl and i € I with v[i] # 0. Set \ := w Then
AE(v; 1) is an approximation satisfying ’

o (2
v, i) P

v = Ae(viD)|” = |IvI|* ~ ;
IE(v; 1))

15.3 Properties in the Matrix Case

Cross approximation originates from the matrix case. The fibres are rows and
columns. £(v; i) corresponds to the rank-1 matrix E(M, i, j) € K/*/ with entries
E,, = M, M, ;/M,;; associated to the cross C(i) centred at i = (,j) € I x J.
Using the row M i, ] and the column M [e, j|, we may write

E(M,i,j) = g Mli, o|M]e, j].

Algorithm (15.9) from Corollary 15.6 can be rewritten for matrices:

M € K™%/ input matrix; My := M; Ry := 0;

for ¢ :=1tor do

begin choose (i, jo) € I x J with M[ig, js| # O; (15.10)
Ry:=Ry_1 + E(Mg_l,i,j); My :=My_1 — E(Mg_l,i,j)

end;

Lemma 15.8. (a) If r = rank(M), algorithm (15.10) is well-defined and results in
R, = M and M, = 0.

(b) If the loop in (15.10) terminates at step { because of My[i, j] = 0 for all entries,
¢ =rank(M) and Ry = M hold.

Proof. Prove that rank(M,) = rank(M,_1) — 1. This leads to statement (a), while
(b) is equivalent to (a). O

Property (b) in Lemma 15.8 is called rank revealing.
Denote the cross centres (also called ‘pivots’) in (15.10) by (i, j¢), 1 < € <.
It turns out that the result is independent of the order in which these centres are
chosen. Set
T:={i1,...,i,} CI, o:={j1,...,4r} CJ.

Then
Ry = M|1xo (M|rxo)” " Mlrxs (15.11)

holds (cf. [86, §9.4], for the notation see §1.7).

A direct interpretation of the sets 7, o with #7 = #0 = r := rank(M) follows
from Remark 2.1f: M possesses at least one regular rxr submatrix. The correspond-
ing row and column indices form a possible choice of the index subsets 7, 0.

Another question is the approximation of M € K!*7 by matrices R, € R, .
Assume that M = M, + S, where M, € R, is the desired rank-r matrix, while
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S is a small perturbation. According to (15.10), we have to avoid pivots (i, j) with
M..[i,j] = 0. Such indices yield M[i, j| = SJi, j], which by assumption is small.
Hence, the criterion M; ; # 0 in (15.10) has to be replaced by ‘M, ; as large as
possible’.® Alternatively, one may ask for subsets 7 C I, o C J in (15.11) with
#7 = #o0 =1 such that |[det(M|;x )| is maximal. In fact, Goreinov-Tyrtyshnikov
[70] prove that this choice is close to the optimal one (see also [71]). However,
for large matrices it is infeasible to check all M; ; or even all block determinants
det(M | xo)-

Because of the later application to tensors, we prefer the representation (15.11)
and add a remark concerning the cheap recursive computation of (M|, x,)~

Remark 15.9. Set S, , := M|, x, and Tr», := S, .} . For #7 = #0 = 1, the
computation of T, is trivial. Otherwise, let 7 = 7/ U {p} and ¢ = ¢’ U {¢} and

ST’XU’ a

. . a
assume that Ty, is known. S,y is of the form’ { BT c} , where L} =

M{e, gl and [b" ¢] = M|[p, e]. Then

L [Trisor (dI — ab™Trr i or) —TT/XU/(L:| with d :=

Trvo ==
e Cc — bTTT/Xg/ a

y bTT . ~(15.120)

The evaluation of M — R, = M — M| «, (M|TXU)71 M|;xjat[i,j] withi & 7
and j ¢ o requires only the computation of M| ;3 x, and M|, ¢j3:

(M = Ry) i, ) = M[i,j] = > > M[i,j') Trxols',#') M[#', j].  (15.12b)

ieETjET

The adaptive cross approximation (ACA) tries to choose a new pivot 7, j such
that |(M — Re—1) [4, ]| is maximal. The search for 4, j is, however, restricted to
few crosses. We start with some (ig, j¢) such that (M — Ry_1) [i¢, je] # 0 and try
to improve the choice by iterating (ig, j¢) := ImprovedPivot(M—Ry_1, (i¢, j¢)):

function ImprovedPivot(X, (i, ji));

begin j, := argmax; | X[iy, j]| ; i¢ := argmax; | X[i, je|| ;
ImprovedPivot := (ig, ji)

end;

(15.13a)

The second line requires the evaluation of M e, j,| and M iy, e].
The adaptive cross approximation may be performed as follows:

1 |Ry:=0;7 := 0 := ()

2 |for £ :=1tor do

3 |begin choose any (¢, j¢) such that (M — Ry—1)[ie, je] # 0;

4 iterate: (i¢, j¢) := ImprovedPivot(M — Ry_1, (i¢,j¢)); (15.13b)
5 Ry = Rgfl-‘rE(M—Rg,l,ig,jg);

6 7:=71U{is}; 0 := 0o U{js}; determine T, from (15.12a)

7 lend;

6 This choice is also be recommended in the case of rank(M) = r because of numerical stability.
7 The ordering of the indices in 7 and o is irrelevant.
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The choice in line 3 can be made by random. Note that for £ > 1 it is impossi-
ble to choose (i¢, j¢) := (i¢—1,je—1) , since this index belongs to the cross, where
M —Ry_ is vanishing. More generally, i, ¢ {i1,...,ip—1}andjo & {j1,...,Je-1}
is required. The second last value (i¢—1, jo—1) from the loop 4 in the previous step
¢ — 1 may satisfy this requirement.

The loop in line 4 may be repeated, e.g., three times.

Line 5 contains the explicit definition of R,. Implicitly, M — R,. is determined
by (15.12b) from T’ », defined in line 6.

In the case of approximation, algorithm (15.10) is either performed with fixed r,
or the termination depends on a suitable stopping criterion.

Remark 15.10. In (15.10) the number of evaluated matrix entries is bounded by
O(r(#I + #J)). Also for large-scale matrices one assumes that computations and
storage of size O(#1 +#.J) are acceptable, while O(#I#.J) is too large. However,
this statement holds for a successful application only.

There are cases where this heuristic approach fails. If a small low-rank matrix
is embedded into a large zero matrix, O(min(#1, #.J)) crosses have to be tested
before (M — Ry_1) [i¢, je] # 0 occurs. A second difficulty arises for a block matrix

8 8} , where the stars indicate nonzero blocks. If (iy, j;) is chosen from the first
block, all later iterates determined by (15.13a) stay in this block. Only a random
choice has a chance to enter the second diagonal block.

Descriptions of the adaptive cross approximation and variations can be found in
Bebendorf [8, 9] and Borm-Grasedyck [22].

Finally, we remark that the same approach can be used for multivariate func-
tions. In the case of a function @ in two variables the analogue of the rank-1 matrix
E(M,i,7) is the rank-1 function E(®, &, n)(x,y) = P&, y)P(x,n)/P(£,n), which
interpolates @(+, -) in the lines z = { and y = 0, i.e., (&, y) = E(D, &, 1) (&, y) and
P(x,n) = E(P,&,n)(x,n).

154 Cased > 3

As stated in Lemma 15.5, the rank-1 tensor £(v; i) interpolates v at the cross C(i),
ie., v/ := v — &(v;i) vanishes on C(i). However, when we choose another cross
C(1), the next tensor £(v’;1")—differently from the matrix case d = 2—need not
vanish on C(i) so that the next iterate v/ — £(v’;1’) loses the interpolation property
on C(i). As a consequence, the iteration (15.9) yields tensors of rank r, which do
not satisfy the statement of Lemma 15.8. In the case of locally best rank-1 approxi-
mations, we have seen this phenomenon already in Remark 9.18b.

The properties observed above make it impossible to generalise the cross
approximation to higher dimension. Another reason why Lemma 15.8 cannot hold
for d > 3, is Proposition 3.34: tensor rank revealing algorithms must be NP hard.
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15.4.1 Matricisation

There are several approaches to get tensor versions of the cross approximation (cf.
Espig-Grasedyck-Hackbusch [53], Oseledets-Tyrtyshnikov [159], Bebendorf [10]).
Here, we follow the algorithm of Ballani-Grasedyck-Kluge [7].

First, we are looking for the exact representation of v in the hierarchical format
H.. We recall that the optimal ranks are r, = dim(U2(v)), where UM (v) =
range(M,, (v)) involves the matricisation of v (cf. (6.15)). M, (v) is a matrix from
KlexIac with the index sets I, := Xjea lj and Lne 1= X cqe I (@ = D\a).
Theoretically, we may apply the methods of §15.3. Choose pivot subsets

Po={p{"”,. . P} C Loy Pae={p{"’,....pl)} CLe  (15.140)
containing r,, indices such that M, (v)|p, xp. . is regular. Then M, (v) is equal to

MoV 1 xpoe - (Ma(¥)|puxpec) - Ma(¥)|p x1 , € KloXIae (15.14b)

af

(cf. (15.11) and Lemma 15.8). The columns
b 1= Ma(V)[e,p\*],  1<i<ra,

form a basis of U™ (v) (cf. (11.20b)). Similarly, b{* " := Mo (v)[p'™, o] yields
a basis of U™ (v). '

In general, I, and I, are huge sets, so that neither the matrix M, (v)|1, x P, .
nor Mq(v)|p, x1_. aIe practically available. This corresponds to the fact that the
bases {b(a } and {b } need never be computed. The only practically computable
quantity is the 7o X 7o matrix S, = My(V)|p, xp,. (We use S, shortly for
Sp, xp,.,» which is introduced in Remark 15.9).

(@)

Evaluations at p;

, € P, are particular functionals:

0\ eV with o\ (va) = va[p'™] forvgy € Va.
As explained in Notation 3.50b, we identify go(a) €V! and gol(-a) €L(V,Ve):
Ea)(v) = v[pz(-a), o]cV,. forveV.

Similarly, evaluations at pg R P,. are particular functionals ¢ () E Vi.
defined by goz(-a )(Vac) = Ve [pg )] for voe € Ve Identification of cpg €EVi,.
and p\* € L(V,V,) yields

3

gol(-ac)(v) v[e ,p Nev, forveV.

The bases {b{*’} and {b""’} defined above, spanning U™ (v) and U™ (v), take
now the form
b{*

= ") (v), b§-ac) = <p§-°‘)(V) (1<i<r,). (15.15)
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Since v € UMM (v) ® Ui (v), there are coefficients ¢;; with
_\ e RN () (@)
v = Zmzl ciy by @by, (15.16)

Application of ¢ yields b\ = o) (v) = >t Cij b(a)cpf,ac)(bg-ac)).

Since b§a6) = cpl(/a )( ), the identity go(o‘ )(b§ac)) (#; ) ,(jac))(v) holds.
Hence, the matrix C'=(c¢;;) € K" *"= is the inverse T, := Sa

T

Sa = ("2 1))

Equation (15.16) with C' = T, is the interpretation of (15.14b) in V.

= (Ma o, pl" C)])Tc;_l. (15.17)

4,J=1 4,j=

15.4.2 Nestedness

Let @ € Tp with sons o and ay. While the index sets P,, P,c from (15.14a) are
associated to «, there are some other index sets P, , Pos and P,,, Py related to
«1 and ao. Their cardinalities are

#Po, = #Ppe =14, = dim(UL™(v))  (t=1,2).
The bases of UL (v) and UL (v) are given by

b = @l (v) = vlo,p(™], B = (v) = Ve p)]

3

Since UZ"(v) C UL (v) @ U (v) (cf. (11.16¢)), there are coefficient matrices
Clt) = (cgj"‘”) such that

’I"al Taz

b =33 bl g pl) (15.18)
=1 j=1

(cf. (11.24)). For the determination of cgj"“ we make the ansatz

“’*Z Z ) (el o) @ o) v) b @bl (15.19)

1,v=17j,p=1

Since the 7, 74, functionals cpf,o”) ® goft(“) are linearly independent on the space

Umi“( )® Umin( ) of dimension 7, 7', , equation (15.19) holds if and only if all
(/ ar) ® 80( az)
(o) (57 5 (657 07) (o700 50

e,

images under ¢, are equal. The left-hand side yields
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while the right-hand side equals

’I"al

Z Z cal) 042)( (a1)®(pL 2)®¢( ))(V) (a1)(b(a1)) L§2)(b§a2))'

i,v=1j,u=1

(15.20b)
Asin (15.17), we have

Sen = (sol(jm)@ <p§°‘§))(V) = (so,ﬁal)(bz(“l)))”’il San=(¢p (az)(b(a2) )7

v,i=1" p,j=1

and Ty, = Sy}, Ta, o= S} Set Co, = (cig)i5L, and Co, = (c§32)]2

ay w i,V ju Jg,pu=1*
Then, (15.20b) becomes

To‘l T()cz

Z Z (Soacoq)u’,u (Sazcaz)u’,u ( (al) ® QOL @2) & Qo(a )) (V) (15200)

v=1p=1

Comparison of (15.20a) and (15.20c) shows that C, =T, and Cy, =Ty, yield
the desired identity. Hence, the coefficients cgj"“ in (15.18) satisfy

’I"al T’Q2

(al ZZTO‘I i) Ty [, 1] (‘Pl(/ )®90(a2)®<p§°‘6))(")
v=1p=1
Tay Tog .
- ZZTM i, V T, ] :LL] [p(al) p(a2)7p§°‘ )]'
v=1 p=1
For a matrix notation set w(a) = (V[pl(/al)ap,&az)5 gac)]) and

V=1, Taqs p=1,0Tay
@) =1, v 1T, (15.20d)

‘We summarise the results.

Proposition 15.11. Assume that v € H. holds exactly. Then the parameters C(*%),
cP) | and Bj of the hierarchical representation can be determined as follows.

(a) For o= D with sons oy and o, v = bgD) = Z:?l 1 EJD 1)b(m) ® b§a2) holds
with CP:Y) = T Furthermore, ¢(P) =1 € K.

(b) Let o € Tp\(D U L(Tp)) with sons aq and as. For B € {a,01, a2} and
rg := rankg(v), there are row and column index sets Pz, Pge of My (V) such
that the rg X rg matrix Mg(V)|p,x p,. is regular. For any such index sets, bases
{b(’B) 1 < <rg} are defined by vle, p( )] The coefficient matrix C*%) for the
characteristic relation (15.18) is given by (15.20d).

(c) If in the cases (a,b) a son «, belongs to L(Tp), o, = {j} holds for some j € D,
and Bj = [bga[') bé‘lz,) .. b&?“)] is used as basis of U™ (v) C V.

(d) The inverses T, are computed via the recursion (15.12a).

Proof. Part (a) follows from (15.16). Part (b) is explained in §15.4.2. O
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15.4.3 Algorithm

15.4.3.1 Provisional Form

Let a tensor v be given. We want to represent v (exactly) in the hierarchical format
‘H. with tree Tp and rank vector t = (74 )aeTy» "o = rank, (v). The first step can
be performed independently for all a:

Step1 forall o € Tp determine index subsets P, C I, Pye C I, with #P, =
#Pye = 1 (cf. (15.14a)) such that S, from (15.17) is regular. T, is computed
via (15.12a).

Note that the subsets P,, P, are in general not unique. The bases of U ;“i“(v) are
determined in the second step:

Step2 forall 1 < j < d set
b = o v) = vlep] 1 <i<ny).

The bases {bga) : 1 <i <1y} of UM(v) for non-leaf vertices o € Tp\L(Tp)
do not enter the algorithm. Instead, the coefficient matrices C (@6) are determined:

Step3a forall o € Tp determine S,, from (15.17) and T, from (15.12a),

Step3b forall a € Tp\(DUL(Tp)) determine V,* := (v[p:™"), p{*, p'* ),
(a1 and a9 sons of o)) and compute C(@) from (15.20d).

The representation of v follows from (15.16) with o and a¢ being sons of D € Tp:

Step4 for o = D, the matrix CP:1) is the inverse of Sp. Set () := 1.

Remark 15.12. (a) For Step 1, one may in principle apply the algorithm from
(15.10) until M, = 0 (cf. Lemma 15.8b). For theoretical considerations, regularity
of S, is sufficient. Practically, the determinant |det (S, )| should not be too large.

Therefore, strategies for suitable subsets P,,, P,- will be discussed later.
(b) bl(-j) = Ve, pg{j}c)] is the fibre F(v; 7, pl(-{j}c)) in direction j. Its computation
requires dim(V;) evaluations of v.

¢) Matrix S,, requires r2 evaluations of v. The matrices V(a) 1 </ <r,) need
q « 14
TaTasTay €valuations. Altogether,

d
Y ralaifay+ Y ra+ Y ridim(V))
ae€Tp\L(Tp) a€Tp j=1

evaluations of v are required.

In the case of tensorisation with dim(V;) = 2, the leading term of evaluations
is dr? (r := max, r,), which is surprisingly small compared with the huge total
number of tensor entries.
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15.4.3.2 Choice of Index Sets

In (15.13a) we have described how to improve the choice of the two-dimensional
pivot (i, 7). Now we generalise this approach to general order d > 2. Consider a
vertex « € Tp/L(Tp) with sons vy and ae. We want to find the pivots for M, (v),
whose rows and columns belong to I, and I¢ = I, U I,.. From the previous
computation at o we have already a pivot index set P,c = {pgac), ceey p%c)} Cl,e
(cf. (15.14a)). To reduce the search steps, possible pivots i = (i1,...,iq) € I are
restricted to those with the property (z'j)j cac € Pae (note that there are only 74
tuples in P,.). The remaining componeﬁts (z'j)j co are obtained by maximisation
along one fibre. Again, the starting index i must be such that x[i] # 0 for the tensor
X = v — vy_1 (ve_1: actual approximation). The sentence following (15.13b) is
again valid.

The index tuple i € I is input and return value of the following function. We
split i = (i1,...,%q) into iy := (i) jea € Lo and ige := (i;)jeqec € Loe. We write
i(in,inc) €1 for the tuple i constructed from both i, and i,c (note that the indices
in a, o need not be numbered consecutively; e.g., a = {1,4}, a® = {2, 3}).

1 |function Improved Pivot(a, x,1); (15.21)
2 [{input: « € Tp, x € V, i € Isatisfying inc € Pye C Lye}
3 |begin for all j € ado ij 1= argmax;c; [x[i1, ..., ij-1,%, 4541, .44 ;
4 iqe = argmax; . cp . [X[i(ia,iac)]];
5 ImprovedPivot := i(iq, ige)
6 lend;
A single step in line 3 maximises |x[i1, . . ., i4]| on the fibre F(j, 1). This requires

the evaluation of the tensor along this fibre. Since j is restricted to «, line 3 defines
the part i,, € I,,. Having fixed i,,, we need only r,, evaluations for the maximisation
over P,c in line 4. The parts iy, i,c define the return value in line 5. In total, one
call of the function requires

ro + »_ dim(V))
JjEa
evaluation of x.
The obtained index i € I will be split into in, := (ij)jea, € Lo, and iy for a
son o of ov. Note that iag is formed by i,, (with entries optimised in line 3) and
inc from line 4.

According to Steps 1 and 3a from §15.4.3.1, the matrices S, and its inverse T},
for the sons a; of a € Tp are to be determined. In fact, 77, is determined explicitly,
while S,, follows implicitly. The following procedure ImprovedS performs one
iteration step Ty, € K("=UX("=1) T, € K"*" together with the determination of
the index sets P, , Pag. These data determine the approximation v, € V satisfying
rank(M, (v)) = r. The evaluation of x := v — v, in ImprovedPivot needs
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a comment, since v,_; is not given directly.® The inverse matrix T}, = S;ll €
K(=1x(r=1) is performed via (15.12b) and yields the representation

r—1
Vrfl[ioqaiawiac] = Z [laupg o2) lac] Trxa[Pgm)a pg‘al)] [ ( v lazalac]
ij=1
(15.22)
(cf. (15.12b)), where the summation involves pgal) €P,, and p(o‘ 2 ¢ p,,.

Changing i, we have to update v|i,,, p§°‘2), ine] and vip; () g, lac]-

procedure ImproveS(a, a1, v, 7, Ta,, Pay s Pag, Pac);
{input parameters: a; sonof & € Tp, v € V| Pye C I,e;
in- and output: r € No; T, € K™*", P, C I, Pae CIac}
begin choose start indices i, € I, and ipe € Pye;i:= i(in, iac);
for x := 1 t0 Xmax do i := ImprovedPivot(cay,v — vy_1,1);
Py, := Py, Ulay; Pas = Pae Ulge;
r =1+ 1; compute T,, € K"*" from (15.12a);

® O o Oa & » o —

end;

Index i obtained in line 5 yields the largest value |(v — vy_1)[i]| among the fibres
checked in ImprovedPivot. A typical value of Ymax is 3. In line 6, the parts i, :=
(ij)jcar € Lo, and ige become new pivots in P, and Py (in (15.17) the entries
are denoted by p( ) and p )) The update of T}, in line 7 is the inverse of S, .

The final algorlthm for determmmg Sa, (T, ) depends on the stopping criterion.
If 7, is prescribed, the criterion is r = 74, . If o, should be determined adaptively,
an error estimation can be applied.

procedure DetS(c, a1, V, 7, Ta,, Pay, Pag, Pac);
{input parameters: cy son of « € Tp, v € V, Pye C Ic;
output: 7 € No; Ty, € K™, Py, C Loy; Pae CIae}
begin 7 := 0; Ty, := 0; Py, := Pae 1= 0;
repeat ImproveS(a, a1, Vv, 7, To,, Pa,, Pas, Pac)
until criterion satisfied
end;

The call
Hie’l’App’l”(TD, D, v, (CQ)QETD\L(TD) s C(D)v (Bj)jGDa (PQ)OLGTD)

of the next procedure determines the parameters C,, = (C (‘M))K £<ros D) ¢ K,
and (Bj)jep € (V)" of the hierarchical approximation v = pgrgr(...) = v from
(11.28). Note that v is the given tensor in full functional representation (cf. (7.6)),
while v is the approximation due to the chosen criterion. We recall that v = v holds
if the criterion prescribes the ranks r, = dim(M, (v)).

1 procedure HierAppr(Ip, @, v, (Ca)acrp\c(rp)s 7). (Bj)jep, (Pa)acts )i
2> {input: Tp, o € Tp\L(Tp),v € V; output: C,, cP) B;, P,}

3 if o = D then

8 Note the difference to the matrix case. In (15.12b) the rows M|e, j’] and columns M|[i’, e] are
already evaluated.
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begin D) = 1; determine sons o, g of D; 1) .= o1}

DetS(c, al,v,ral,Tal,Pal,Paz,@),
HierAppr(Tp, a1,v, Caq, cP), B, P,);
HierAppr(Tp, as, v, Cq, P, Bj,P,)
endelse if « ¢ L(Tp) then
begin determine sons ay, oo of
10 DetS(o,1,V,7a;, Tay, Pay, Pag, Pac);
11 DetS(a, a9, V, Ty, Tay, Pays Pagy Pac);
12 forl:=1ton, do C*H:=T,V, a)T(;'; ;(Vé(a) [v, p]:= v[p,(jal), p,(fQ), pgac)])
13 ifa ¢ E(TD) then Hier Appr(Tp, a1, v, Cy, cP) ,Bj, Py)
14 else B; := b\ - - 7)] with oy = {5}, b := v]e, pgac 1, pgai) € Pac;
15 ifas ¢ E(TD) then HzerAppr(TD,ag,v Ca,c( ), B, P,)
15 else B; := b} - 7)] with ap = {5}, b := v[e ,p( 2 p ( 2 ¢ Py
17 end;

Lines 3-7 correspond to Proposition 15.11a. Lines 9-15 describe the case of
Proposition 15.11b. For leaves a; or ap case (c) of Proposition 15.11 applies.

15.4.3.3 Cost

We have to distinguish the number N, of arithmetical operations and the number
N, of evaluations of tensor entries. The value

N, = O(dr* + N.) withr := maxaer, 7o

is of minor interest (cf. [7]). More important is N, because evaluations may be
rather costly. Following Remark 15.12c, for fixed pivots we need (d —1)r3 +
(2d — 1) r? + drn evaluations, where r := max,er, 7o and n = max;n;.
Another source of evaluations is the pivot search by ImprovedPivot(a,x,1) in
(15.21), where #« fibres and further #P,.c indices i = i(iq, i,c) are tested with
respect to the size of |x[i]|. Since x = v — v,_1, one has to evaluate v[i] as well as
v¢—1[i]. The latter expression is defined in (15.22). If a new index i; € I, belongs
to direction j € «v, the sum in (15.22) involves r — 1 new values v[i,, , pgo‘2), ige].
Similarly for j € . This leads to 2(r — 1) 3, , n; evaluations. Variation of
ine € Pye causes only 2(r — 1)# P, evaluations. The procedure ImprovesS is
called for 1 < r < r,,, the total number of evaluations due to the pivot choice is
bounded by

2 < 2 .
Zo¢€TD\£(TD)ro‘l#‘éo‘zje d: depth TD Z] 1 X

where r := max,er, 7. We recall that for a balanced tree T'p the depth of Tp
equals [log, d|, whereas depth(Tp) = d — 1 holds for the TT format (cf. Remark
11.5). In the first case, the total number of evaluations is

Ne =0 ((d—1)r® + dlog(d)r*n) .



Chapter 16

Applications to Elliptic Partial Differential
Equations

Abstract We consider elliptic partial differential equations in d variables and their
discretisation in a product grid I = X;_; I;. The solution of the discrete system is a
grid function, which can directly be viewed as a tensor in V = ®?:1 K% In Sect.
16.1 we compare the standard strategy of local refinement with the tensor approach
involving regular grids. It turns out that the tensor approach can be more efficient. In
Sect. 16.2 the solution of boundary value problems is discussed. A related problem
is the eigenvalue problem discussed in Sect. 16.3.

We concentrate ourselves to elliptic boundary value problems of second order.
However, elliptic boundary value problems of higher order or parabolic problems
lead to similar results.

16.1 General Discretisation Strategy

The discretisation of partial differential equations leads to matrices whose size
grows with increasing accuracy requirement. In general, simple discretisation tech-
niques (Galerkin method or finite difference methods) using uniform grids yield too
large matrices. Instead, adaptive discretisation techniques are used. Their aim is to
use as few unknowns as possible in order to ensure a certain accuracy.

The first type of methods is characterised by the relation € = O(n"‘/ ), where ¢ is
the accuracy of the approximation (in some norm), n number of degrees of freedom,
k the consistency order, and d the spatial dimension. The corresponding methods
are Galerkin discretisations with polynomial ansatz functions of fixed degree. The
relation e = O(n"/?) is not always reached.' Only if the solution behaves uniformly
regular in its domain of definition, also the uniform grid yields

e =0(n"%). (16.1)

! For three-dimensional problems, edge singularities require stretched tetraeders. However, usual
adaptive refinement strategies try to ensure form regularity (cf. [82]).

W. Hackbusch, Tensor Spaces and Numerical Tensor Calculus, Springer Series 463
in Computational Mathematics 42, DOI 10.1007/978-3-642-28027-6_16,
© Springer-Verlag Berlin Heidelberg 2012
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In the standard case, however, the solution of partial differential equations has point
singularities and—for 3D problems—edge singularities. This requires a concentra-
tion of grid points towards corners or edges.

A more efficient method is the hAp finite element method in the case of piecewise
analytic solutions. Here, the ideal relation between the error € and the number n of
unknowns is € = O(exp(—pn®)) for suitable «, 5 > 0.

So far, for fixed ¢, the strategy is to minimise the problem size n. In principle, this
requires that also the generation of the system matrix and its solution is O(n). This
requirement can be relaxed for the hp finite element method. If n = O(logl/ * %),
even Gauss elimination with cost O(logg/ * %) is only a redefinition of « by /3.

Tensor applications require a Cartesian grid I := I; x ... x I; of unknowns. This
does not mean that the underlying domain 2 C R must be of product form. It is
sufficient that (2 is the image of a domain (2 x ... x {24. For instance, {2 may be a
circle, which is the image of the polar coordinates varying in {27 X (25.

The use of a (uniform?) grid I = I; x ... x I; seems to contradict the strate-
gies from above. However, again the leading concept is: best accuracy for mini-
mal cost, where the accuracy’ is fixed by the grid I. For simplicity, we assume
n; = #I; = n = O(¢~"). The storage cost of the tensor formats is O(r*nd),
where 7* indicates possible powers of some rank parameters. The approximation of
the inverse by the technique from §9.7.2.6 costs O(logz(%) - r*nd). Comparing the
storage and arithmetical cost with the accuracy, we see a relation like in (16.1), but
the exponent «/d is replaced by some /3 > 0 independent of d.

A second step is the tensorisation from §14. As described in §14.2.3, the com-
plexity reached by tensorisation corresponds (at least) to the hp finite element
approach. Therefore, in the end, the cost should be not worse than the best hp
method, but independent of d.

16.2 Solution of Elliptic Boundary Value Problems

We consider a linear boundary value problem
Lu=fin2 =0 x...x 24 CR% u="0ondN (16.2)

with a linear differential operator of elliptic type (cf. [82, §5.1.1]). Concerning the
product form see the discussion from above. The homogeneous Dirichlet condition
u = 0 on 02 may be replaced by other conditions like the Neumann condition.

The standard dimension d = 3 is already of interest for tensor methods. The
other extreme are dimensions of the order d = 1000.

2 The grids I, need not be uniform, but for simplicity this is assumed.

3 In the case of a point singularity r® (o« > 0, 7 = ||z — xo]|, xo: corner point), the grid
size h leading to an accuracy € is of the form h = O(e”), 8 > 0. A uniform grid I; needs
n; = O(e~P) grid points.
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16.2.1 Separable Differential Operator

The most convenient form of L is the separable one (cf. (1.10a); Definition 9.36):

L=>L; L, differential operator in z;, (16.3a)
j=1

i.e., L; contains derivatives with respect to z; only and its coefficients depend only
on z; (in particular, L; may have constant coefficients). In this case, we can write
the differential operator as Kronecker product:

d
L=)I®..®ILol®..alI, (16.3b)
j=1

where L; is considered as one-dimensional differential operator acting on a suitable
space V;.

16.2.2 Discretisation

16.2.2.1 Finite Difference Method

Choose a uniform* grid with n; (interior) grid points in direction j. The one-
dimensional differential operator L; from (16.3b) can be approximated by a dif-
ference operator A; (see [82, §4.1] for details). The standard choice of finite differ-
ences leads to tridiagonal matrices /;. Higher-order differences may produce more
off-diagonals. The resulting system matrix of the difference method takes the form

d

A=>YTIo. . 0leolele.. ol (16.4)
Jj=1

provided that (16.3b) holds.

16.2.2.2 Finite Element Method

The variational formulation of (16.2) is given by a

{bilinear ifK:R} form
a(-,-) and the functional f(v) = [, fodz :

sesquilinear if K = C

find u € Hj(£2) such that a(u,v) = f(v) forallv € Hy(2). (16.5)

4 Also non-uniform grids may be used. In this case, the difference formulae are Newton’s first and
second difference quotients (cf. [82, §4.1]).
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According to the splitting (16.3a), the form a(-, -) is a sum of products:

d
=> a;() [T e| (16.6)

J=1 k#3j

where a; : H}(£2;) x H}(£2;) — Kand (-, )y, is the L?(£2;) scalar product.

The (possibly non-uniform) intervals [xf, L) ,o0<v< nj, of the one-

u+1 . X
dimensional grids in dlrectlons 1< j <d form the cuboids 7,, := X _ 2, :cl(f )+1]
for multi-indices v € ><7 A0, n;} Let b € HL(£2;) for 1 < v < mn,;be
the standard, one-dimensional, p1ecew1se linear hat function: b(J )( e )) = 51,#

They span the subspace V; C H}(§2;). The final finite elements basis functlons are

d

d
= Qb)) € Hy(2) forvel:= X I, I; :={1,...,n;}.
j=1

Jj=1

Their span is the space V := ®?:1 V; C Hg(£2). The finite element solution
u € V is defined by

a(u,v) = f(v) forallv e V. (16.7)

The solution has a representation u = ) x,b,, where the coefficient vector
X = (x,,) is the solution of the linear system Ax = ¢. Here, the right-hand side ¢
has the entries ¢,, = f(b, ). The finite element system matrix A is defined by

Ay, =a(b,,by).

From (16.6) one derives that

d Jj—1 d
A=) < Mk> DA | Q) M|, where (16.8)

k=j+1
Ajlv, p) = a; (b7, 69)) and M;lv, p) == (b9, 09));.
Note that the mass matrix M}, replaces the identity matrix in (16.4).

Remark 16.1. Let M := ®;l:1 M;, and define A := M~'A. Then A takes the
form (16.4) with A; := M; ' A;.

16.2.2.3 Treatment of Non-separable Differential Operators

. . . . 2
The assumption of a separable L excludes not only mixed derivatives ﬁ, but
10T j
also coefficients depending on other z-components than x;. As an example, we
. L o d o . . .
consider the first order term Lyt = ¢V = 35, cj(a:)%j appearing in L with



16.2 Solution of Elliptic Boundary Value Problems 467

coefficients ¢;(x1,...,24) and discuss the definition of a tensor-based finite
difference scheme.

The forward difference 0" (defined by (07 ¢)(&) = [p(€ + h) — ©(£)]/h) or
the backward difference 0~ can be represented exactly in the format ’H,:,C“S with
ranks pi = 2 (cf. §14.1.6). The central difference requires p, = 3. Next, we apply
the technique of §15.4 to construct a tensor ¢; € V approximating the d-variate
function ¢;. According to Remark 13.10, we may define the multiplication operator
C; € L(V, V). Hence, the discretisation of Lg,s, = ¢V is given by

d
At = Y C;0;.
j=1
Usually, it is not necessary to determine the operator Ag,s explicitly, but in principle
this can be done (cf. §13.8). Analogously, other parts of L can be treated.

16.2.3 Solution of the Linear System

In the following, we discuss the use of iterative schemes (details in Hackbusch [81,
§3]). An alternative approach is mentioned in §17.2.1. Let Ax = b be the linear
system with x, b € V. The basic form of a linear iteration is

X+ = x(m) _ @ (Ax<m> . b) (16.9)

with some matrix C and any starting value x(?). Then convergence x(") — x =
A~'b holds if and only if the spectral radius (4.76) of CA satisfies p(CA) < 1.
For the efficient solution one needs p(CA) < n < 1 with n independent of the grid
size and of possible parameters appearing in the problem.

The (slow) convergence of non-efficient methods is often directly connected
to the condition of the matrix A. Assume for simplicity that A € L(V,V) for
V = ®;l:1 K"7 is of the form (16.4) with positive definite matrices A; possessing
eigenvalues )\gj ) > > )\sfj) > 0. Then the condition of A equals

d d
cond(A) = Z )\gj)/ Z /\%73.
Jj=1 Jj=1

In the simplest case of A1 = Ay = ... = Ay, the eigenvalues /\l(,j) = )\, are
independent and cond(A) = A1/, holds. This together with Exercise 4.57 proves

the next remark.

Remark 16.2. The condition of the matrix A depends on the numbers n; = #1I;,
but not on the dimension d. In particular, the following inequalities hold:

min; cond(4;) < cond(A) < max; cond(4,).



468 16 Applications to Elliptic Partial Differential Equations

If A and C = B! are positive definite, C is a suitable choice® if A and B are
spectrally equivalent, i.e., é (Ax,x) < (Bx,x) < c2(Ax,x) forall x € V
and constants c;,c2 < oo. In the case of (not singularly degenerate) elliptic
boundary value problems, (A-,-) corresponds to the H' norm. As a consequence,
different system matrices A and B corresponding to H' coercive elliptic problems
are spectrally equivalent. In particular, there are elliptic problems with separable B
(e.g., the Laplace equation —Au = f).

Given a positive definite and separable differential operator, its discretisation B
satisfies the conditions of Proposition 9.34 (therein, B is called A, while C =
B~ is called B). The matrices M) in Proposition 9.34 are either the identity
(finite difference case) or the mass matrices (finite element case). As a result, a
very accurate approximation of C = B~ can be represented in the format R,
(transfer into other formats is easy). We remark that the solution requires the matrix
exponentials exp(—aT) or exp(—aM ~1T) (T: n x n triangular matrix). In the case
of exp(—aT), this can be performed exactly by means of a diagonalisation of T
In general, the technique of hierarchical matrices yields exp(—aM ~1T') in almost
linear cost O(n log™ n) (cf. Hackbusch [86, §13.2.2]).

Once, a so-called preconditioner C is found, we have to apply either iteration
(16.9) or an accelerated version using conjugate gradients or GMRES. For simplic-
ity, we assume p(CA) < 7 < 1 and apply (16.9). The representation ranks of x (™)
are increased first by the evaluation of the defect Ax™ — b and second by multi-
plication by C. Therefore, we have to apply the truncated iteration from §13.10:

x(m+) .= {X(m) - C(Ax(m) - b)} o or
x(m+1) . {x(m) _ C(T [Ax(m) — b])} ;

where 7" denotes a suitable truncation. See also Khoromskij [117].

If a very efficient C is required (i.e., 0 < 1 < 1), C must be close to A~1. The
fixed point iterations explained in §13.10 can be used to produce C ~ A~

Another approach is proposed in Ballani-Grasedyck [6], where a projection
method onto a subspace is used, which is created in a Krylov-like manner.

A well-known efficient iterative method is the multi-grid iteration (cf. [83]). For
its implementation one needs a sequence of grids with decreasing grid size, prolon-
gations and restrictions, and a so-called smoother. Since we consider uniform grids,
the construction of a sequence of grids with grid width h, = 27 “hg (¢: level of
the grid) is easy. The prolongations and the restrictions are elementary Kronecker
tensors. For the solution on the coarsest grid (level £ = 0) one of the aforementioned
methods can be applied. As smoothing iteration one may choose the damped
Jacobi iteration. The numerical examples in Ballani-Grasedyck [6] confirm a grid-
independent convergence rate.

An alternative to the iteration (16.9) is the direct minimisation approach from
§17.2.1.

3 To be precise, C must be suitably scaled to obtain p(CA) < n < 1.
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16.3 Solution of Elliptic Eigenvalue Problems

As already stated in the introduction (see page 11), an eigenvalue problem
Lu=Xuin 2 =0 x...x 2y, wu=0o0nadf2, (16.10)

for a separable differential operator L (cf. (16.3a)) is trivial, since the eigenvectors
are elementary tensors: © € R1. The determination of u can be completely reduced
to one-dimensional eigenvalue problems

Lju(j) =, ) e V;\{0}.

In the following, we consider a linear, symmetric eigenvalue problem (16.10)

discretised by®
Az = \x (16.11a)

involving a symmetric matrix A. Regarding x € K" as tensor x € V, we interpret
A as a Kronecker product A € L(V,V). In general, due to truncations, A and x
will be only approximations of the true problem

Ax = \x. (16.11b)

According to Lemma 13.11, we can ensure Hermitean symmetry A = A" exactly.

16.3.1 Regularity of Eigensolutions

Since separable differential operators lead to rank-1 eigenvectors, one may hope
that, in the general case, the eigenvector is well approximated in one of the formats.
This property can be proved, e.g., under the assumption that the coefficients of L are
analytic. The details can be found in Hackbusch-Khoromskij-Sauter-Tyrtyshnikov
[91]. Besides the usual ellipticity conditions, all coefficients appearing in L are
assumed to fulfil

|5 AR

veN? with |v|=p

9111/2
< CAPp!  (16.12a)

Le=(92)

for all p € Ny and some C,,~ > 0. Then for analytic {2 or for 2 = R?, the
eigensolutions u corresponding to an eigenvalue A satisfy

p+2 2
HVPJFQUHLz(Q) = Z H(@.’L‘) u

L2(2)
veNg with |v|=p+2

(16.12b)

< OKP*? max {p, \/|)\|} for all p € No,

6 A Galerkin discretisation leads to a generalised eigenvalue Az =AM x with the mass matrix M.
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where C and K depend only on the constants in (16.12a) and on {2 (cf. [91, Theorem
5.5]).

Because of these smoothness results, one obtains error bounds for polynomial
interpolants. As shown in [91, Theorem 5.8], this implies that a polynomial u, €
Py C Ty exists withr = (r,...,r) and

| — e 1 < CMrlogh(r)p™", where

Cy ccCy [(d+1)/2]
=1+ —2 _ M.="22(K A
P = (K + Vi)

with C’d, Cy>0 depending only on C, K from (16.12b) (cf. [91, Theorem 5.8]).

The latter approximation carries over to the finite element solution (cf. [91,
Theorem 5.12]). This proves that, under the assumptions made above, the represen-
tation rank r depends logarithmically on the required accuracy. However, numerical
tests with non-smooth coefficients show that even then good tensor approximations
can be obtained (cf. [91, §6.2]).

The most challenging eigenvalue problem is the Schrodinger equation (13.32).
This is a linear eigenvalue problem, but the requirement of an antisymmetric eigen-
function (Pauli principle) is not easily compatible with the tensor formats (see, e.g.,
Mohlenkamp et al. [16, 148, 150]). The alternative density functional theory (DFT)
approach—a nonlinear eigenvalue problem—and its treatment are already explained
in §13.11. Again the question arises whether the solution can be well approximated
within one of the tensor formats. In fact, the classical approximation in quantum
chemistry uses Gaussians’

exp{—ay ||o — x,||*} (e, > 0,x, € R? position of nuclei)

multiplied by suitable polynomials. Since the Gaussian function times a monomials
is an elementary tensor in ®3C(RR), all classical approximations belong to format
R, more specifically, to the subset of R, spanned by r Gaussians modulated by a
monomial. This shows that methods from tensor calculus can yield results which are
satisfactory for quantum chemistry purpose. Nevertheless, the number r of terms is
large and increases with molecule size. For instance, for CoH5OH the number 7 is
about 7000 (cf. [63]). Although Gaussian functions are suited for approximation,
they are not the optimal choice. Alternatively, one can choose a sufficiently fine
grid in some box [—A, A]? and search for approximations in R,, C V = ®3R"
corresponding to a grid width 24 /n (see concept in [60]). Such a test is performed
in Chinnamsetty et al. [34, 35] for the electron density n(y) = p(y,y) (see page
415) and shows a reduction of the representation rank by a large factor. A similar
comparison can be found in Flad et al. [63]. See also Chinnamsetty et al. [36].

Theoretical considerations about the approximability of the wave function are
subject of Flad-Hackbusch-Schneider [61, 62].

7 There are two reasons for this choice. First, Gaussians approximate the solution quite well (cf.
Kutzelnigg [135] and Braess [26]). Second, operations as mentioned in §13.11 can be performed
analytically. The historical paper is Boys [23] from 1950.
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16.3.2 Iterative Computation

Here, we follow the approach of Kressner-Tobler [130], which is based on the al-
gorithm® of Knyazev [125] for computing the smallest eigenvalue of an eigenvalue
problem (16.11a) with positive definite matrix A and suitable preconditioner B:

1 procedure LOBPCG(A, B, z, \); (16.13)
2 {input: A, B, z with ||z|| = 1; output: eigenpair =, \}

3 begin A := (Az,x);p :=0;

4 repeat 7 := B~ (Az — \); U := [z, 7, p] € CN*3;

5 A:=UYAU; M := UYU;

6 determine eigenpair (y € C3, /\) of Ay = AMy with smallest \;

7 pi=y2-r+ys-p x:=y1-T+p =/

8 until suitable stopping criterion satisfied

9 end;

|z|> = (x,z) is the squared Euclidean norm. The input of B is to be understood
as a (preconditioning) method performing ¢ — B~1¢ for ¢ € C¥. The input value
x € C¥ is the starting value. The desired eigenpair (z, \) of (16.11a) with mini-
mal A is the output of the procedure. In line 5, A and M are positive semidefinite
3 x 3 matrices; hence, the computation of the eigenpair in line 6 is very cheap.

Next, we consider the tensor formulation (16.11b) of the eigenvalue problem.
Then, procedure (16.13) becomes

1 procedure T-LOBPCG(A, B, x, \); (16.14)
2 {input: A,B € L(V,V), x € V with ||x]| = 1; output: eigenpair x, A}

3 begin A := (Ax,x); p:=0€V;

4 repeatr := T(B71(Ax — \x)); u; := X; up :=r; U3 := p;

5a fori:=1to3doforj:=1tozdo

5b begin Aij = Aji = <Auj, ui> ; Mij = Mji = <Uj, ul-> end;
6 determine eigenpair (y € C3, /\) of Ay = AMy with smallest \;
7 p:=T(y2-r+ys-p); x:=T(y1-x+p); x:=x/ x|

8 until suitable stopping criterion satisfied

9 end;

This procedure differs from the (16.13) in lines 4 and 7, where a truncation 7" to a
suitable format is performed. The required tensor operations are (i) the matrix-vector
multiplication Au; for 1 < j < 3 (note that u; = x), (ii) the scalar product in lines
3 and 5b, (iii) additions and scalar multiplications in lines 4 and 7, and (iv) the
performance of B! in line 4. Here, we can apply the techniques from §16.2.3.

As pointed out in [130], the scalar products (Au;,u;) are to be computed
exactly, i.e., no truncation is applied to Au;.

8 LOBPCG means ‘locally optimal block preconditioned conjugate gradient’. For simplicity, we
consider only one eigenpair, i.e., the block is of size 1 x 1.
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Algorithm (16.14) can be combined with any of the tensor formats. The numeri-
cal examples in [130] are based on the hierarchical format.

Ballani-Grasedyck [6] compute the minimal (or other) eigenvalues by means of
the (shifted) inverse iteration. Here the arising linear problems are solved by the
multi-grid iteration described in §16.2.3. Numerical examples can be found in [6].

16.3.3 Alternative Approaches

In the case of a positive definite matrix A, the minimal eigenvalue of Ax = Az is
the minimum of the Rayleigh quotient:

min (Az, z) cx#£0p.
(z,z)
This allows us to use the minimisation methods from §17.2. Also this approach is
discussed in [130, §4].

Another approach is proposed by [67, §4], where the spectrum is recovered from
the time-dependent solution x(t) of (t) = iAxz(t).

16.4 On Other Types of PDEs

So far, we have only discussed partial differential operators of elliptic type. Never-
theless, the tensor calculus can also be applied to partial differential equations of
other type. Section 17.3 is concerned with time-dependent problems. In the case
of v(t) = Av(t)+£(¢) with an elliptic operator A, we obtain a parabolic partial
differential equation. On the other hand, the wave equation is a prototype of a
hyperbolic differential equation. For its solution by means of the retarded poten-
tial, tensor methods are used in Khoromskij-Sauter-Veit [123].



Chapter 17
Miscellaneous Topics

Abstract In this chapter we mention further techniques which are of interest for
tensor calculations. The first two sections consider optimisation problems. Section
17.1 describes iterative minimisation methods on a theoretical level of topological
tensor spaces assuming exact tensor arithmetic. On the other hand, Sect. /7.2 applies
optimisation directly to the parameters of the tensor representation. Section 17.3
is devoted to ordinary differential equations for tensor-valued functions. Here, the
tangent space and the Dirac-Frenkel discretisation are explained. Finally, Sect. 17.4
recalls the ANOVA decomposition (‘analysis of variance’).

17.1 Minimisation Problems on V

In this section we follow the article of Falc6-Nouy [58]. We are looking for a
minimiser u € V satisfying

J(u) = mnin J(v) (17.1)
under certain conditions on V and .J. For its solution a class of iterations producing
a sequence (,,),, oy is described and convergence u,, — u is proved.

17.1.1 Algorithm

The usual approach is to replace the global minimisation by a finite or infinite se-
quence of simpler minimisations. For this purpose we define a set S for which
we shall give examples below. Then the simplest version of the algorithm (called
‘purely progressive PGD’ in [58], where PGD means ‘proper generalised decompo-
sition’) is the following iteration starting from some ug := 0O:

Wy, = W1 + Zm, Where J(Wpm—1 + 2Zp) = mig J(up,—1 + 2). (17.2)
FAS
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The set S must be rich enough. The precise conditions are:

0eScV, §=XS:={xs:seS8} forall A ek,

span(S) is densein V, S is weakly closed. (17.3)

Example 17.1. Sets S satisfying (17.3) are (a) S = R (set of elementary tensors),
(b)S =Ty withr > (1,...,1).

Proof. The first two conditions are obvious. By definition, span(RR1) = Vy is
densein V. As Ry C 7y, the same holds for 7. By Lemma 8.6, 7, and in particular
R1 = Tq,...,1) are weakly closed. O

Iteration (17.2) can be improved by certain updates of the correction. Falc6-Nouy
[58] propose two variants. In the following, v — U(v) are mappings from V into
the set of closed subspaces with the property v € U(v).

Update A  Replace the iteration step (17.2) by

zes with J(W,,—1 4+ 2) = minges J(w,-1 + 2),

Uy € Uy +2)  with J(uy,) = mingcuq, 42 J (V). (17.4)

While ming,es, in general, involves a non-convex set, minimisation over
U(uy,—1 + Z) is of simpler kind. Next, U(u,,—1 + 2) is replaced by an affine
subspace. For instance, U(v) may be chosen as U™ (v) := ®?:1 Urin(v).

Update B Replace the iteration step (17.2) by

zeS with J (w1 + 2) = minges J(Wn—1 + 2),

U, € uy,o1 +U(Z)  with J(u,,) = minyeye) J(Wm-1 + V). (17.5)

Concerning examples of U(2) see [58, Example 4]. The choice of the subspaces
may be different in any iteration.

Steps (17.4) and (17.5) are called ‘updated progressive PGD’. The final iteration
may choose for each index m one of the variants (17.2), (17.4), or (17.5).

17.1.2 Convergence

Because of the later property (17.7), the iterates u,, are bounded. To find a weakly
convergent subsequence, we have to assume that

V is a reflexive Banach tensor space. (17.6a)

The nonlinear functional .J has to be sufficiently smooth:
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J is Fréchet differentiable with Fréchet differential J' : V — V*. (17.6b)
J must satisfy the following ellipticity condition with constants o > 0 and s > 1:
(J'(v)=J(w),v—w)>alv-—w|’. (17.6¢)

Here, (¢, v) := ¢(v) denotes the dual pairing in V* x V. Furthermore, one of the
following two conditions (17.6d,e) are required:

J : 'V — R is weakly sequentially continuous, (17.6d)

ie., J(uy) — J(u) for sequences u,, — u. Alternatively, J' : V. — V* may be
assumed to be Lipschitz continuous on bounded sets, i.e.,

|J'(v) = J (W)|| < Callv—w]| forv,w € Aandbounded A C V. (17.6¢)

As shown in [58, Lemma 3], (17.6b) and (17.6¢) imply that J is strictly convex,
bounded from below, and satisfies

limHv”ﬁoo J(V) = OQ. (17.7)

Under these conditions including (17.3), the minima in (17.2), (17.4), and (17.5)
exist. The values J(u,,) decrease weakly:

J(uy,) < J(um-1) form > 1.

If equality J(u,,) = J(u,,—1) occurs, u := u,,_1 is the solution of the original
problem (17.1) (cf. [58, Lemma 8]). The following result is proved in [58, Thm. 4].

Proposition 17.2. (a) Under the conditions (17.6a-d), all variants of the progressive
PGD (17.2), (17.4), (17.5) converge to the solutionu of (17.1): u,, — u.
(b) The same statement holds under conditions (17.6a-c,e), if s <2 in (17.6¢).

17.2 Solution of Optimisation Problems involving Tensor
Formats

There are two different strategies in tensor calculus. The first one performs tensor
operations (as described in §13) in order to calculate certain tensors (solutions of
fixed point iterations, etc.). In this case, truncation procedures are essential for the
practical application. The final representation ranks of the solution may be deter-
mined adaptively. The second strategy fixes the ranks and tries to optimise the
parameters of the representation.
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17.2.1 Formulation of the Problem

Many problems can be written as minimisation problems of the form

find x € V such that J(x) = Hél\r} J(v). (17.8)

Examples are linear systems Ax = b withx,b € V := ®j:1 K" and A € M :=
®?:1 K" %" Here, .J takes the form

J(v) = (Av,v) — Re (b, V),
if A is positive definite (cf. [81, §10.1.4]). Otherwise, use
J(v) =|Av = b|* or |B(Av - b)|*

with a preconditioning operator B. The largest eigenvalue of a positive definite
matrix A and the corresponding eigenvector can be determined from the Rayleigh
quotient
(Av,v)
(v,v) -
Let F = F(V) be any tensor format (e.g., R, Tr, Hr, etc.). Instead of Problem
(17.8), we want to solve

J(v) =

find xr € F such that J(xr) = mi§1__ J(v). (17.9)
ve
Definition 17.3. A mapping J : V — R U {oo} is called weakly sequentially lower
semicontinuousin S C 'V, if

J(v) < liminf J(v,) forall v,,v € S with v,, — v.

n—roo

The following conditions ensuring the existence of a minimiser of (17.9) can be
found in [58, Theorems 1 and 2].

Proposition 17.4. Problem (17.9) is solvable, if V is a reflexive Banach space,
F is weakly closed, J is weakly sequentially lower semicontinuous, and either F is
bounded or lim |y || J (V) = 00.

Ry Xy
In the cases F = ¢ 7T, p we may write Xr = { Xp , , respectively.
Ht Xt

Remark 17.5. Let the minimisers x from (17.8) and x» from (17.9) exist and
assume that J is continuous (condition (17.6b) is sufficient). Then the respec-
tive values J(x;), J(Xy), or J(x.) converge to J(x), provided that r — oo,
minr := minj<j<g 7; — 00, OF MiN Tt := MiNgeT, F'a — OO0, T€Spectively.
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Proof. By definition of V, for any € > 0 there are > 0, r € Ny, and x. € R,
such that ||x — x.|| < nand J(x.) — J(x) < . The optimal x,, € R, satisfies
J(x,) — J(x) < J(x:) — J(x) < e. This proves J(x,) — J(x) for the optimal
X, € R,. Setting r := minr, we derived from R,. C Ty, that also J(x,) — J(x).
Similarly for x, € H,, since R,, C H, for r = min-r. O

17.2.2 Reformulation, Derivatives, and Iterative Treatment

The general form of a format description v = ps(...) is considered in §7.1.1. Par-
ticular examples are p;germ (7, (vl(,7))) for the r-term format (7.7a), prs(a, (Bj))
for the general subspace format in (8.6¢), putr (7D, (Ca), ), (B;)) for the
hierarchical format in (11.28), etc. Discrete parameters like 7 in pyterm (7, (v,(,j )))
or Tp in purr(Tp, - . .) are fixed. All other parameters are variable. Renaming the
latter parameters

p = (plv"'apm)a

we obtain the description v .= prz(p), where p varies in P. The minimisation in
(17.9) is equivalent to

find p € P such that J(pr(p)) = Hlég J(pr(q)). (17.10)
q

Iterative optimisation methods require at least parts of the derivatives in

97 9pr

dJ(pr(p))/op = v Op

or even second order derivatives like the Hessian. Since the mapping p+(p) is multi-
linear ip P, the format-dependent part 86’;; as well as higher derivatives are easy to
determine.

Since in general, the representations are non-unique (cf. §7.1.3), the Jacobi

matrix ap Z does not have full rank. For instance, for pr_term (7, (v (7 ))) the parame-

ters are p; = vgl) e Vi, py = vg ) € VQ, ... The fact that pz(sp;, & spg,pg, oY)

is independent of s € K\{0} leads to ( (1)) = (%% (2)> Hence —L has
a nontrivial kernel. In order to avoid redundan01es of the r-term format, one may,
e.g., equi-normalise the vectors: Hvl(,l) | = Hvl(,2) || = ... The problem of redundant

parameters will be discussed in more detail in §17.3.1.

The usual iterative optimisation methods are alternating optimisations (ALS, see
§9.5.2). A modification (MALS: modified alternating least squares) which often
yields good results is the overlapping ALS, where optimisation is perform consecu-
tively with respect to (p1, p2), (p2, p3), (P3,pa), - . . (cf. variant (8) in §9.5.2.1). For
particular quantum physics applications, this approach is called DMRG (density
matrix renormalisation group, cf. [196, 197]). For a detailed discussion see Holtz-
Rohwedder-Schneider [103] and Oseledets [154].
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17.3 Ordinary Differential Equations

We consider initial value problems

d
V= F(t,v) for t >0, v(0) = vy, (17.11)

where v = v(t) € V belongs to a tensor space, while F(¢,-) : V — V is defined
for ¢ > 0. vo is the initial value. Since V may be a function space, F can be

a differential operator. Then, parabolic problems %v = Av or the instationary
Schrodinger equation %v = —iHv are included into the setting (17.11).

The discretisation with respect to time is standard. The unusual part is the dis-
cretisation with respect to a fixed format for the tensor v. For this purpose we have
to introduce the tangent space of a manifold.

17.3.1 Tangent Space

Let a format F be defined via v = pz(p1, ..., pm) (cf. §7.1.1), where px is differ-
entiable with respect to the parameters p;, 1 < ¢ < m. The set F forms a manifold
parametrised by p1, ..., p;, € K. The subscripts r,r,and vin F = R, F = Ty,
and F = H, indicate the fixed representation ranks.

Definition 17.6. Let v = p£(p1,...,pm) € F. The linear space
T(v) :=span{0pF(p1,...,pm)/Opi : 1 <i <m} CV
is the fangent space at v € F.

As observed above, the mapping pz(p1,...,Pm) 18, in general, not injective.
Therefore, a strict inequality m7 := dim(7(v)) < m may hold. Instead of a
bijective parametrisation, we use a basis for 7 (v). This will be exercised for the
format 7, in §17.3.3 and format H. in §17.3.4.

17.3.2 Dirac-Frenkel Discretisation

The Galerkin method restricts v in (17.11) to a certain linear subspace. Here, we re-
strict v to the manifold F, which is no subspace. We observe that any differentiable
function v (t) € F has a derivative £vr € T (vz). Hence, the right-hand side
F(t,vr) in (17.11) has to be replaced by an expression belonging to 7 (v.z). The
closest one is the orthogonal projection of F onto 7 (vx). Denoting the orthogonal
projection onto 7 (vz) by P(vx), we get the substitute

vr(t) € F withvz(0) =vor € F and
(17.12)
Lyr(t)=P(vrt)F(t,vr(t)) fort>0,
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where the initial value v is an approximation of v. The new differential equation
is called the Dirac-Frenkel discretisation of (17.11) (cf. [48], [65]). The variational
formulation of (17.12) is

<%V]:(t) — F(t,V]:(t)),t> =0 forall t € T(V]:).

Concerning an error analysis of this discretisation we refer to Lubich [143, 144]
and Koch-Lubich [126].

For a concrete discretisation of (17.12), we may choose the explicit Euler
scheme. The parameters of v, ~ vr(n - At) € F are pr(p\™,...,p's)). The
vector P(v,,)F(t, v,,) from the tangent space leads to coordinates 8p§ ), ceey 8p§f$ )
(their explicit description in the case of F = 7, is given below in Lemma 17.8).
Then, the Euler scheme with step size At produces the next approximation

Viyr = pr(ef" + Atop{”, L pl + Atop().

17.3.3 Tensor Subspace Format T,

Tensors from F = 7T, are represented by

V= porth ZIEJ ®7 1 bg)

(cf. (8.8b)), where without loss of generality we use orthonormal bases B; =
B9, 60y e V7. Note that B = ® | B;. The set of matrices B; € K/ix"s
with B;'B =1Tis called Stiefel manifold.

Lemma 17.7. Let v = poren(a, (Bj)) € Tr. Every tangent tensor t € T (v) has a
representation of the form

d

t=Bs+ (ZBI ® ...®Bj_1 ®Cj ®Bj+1 & ...®Bd>a, (17.13a)
j=1

where C; satisfies

! BYC; =o0. (17.13b)

C; and s are uniquely determined (see (17.13c,d)), provided that rank;(v) = r;.
Vice versa, for any coefficient tensor s and all matrices C; satisfying (17.13b) the
right-hand side in (17.13a) belongs to T (v).

Proof. 1a) Any t € T (v) is the limit of } [poren(a + hda, (B; + héB;)) — v] as
h — 0 for some da and dB;. This limit equals

d
B6a+<ZB1®...®Bj1®5Bj®Bj+1®...®Bd>a.
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The first term is of the form Bs. Since B;(h) := B; + h dB; must be orthogonal,
i.e., Bj(h)"B;(h) = I, it follows that BH 6B; + 5BHB = 0. Split 4B; into
0B; = éBf + éBjI with éBj = (I - B BH) 0B; and 6BH = B, BH 0B;. The
derivative of v with respect to 0B JH yields

(Bi1®...®Bj_1 ®6B' ® Bj11 ®...® By)a=Ba’

with &’ := (id@...@id@B;'éBj ®id®...®id)a. Such a term can be ex-
pressed by Bs in (17.13a). Therefore, we can restrict 0B; to the part 5BJI- =: C},
which satisfies (17.13b): B‘;-" 5BJI» = B}" (I — BjB‘;-") 0B; = 0.
1b) Given t € T (v), we have to determine s and C;. BB = I and B;'Cj =0
imply that
s = B"t. (17.13¢)
Hence, t' = t — Bs equals (Z‘j:l B ®...0Bj_1 ® C;®Bj11®...® Bd)a.
From (5.5) we conclude that M (t') = C M;(a)B[,. Let M;(a) = U;5;V,T

be the reduced singular value decomposition with Uj, VJ € VJ "and Xj € R"™7%75,
Thanks to rank;(v) = r;, X; is invertible. This allows to solve for C;:

C; = M,;(t) B V; X7 UL (17.134d)

2) Given s and matrices C}; satisfying (17.13b), the derivative
1 .
t= %12% 7 [porth(@a+ hs, (Bj +hC;)) —v] € T(v) withv = poren(a, (Bj))
has the representation (17.13a). O

A more general problem is the description of the orthogonal projection on 7 (v).
Given any w € 'V, we need the parameters s and C; of t € 7 (v) defined by
t = P(v)w and v = porn(a, (B;)) € Tr. Another notation for t is ||t — w| =
min{||€ — w|| : € € 7(v)}. First we split w into the orthogonal components w =
BB"w + w’. Since BB"w € 7(v), it remains to determine t satisfying

[t" = w'l| = min{|[t" — w']| : ¥ € T(v)},

where t/ = Z'f 1 5 with ¢ := (Bj;; ® Cj)a € Uj; and orthogonal subspaces
U; = UJ' ® Qpj Uk, Uj = range(B;). Orthog~onal projection onto U} yields
[t — B[J]BH w'[| = min{|[) - BBy w’[| : ¥ € T(v) N Uj}. Equivalent
statements are

t; = By;(Cja)  with ||Cja — BB]W’H = min{||Cja — ]W || - BY'C; =0}
& [|M;(Cja) — M;(BEW)l|r = n |M;(Cra) — Mj(B[j]W )lF

& ||CjM;(a) — M;(w')Byjllr = min |CM;(a) — M;(w')B e,

BY¢;=0
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since the Euclidean norm ||x|| of a tensor x is equal to the Frobenius norm of the
matricisation M (x). By Exercise 2.12, the minimiser of the last formulation is

Cj = M;(w) By M (M;M]) ™" with M := M;(a).

The rank condition of Exercise 2.12 is equivalent to rank;(v) = r;. C; satisfies
(17.13b) because of BH M (w') = M;(B}'w’) and BHW = B(I - B)w =0.
Using the singular value decomposmon M ;= U;X; V , we may rewrite C; as
M;(w')BV; Z,URU; 207) 71 = M(w!)B Vs EJ 'UN. We summarise the
result in the next lemma.

Lemma 17.8. Let v € V with rank;(v) = r; (1 < j < d). For any w € V, the
orthogonal projection onto T (v) is given by t = P(v)w from (17.13a) with

s:=B"w, C;:=M;(1-BB")w)BV; 2 'U"

17.3.4 Hierarchical Format H .

We choose the HOSVD representation for v € H,:

vV = pg%IS{VD (TD, (Ca)aETD\ﬁ(TD)v C(D)’ (Bj)jGD)
(cf. Definition 11.3.3), i.e., all bases B, = [b@, e bg‘fj)] of UM (v) are
HOSVD bases. They are characterised by the following properties of the coefficient
matrices C(*%) in C,, = (C®)<pc,. .
1) For the root D assume rp = 1. Then

cPb = o, = diag{0§D), 0

where 0( ) are the singular values of the matricisation M, (v) (a7 son of D).
2) For non-leaf vertices o € T, o # D, we have

Z(Uéa))Q C(Q,E)C(Q,E)H — 2217 Z(Uéa))Q C(Q’E)TC(O‘VE) — 2(2127 (1714)
=1 =1

where a1, oo are the first and second son of « € T, and X, the diagonal containing
the singular values of M, (v) (cf. Exercise 11.41).

Let v(t) € H. be a differentiable function. We characterise v(t) at ¢ = 0 and
abbreviate v:=v(0). The differentiation follows the recursion of the representation.
(D)bg D)

Sincerp =1,v =¢; yields

v C(D)b( ) (D)BgD)_ (17.15a)

The differentiation of the basis functions follows from (11.24):
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ZZCQE) b(al) ®b(0¢2) (17.15b)
i=1 j=1

+i§ (ag)ba1)®bag)+i§ (ozf)ba1)®b(a2)
i=1 j=1 =1 j=1

At the end of the recursion, V is represented by the differentiated coefficients c'gD)

elest) ©)

Cij
By the same argument as in Lemma 17.7, we may restrict the variations bga) to
the orthogonal complement of UM (v), i.e.,

3

and the derivatives b of the bases at the leaves.

b{™ L Umin(v). (17.16)

We introduce the projections

PaiVe - UE(v),  Pa= (b)) b
{=1

onto UM% (v) and its complement P~ := [ — P,.
Next, we discuss the unique representation of the parameters. ¢§D> is obtained as

&P = <v,b§D>>. (17.17a)
BgD) is the result of
° (D
b{?) = (D) — Py (17.17b)
with ||v]|| = |c§D) |. Note that ch)Bg ) is the quantity of interest.

We assume by induction that l.)l(za) is known and use (17.15b):

00 = <B§a), b & b‘§“2)> . (17.17¢)
Set
Tay Tas
ﬁé a) | (PL ®Zd b(a) ZZ aé)ba1)®b(0¢2)
=1 j=1

The scalar product of (o a)) ﬂ(a) and >, ¢, (e, Z)bggaz) with respect to V,, is

Tag
(1ot 3 e
o

k=1
Taq Tog
< Zzamwwwazﬁ%w>
'=1j=1 k=1

a2
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< (2.6) p(a2) (@D (a2) \ 1 (a1)
Z< Z b} Zc b); >bl,

i’ =1 =1 =
Toaq Tag - . Tay .

_ Z Z (a) EO;’@CZ(;?’Z) bzgal) _ Z(Uf))Q (O(a,l)c(a,l)H)i/i bl(-,al).
=1 \ j=1 ir=1

Summation over ¢ and identity (17.14) yield

To Tog Taq To
« « a,l « «a « « ©(a
Z<(U§ 28,3 e O 2>> -y ( ()20 ,em) o)
s

i3

=1 k=1 ir=1 Ni=1
Tay
=3 (& b = (gl*))2 pln), (17.17d)
/=1

Similarly, 7(*) := (id © PL) B{*) holds and

T Tay
> <<o§“>>2~yéa% Zci?’“b§”>> = (@RI a717e)
=1 =1 [e3]

We summarise: Assume v € H, and dim(UR"(v)) = r, for a € Tp (this
implies a(o‘) > 0 for 1 <7 < r,). Under condition (17 16), the tangential tensor
(D) B(a) (a’ characterised in (17.17a-e).

v € H. has a unique description by ¢; and ¢;

An investigation of the tangent space of the TT format is given by Holtz-
Rohwedder-Schneider [102].

17.4 ANOVA

ANOVA is the abbreviation of ‘analysis of variance’. It uses a decomposition of
functions into terms of different spatial dimensions. If contributions of high spatial
dimension are sufficiently small, an approximation by functions of a smaller number
of variables is possible.

17.4.1 Definitions
Consider a space V of functions in d variables. As example we choose
v=C(0,1% = ||w® Vi with V; = C([0, 1]).

We denote the function with constant value one by 1 € Vj,. Functions which are
constant with respect to the variable x, are characterised by U™ (f) = span{1}
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and can also be considered as elements of Vi, = ||_||m®j€D\{k} V;. We may
identify H'Hoo®jet V; for any subset ¢ C D with

d
o - . |y ifjet,
Vii= 1 QY = 1 QW €V with W = {span{l} it]¢t

JEt Jj=1

(cf. Remark 3.25a). For instance, f € V| is a globally constant function, while
f € V{134, is constant with respect to 3 so that f(z1, 22,3, ...) can also be
written as f(x1,x3, Z4,...).

Fix a functional P; € V" with P;1 = 0. We denote the mapping

feVi—=(Pif) 1€V

by the same symbol P;. In the second interpretation, P; € L(V},V;) is a projection
onto the subspace span{1} C V;. For each subset ¢ C D, the product P; :=
11 jer Py defines a projection onto Ve, where ¢ = D\t. Note that the order of its
factors is irrelevant. Py = id holds for ¢t = (). A tensor notation is

d P, ifjet
— J
P, = @{zd it ¢t} € L(V, V).
j=
The recursive definition

fr=Ppf— Zét fr (17.18)

starts with ¢ = (), since the empty sum in (17.18) leads to the constant function
fo =Ppf € Vy. As Pp. = Py is the identity, the choice ¢ = D in (17.18) yields
the ANOVA decomposition

f= Z fi. (17.19)

tCD

Note that f; depends on (at most) #t variables.

17.4.2 Properties

Lemma 17.9. (a) Let s,t C D. The Hadamard product of f € Vg and g € V;
belongs to 'V gut.

(b) P; fr = 0 holds for f; from (17.19) with j € t.
(c)If s,t C D are different, the ANOVA components fs and g; of some functions f
and g satisfy

P, (fs©®g) =0 forallT C DwithTN(s\tUt\s) # 0.
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Proof. Part (a) is trivial. For (b) we rewrite (17.18) as
P.f = Z fr, (17.20a)
TCt

where the sum includes 7 = ¢. Split the sum into 3, win jer A0 X0 i g -
The second sum is identical to )~ _ (i}

Pef= > F4 X fro=0 D FrtPagpf (17200)

TCt with jeT TCt\{5} ’ TCt with jeT

Since (t\{j})® = t° U {j}, the projection P; satisfies the identity P; o Py =
P\ (i) = Pj o Py (4})<» and application of P; to (17.20b) leads to

P; ( Z fT> =0 forallt C Dwithj€t. (17.20c)
TCt with jeT

We use induction over #t¢. The smallest set with j €¢ is t={j}, for which (17.20c)

becomes P; f(;; = 0. Assume that P;f, = 0 holds for all o C D with j € o

and #0 < k < d. Assume j € t and #t = k + 1. Identity (17.20c) shows

0=23", ctwinjer Lifr = Pjft,since all other 7 satisfy #7 < k.

For Part (c) choose some j € 7N (s\t Ut\s). Assume without loss of generality
that j € ¢, but j ¢ s. Hence, f; is constant with respect to x; and, since Part (b)
implies that Pjg; = 0, also P; (fs ©® g;) = 0 and P, (fs ©® ¢g¢) = 0 hold for any 7
withj € 7. O

For the choice V; = L2 ([0,1]) of the Hilbert space of weighted L? functions,
the scalar product is deﬁned by (f,9) fo dpj( ). The weight should
be scaled such that fo dp; = 1. The induced scalar product of V is f[o 1] fgdp
with dp = H =1 dp;. Then the functional P; € V;* from above can be defined by
Pif = fo fdp; and Lemma 17.9c takes the followmg form.

Remark 17.10. Let V = L2([0,1]%), Pjp := fo wdp;, and s,t C D with s # t.
Then the ANOVA components f5, g; of any f, g € V are orthogonal in V.

In this case, f = >, f¢ is an orthogonal decomposition. If the terms f;
decrease with increasing #t, one may truncate the sum and introduce the approx-
imation f(%) .= ok 41<k Jt- It may even happen that f; vanishes for #¢ > k.
An important example of f; = 0 for #¢ > 2 is the potential of the Schrodinger

equation’
PRI

flx1,...,2q) = Z
1<J<d1<z<A

1<i<j<d ap — xa”

llzs — 51 i—le\

(zj € R3, d: number of electrons, A: number of nuclei, a;: positions of nuclei,
Q;: charges).

! The terms on the right-hand side are not yet the components fi5y and fy; ;3 since these ex-
pressions are not orthogonal.
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Since discrete weights (sums of Dirac distributions) are not excluded, functions
may be replaced by K™ vectors. Therefore, the described analysis applies also to
finite dimensional tensor spaces ®‘;:1K"f. Discrete weights are also introduced
for the so-called ‘anchored ANOVA’ to simplify quadrature (cf. Griebel [77]).

17.4.3 Combination with Tensor Representations

So far, the components f; are general #t-variate functions (possibly with better
regularity than f; cf. Griebel-Kuo-Sloan [78]). Any practical implementation has
to introduce some discretisation in order to represent f;. Depending on #t and the
discretisation size, a representation of f; by one of the tensor representations might
be useful. For representation schemes, which have d as linear factor for the storage
cost, the reduction from d to #t < d is of limited help, unless the representation
ranks of f; are much smaller than for f. On the other hand, the large number of
terms in ), fr or Y. i<k ft is not encouraging the choice of ANOVA with
tensor representations compared with an overall tensor representation. An exception
will be discussed next.

17.4.4 Symmetric Tensors

A symmetric tensor v € &4(V) C V = @9V may be represented by any w € V
with the property v = Pgs(w) (projection Pg from (3.45)). However, if two tensors
v/, v" € &4(V) are represented via w',w” € V| the computation of the scalar
product (v’, v"") is not easily described by means of w’, w”.

The ANOVA decomposition (17.19) has components f; such that f; € G (V).
Different ¢, ¢’ of same cardinality lead to identical® functions f; = fi. Therefore, a
symmetric decomposition (17.19) requires only the data

Jo, fry faeys-o fanay-
Assume that P; is related to the scalar product. Then, by Remark 17.10, the ANOVA
decompositions f = >, - frand g = >, -, g; satisfy

d

(f,9) = Z (feoge) = ) (Frin 901k ) »

tCD k=0

since there are (S) different ¢ C D with #t = k. This property favours the ANOVA
representation with fr; ;) in some tensor representation.

2 The understanding of f; is ambiguous. One may regard f; as a function of #¢ variables. In this
sense, f¢(1,...,&xt) = fir(&1,...,&x¢) holds. On the other hand, the univariate functions
fr1ye = fy23- become different, when they are written as f{1ye(z1) and f{2ye(x2) involving
two different independent variables (as it happens, e.g., in fr1}1c(z1) + fr2ye(22)).
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adaptive cross approximation (ACA), 454
algebra, 78
tensor, 79
algorithm
fast Fourier, 441
greedy, 258
Remez, 274
Strassen, 69
all-orthogonal, 231
ALS, see alternating least-squares method
alternating least-squares method, 262, 292,
294, 354
modified, 477
alternator, 81
ANOVA, 483
anchored, 486
antilinear, 22
approximation
analytical construction, 268, 299, 427
hierarchical tensor, 353
low-rank, 35
r-term, 249
simultaneous, 312
tensor subspace, 281
approximation property, 121
arithmetical operation, 27
array, d-way, 4
asympotically smooth, 426

Banach space, 88
intersection, 134
reflexive, 94, 96
separable, 89, 100, 186

Banach tensor space, 97

basis, 48
complete, 137
dual, 51

hierarchical, 213

orthonormal, 137

suborthonormal, 347
basis transformation, 55, 222
Bernstein Theorem, 304
Bessel function, 275
bilinear form, 51, 136
biorthonormal system, 155
border rank, 242, 255

calculus, 13
cardinality, 4, 48

N, 48
Cauchy sequence, 88
Cayley, Arthur, 17
Cholesky decomposition, 27
coefficient matrix, 328
compact, 92
complemented subspace, 89
completion, 88
condition, 256, 467
constraint, linear, 195
continuous

Lipschitz, 278

separately, 99
contraction, 147
convergence, weak, 95
conversion

from F to Ry, 210

from F to T, 241

from H. to Tp, 382

from R, to H., 326, 352

from R, to Ty, 241

from R, to T, 380

from sparse grid to H ., 370

from 7x to H., 325

from 7y to R, 244
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from Ty to H, 380 eigenvalue, 24, 145, 146
convolution, 150, 276, 407, 429 eigenvalue problem, 11, 169, 413, 414, 469,
cosine transform, 441 471
Coulomb potential, 276 electron density, 415, 416
cross, 452 entropy, 139

hyperbolic, 213 exchange correlation potential, 416

index, 452 exchange operator, 414
cross approximation, 447 extension, continuous, 88

adaptive, 454 exterior product, 82

generalised, 456
crossnorm, 98, 123 factor analysis, 9

dualisable, 114 fast Fourier transform, 441

injective, 109, 129 father, 317

projective, 104 FFT, 441

reasonable, 114, 120, 123, 144 fibre, 451

uniform, 119, 120, 123, 144 index, 451
curse of dimensionality, 3 field, 65, 184
cyclic representation, 384 algebraically closed, 66

finite difference scheme, 280
data completion, 16, 262 finite element discretisation, 280
data mining, 16 fixed point iteration, 412
decomposition, 201 flattening, see matricisation

ANOVA, 484 form

Cholesky, 27 bilinear, 51, 136

proper generalised, see PGD linear, 51

QR, 28 multilinear, 51

singular value, see singular value sesquilinear, 22, 136

decomposition format
deflation technique, 253 He, 323
dense, 88 Hf,e"s, 419
density functional theory, 414 R, 61,204
depth of a tree, 320 Te, 218

minimal, 321 Ty, 373
determinant, 83, 154 frame, 220

Slater, 84 proper, 220
differential operator Fréchet-Riesz isomorphism, 137

separable, 280, 409 Fréchet-Riesz Theorem, 137
dimension, 3, 48 Frobenius norm, 25
dimension partition tree, 319 function
Dirac functional, 95 exponential, 153
Dirac-Frenkel discretisation, 479 holomorphic, 152
direct subspace, 89 multivariate, 7, 12, 79, 269, 270, 275, 276,
direct sum, 45, 89 448, 449
direction, 3 of a matrix, 152
discretisation, 463 of a tensor, 451

Dirac-Frenkel, 479 functional

finite difference, 280, 465 continuous, 93

finite element, 280, 465 Dirac, 95, 300

sparse grid, 212 dual, 93
DMRG, 477
dual space, 93 gradient method, 266

algebraic, 51 Gram matrix, 27, 46, 224, 334, 346
dual system, 51 Gram-Schmidt orthogonalisation, 28

dyad, 4 graph, 384
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Grassmannian, 89
greedy algorithm, 258

H-Tucker representation, 316
Hadamard product, 150, 406
Hadamard, Jacques Salomon, 150
Hahn-Banach Theorem, 93
Hamilton, William Rowan, 17
Hamilton-Fock operator, 414
Hartree potential, 414
Hartree-Fock equation, 414
Hessian, 266
hierarchical basis, 213
hierarchical matrix, 279, 319, 408, 409, 468
hierarchical tensor approximation
best approximation, 353
HOSVD truncation, 355
leaves-to-root truncation, 361
hierarchical tensor representation, 315
conversion from R, 326, 352
conversion from 7y, 325
HOSVD, 339
orthonormal, 336
higher order power method, 297
higher-order orthogonal iteration, 293
Hilbert space, 136
Hilbert tensor space, 142
historical comments, 8, 17, 28, 101, 150, 318
Hitchcock, Frank Lauren, 18
Hélder continuity, 278
Hélder-Zygmund class, 278
HOSVD, 230
weak, 350
HOSVD projection, 282
hyperbolic cross, 213
hyperdeterminant, 17

index set, countable, 48
initial value problem, 478
injective norm, see crossnorm
instability, 256
interpolation

Chebyshev, 305

sinc, 306
interpolation error, 307
interpolation operator, 300
intersection Banach space, 134
inverse problem, 8
isomorphism

Fréchet-Riesz, 137

tensor space, 59

vector space, 59
iteration

fixed point, 412
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higher-order orthogonal, 293
multi-grid, 468, 472
Newton, 266, 412

truncated, 412

Karhunen-Loe¢ve expansion, 450
Kohn-Sham model, 416
Kronecker product, 5

Kronecker rank, see rank
Kronecker symbol, 21
Kronecker, Leopold, 18

Lagrange functions, 300

Lagrange polynomial, 305

Laplace operator, 276
inverse, 416

Laplace transform, 272

lattice, 174

leaf, 319

linear form, 51

linear independence, 48

linear mapping, 50
continuous, see operator
symmetric, 82

linear system of equations, 27, 158, 466, 476
solution of, 467

linearisation, 57

Lipschitz continuity, 278

low-rank approximation, 35

Lyapunov equation, 158

MALS, 477
manifold, 478
learning, 17
principal, 17
Stiefel, 292, 479
mapping
linear, 50
multilinear, 50
mass matrix, 469
matricisation, 160
matrix
coefficient, 328
column of a, 21
diagonal, 22
entries of a, 21
Gram, 27, 46, 224, 334, 346
Hermitean, 22, 408
Hermitean transposed, 22
hierarchical, 279, 319, 408, 409, 468
identity, 22
inverse, 412
mass, 469
orthogonal, 22
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permutation, 29
positive definite, 26
positive semidefinite, 26
range of a, 22
spectrally equivalent, 468
symmetric, 22, 408
Toeplitz, 424
trace of a, 24
transposed, 22
triangular, 23
tridiagonal, 465
unitary, 22
matrix norm, 25
associated, 25
matrix rank, 23
matrix-product representation, 372
matrix-product state, 371
minimal subspaces, 173, 175
for a family of tensors, 178
for intersection spaces, 193
hierarchy of, 181
of topological tensors, 187
sequence of, 184
mixed norm, 116, 132, 280
mode, 3
Monte-Carlo method, 449, 450
MP2 energy denominator, 275
multi-grid iteration, 468, 472
multilinear form, 51
multilinear mapping, 50
multivariate function, 12, 79, 269, 270, 275,
276, 448, 449

nestedness property, 322
Newton iteration, 266, 412
damped, 266
Newton potential, 276
norm, 87
Cross-, see crossnorm
Euclidean, 25
Frobenius, 25
Hilbert-Schmidt, 25, 139
intersection, 134
mixed, 116, 132, 280
operator, 91
Schatten, 101
Schur, 25
spectral, 25

operation
arithmetical, 27
tensor, 385

operator, 91
adjoint, 138

Index

compact, 92, 121, 138
exchange, 414
finite rank, 121
Hamilton-Fock, 414
Hilbert-Schmidt, 140
Laplace, 276
nuclear, 122, 139
self-adjoint, 138
order, 3
infinite, 17, 450
ordering, 19, 316
semi-, 26, 88
orthogonalisation
Gram-Schmidt, 28

parallel computation, 345, 359
Parseval equality, 137
partial differential equation
elliptic, 463
hyperbolic, 472
parabolic, 472
Pauli principle, 117, 414
permutation, 80
PGD
purely progressive, 473
updated progressive, 474
polynomial, 7, 304
homogeneous, 82
Lagrange, 305
potential
Coulomb, 276
exchange correlation, 416
Hartree, 414
Newton, 276
retarded, 472
product
Cartesian, 3
exterior, 82
Hadamard, 150, 406
j-mode, 5
Kronecker, 5
tensor, see tensor product
product interpolation, 306
projection, 51
continuous, 92, 96
HOSVD, 282
orthogonal, 141
projective norm, see crossnorm
proximinal, 96

QR decomposition, 28
reduced, 28

QTT, 419

quadrature points, 305
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Chebyshev, 305
quadrature, sinc, 272
quantic, 82

r-term approximation, 249
r-term representation, 204
conversion from 7y, 244
conversion into H, 326, 352
conversion into 7Ty, 241
essentially unique, 204
random field, 449
range of a matrix, 22
rank
a-, 164
border, 242, 255
complex/real, 65
hierarchical, 324
j-, 164
Kronecker, 63
maximal, 23, 66
of a matrix, 23
representation, 204
revealing, 453, 455
symmetric, 65
tensor, 62
tensor subspace, 219
Tucker, 219
typical, 66
Rayleigh quotient, 414, 472, 476
generalised, 129
reflexive Banach space, 94, 96
regularity ellipse, 304
Remez algorithm, 274
representation, 201
of V;, 208
full, 202
full functional, 203
H-Tucker, 316
hierarchical tensor, 315
iterated, 200, 208
matrix-product, 372
r-term, 204
sparse, 203
sparse grid, 212
tensor subspace, 217
TT, 371
Tucker, 217
representation (of a tensor), 199
representation rank, 204
Riesz-Schauder theory, 139
root, 319

scalar product, 136
Euclidean, 22, 136
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Hilbert-Schmidt, 140
induced, 142
partial, 146
scale of Banach spaces, 133
Schatten, Robert, 101
Schrodinger equation, 117, 414, 485
instationary, 478
Schur complement, 44
Schur product, 150
Schur, Issai, 150
semi-ordering, see ordering
semicontinuous
weakly sequentially lower, 476
sensitivity, 206, 239, 345
sesquilinear form, 22, 136
sinc function, 306
sinc interpolation, 306
sinc quadrature, 272
sine transform, 441
singular value decomposition, 29
higher-order, 230
infinite, 138
left-sided, 32
reduced, 32, 56
right-sided, 33
singular values, 29
singular vectors

left, 30
right, 30
site, 3

smooth, asympotically, 426
Sobolev space, 90

anisotropic, 103
software, 17
son, 317
space

Banach, 88

complete, 88

dual, 93

Hilbert, 136

separable, 137

tangent, 478

tensor, see tensor space
span, 48
sparse grid representation, 212, 280
spectral radius, 152
spectrum, 152
stability, 207, 254
stability constant, 300, 305, 307
Stiefel manifold, 292, 479
stochastic coefficients, 449
Stone-Weierstrall Theorem, 102
Strassen algorithm, 69
structure map, 78
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subspace
complemented, 89
direct, 89
minimal, see minimal subspaces
tensor, 217
successor, 322
supremum norm, 270
SVD, see singular value decomposition
symmetriser, 81
system
biorthonormal, 155
dual, 51
orthonormal, 101, 137

tangent space, 478

tensor, 4, 52
algebraic, 52
antisymmetric, 80, 216
coefficient, 221
core, 221
decomposable, 4
elementary, 4, 52
function related, 203
mixed, 8
operation, 385
order of a, 3
stress, 7
symmetric, 80, 486
topological, 52
transfer, 330

tensor algebra, 79

tensor approximation
by Ty, 281
hierarchical, 353
r-term, 249

tensor network states, 384

tensor product, 4, 51
universality of the, 58

tensor rank, see rank

tensor representation, see representation

tensor space
algebraic, 52
antisymmetric, 80, 154
Banach, 97
Hilbert, 142
non-degenerate, 58
symmetric, 80, 155
topological, 52

tensor subspace, 217

tensor subspace approximation, 281
by truncation, 281

tensor subspace representation, 217
(Tl, ey Td)—, 218
conversion from R, 241
conversion from H., 325
conversion into R, 244
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HOSVD, 231
orthonormal, 223
tensorisation, 170, 417
Theorem
Bernstein, 304
Fréchet-Riesz, 137
Hahn-Banach, 93
Stone-Weierstral3, 102
Toeplitz matrix, 424
trace
of a matrix, 24
of an operator, 140
transfer tensor, 330
tree
binary, 317, 320
depth of a, 317, 320
dimension partition, 319
father of a, 317
leaf of a, 317
ordering of a, 320
root of a, 317
son of a, 317
triad, 4
triangle inequality
inverse, 87
tridiagonal matrix, 465
trigonometric series, 275
truncated iteration, 412
truncation, 281, 349
to H., 355
to R, 249
to Tr, 281
to Tp, 379
TT representation, 371
Tucker representation, 217

unfolding, see matricisation

vector
orthogonal, 22
orthonormal, 22
vector space, 47
free, 48
normed, 88
quotient, 50
vectorisation, 157
vertex, 319
Voigt, Woldemar, 17

wave function, 414

weak convergence, 95

weakly closed, 96, 219, 353, 476

weakly sequentially lower semicontinuous,
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